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Foreword

The present volume is a text designed for a first course in analysis.
Although it is logically self-contained, it presupposes the mathematical
maturity acquired by students who will ordinarily have had two years of
calculus. When used in this context, most of the first part can be omitted,
or reviewed extremely rapidly, or left to the students to read by themselves.
The course can proceed immediately into Part Two after covering Chapters
o and 1. However, the techniques of Part One are precisely those which
are not emphasized in elementary calculus courses, since they are regarded
as too sophisticated. The context of a third-year course is the first time
that they are given proper emphasis, and thus it is important that Part One
be thoroughly mastered. Emphasis has shifted from computational aspects
of calculus to theoretical aspects: proofs for theorems concerning continuous
functions; sketching curves like x 2e-X, x log x, xlix which are usually
regarded as too difficult for the more elementary courses; and other similar
matters.
Roughly speaking, the course centers around those properties which
have to do with uniform convergence, uniform limits, and uniformity in
general, whether in the context of differentiation or integration. It is
natural to introduce the sup norm and convergence with respect to the
sup norm as one of the most basic notions. One of the fundamental purposes of the course is to teach the reader fundamental estimating techniques involving the triangle inequality, especially as it applies to limits of
sequences of functions. On the one hand, this requires a basic discussion
of open and closed sets in metric spaces (and I place special emphasis on
normed vector spaces, without any loss of generality), compact sets, continuous functions on compact sets, etc. On the other hand, it is also necessary to include the classical techniques of determining convergence for
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series, Fourier series in particular. A number of convergence theorems
are subsumed under the general technique of Dirac sequences, applying
as well to the Landau proof of the Weierstrass approximation theorem
as to the proof of uniform convergence of the Cesaro sum of a Fourier
series to a continuous function; or to the construction by means of the
Poisson kernel of a harmonic function on the disc having given boundary
value on the circle. Thus concrete classical examples are emphasized.
The theory of functions or mappings on Rn is split into two parts. One
chapter deals with those properties of functions (real valued) which can
essentially be reduced to one variable techniques by inducing the function
on a curve. This includes the derivation of the tangent plane of a surface,
the study of the gradient, potential functions, curve integrals, and Taylor's
formula in several variables. These topics require only a minimum of linear
algebra, specifically only n-tuples in Rn and the basic facts about the scalar
product. The next chapters deal with maps of Rn into Rm and thus require
somewhat more linear algebra, but only the basic facts about matrices and
determinants. Although I recall briefly some of these facts, it is now reasonably standard that third-year students have had a term of linear algebra
and are at ease with matrices. Systematic expositions are easily found
elsewhere, for instance in my Introduction to Linear Algebra.
Only the formal aspect of Stokes' theorem is treated, on simplices. The
computational aspects in dimension 2 or 3 should have been covered in
another course, for instance as in my book Calculus of Several Variables;
while the more theoretical aspects on manifolds deserve a monograph to
themselves and inclusion in this book would have unbalanced the book,
which already includes more material than can be covered in one year.
The emphasis here is on analysis (rather than geometry) and the basic
estimates of analysis. The inclusion of extra material provides alternatives
depending on the degree of maturity of the students and the taste of the
instructor. For instance, I preferred to provide a complete and thorough
treatment of the existence and uniqueness theorem for differential equations, and the dependence on initial conditions, rather than slant the book
toward more geometric topics.
The book has been so written that it can also be used as a text for an
honors course addressed to first- and second-year students in universities
who had calculus in high school, and it can then be used for both years.
The first part (calculus at a more theoretical level) should be treated
thoroughly in this case. In addition, the course can reasonably include
Chapters 6, 7, the first three sections of Chapter 8, the treatment of the
integral given in Chapter 10, and Chapter 15 on partical derivatives. In
addition, some linear algebra should be included.
Traditional courses in "advanced calculus" were too computational,
and the curriculum did not separate the "calculus" part from the "analysis"
part, as it does mostly today. I hope that this Undergraduate Analysis will

Foreword

vii

meet the need of those who want to learn the basic techniques of analysis
for the first time. My Real Analysis may then be used as a continuation at
a more advanced level, into Lebesgue integration and functional analysis,
requiring precisely the background of this undergraduate course.
New Haven
Spring 1983

SERGE LANG
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PART ONE

REVIEW OF CALCULUS

CHAPTER 0

Sets and Mappings

In this chapter, we have put together a number of definitions concerning
the basic terminology of mathematics. The reader could reasonably start
reading Chapter 1 immediately, and refer to the present chapter only
when he comes across a word which he does not understand. Most concepts will in fact be familiar to most readers.
We shall use some examples which logically belong with later topics in
the book, but which most readers will have already encountered. Such
examples are needed to make the text intelligible.

§1. Sets
A collection of objects is called a set. A member of this collection is also
called an element of the set. If a is an element of a set S, we also say that a
lies in S, and write a E S. To denote the fact that S consists of elements
a, b, ... we often use the notation S = {a, b, .. .}. We assume that the
reader is acquainted with the set of positive integers, denoted by Z +, and
consisting of the numbers 1, 2, . . .. The set consisting of all positive integers and the number 0 is called the set of natural numbers. It is denoted
byN.
A set is often determined by describing the properties which an object
must satisfy in order to be in the set. For instance, we may define a set S
by saying that it is the set of all real numbers ~ 1. Sometimes, when
defining a set by certain conditions on its elements, it may happen that
there is no element satisfying these conditions. Then we say that the set is
empty. Example: The set of all real numbers x which are both> 1 and <0
is empty because there is no such number.
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If S and S' are sets, and if every element of S' is an element of S, then
we say that S' is a subset of S. Thus the set of all even positive integers
{2,4, 6, ... } is a subset of the set of positive integers. To say that S' is a
subset of S is to say that S' is part of S. Observe that our definition of a
subset does not exclude the possibility that S' = S. If S' is a subset of S,
but S' ':f: S, then we shall say that S' is a proper subset of S. Thus the set
of even integers is a proper subset of the set of natural numbers. To denote the fact that S' is a subset of S, we write S' c S, or S ~ S'; we also
say that S' is contained in S. If S' c Sand S c S' then S = S'.
If S1' S2 are sets, then the intersection of S1 and S2, denoted by
S1 n S2, is the set of elements which lie in both S1 and S2. For instance,
if S1 is the set of natural numbers ~3, and S2 is the set of natural numbers
~ 3, then S1 n S2 = {3} is the set consisting of the number 3 alone.
The union of S1 and S2, denoted by S1 U S2, is the set of elements which
lie in S1 or S2. For example, if S1 is the set of all odd numbers
{t, 3, 5, 7, ... } and S2 consists of all even numbers {2,4, 6, ... }, then
S1 U S2 is the set of positive integers.
If S' is a subset of a set S, then by the complement of S' in S we shall
mean the set of all elements XES such that x does not lie in S' (written
x ¢ S'). In the example of the preceding paragraph, the complement of
S1 in Z+ is the set S2, and conversely.
Finally, if S, T are sets, we denote by S x T the set of all pairs (x, y)
with XES and YET. Note that if S or T is empty, then S x T is also
empty. Similarly, if SIo ... ,S" are sets, we denote by S1 x ... x S,,' or

"

OSj
1=1

the set of all n-tuples (Xl>

•••

,x,,) with Xj E Sj.

§2. Mappings
Let S, T be sets. A mapping or map, from S to T is an association which
to every element of S associates an element of T. Instead of saying that
f is a mapping of S into T, we shall often write the symbols f: S --+ T.
If f: S --+ T is a mapping, and x is an element of S, then we denote by
f(x) the element of T associated to x by f. We call f(x) the value of f at x,
or also the image of x under f. The set of all elements f(x), for all XES, is
called the image of f. If S' is a subset of S, then the set of elements f(x)
for all XES', is called the image of S' and is denoted by f(S').
If f is as above, we often write x H f(x) to denote the association of
f(x) to x. We thus distinguish two types of arrows, namely --+ and H.
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Example 1. Let S and T be both equal to the set of real numbers, which
we denote by R. Let f: R -+ R be the mapping f(x) = Xl, i.e. the mapping whose value at x is Xl. We can also express this by saying that f is
the mapping such that x 1-+ Xl. The image of f is the set f(R), and consists
of all real numbers ~ O.
Let f: S -+ T be a mapping, and S' a subset of S. Then we can define
a map S' -+ T by the same association x 1-+ f(x) for x E S'. In other words,
we can view f as defined only on S'. This map is called the restriction of f
to S', and is denoted by f lS': S' -+ T.
Let S, T be sets. A map f: S -+ T is said to be injective if whenever
x, YES and x -::/: Y then f(x) -::/: f(y).
Example 2. The mapping f in Example 1 is not injective. Indeed, we
have f(1) = f( -1) = 1. Let g: R -+ R be the mapping x 1-+ x + 1. Then
g is injective, because if x -::/: y then x + 1 -::/: y + 1, i.e. g(x) -::/: g(y).
Let S, T be sets. A map f: S -+ T is said to be surjective if the image
f(S) is equal to all of T. This means that given any element YET, there
exists an element XES such that f(x) = y. One also says that f is onto T.
Example 3. Let f: R -+ R be the mapping x 1-+ Xl. Then f is not surjective because no negative number is in the image of f. Let g: R -+ R
be the mapping g(x) = x + 1. Then g is surjective because given a number
y, we have y = g(y - 1).
Remark. Let R' denote the set of real numbers ~ O. One can view the
association x 1-+ xl as a map of R into R'. When so viewed. the map is
then surjective. Thus it is a reasonable convention not to identify this
map with the map f: R -+ R defined by the same formula. To be completely accurate, we should therefore denote the set of arrival and the set of
departure of the map into our notation, and for instance write
f~: S -+ T

instead of our f: S -+ T. In practice, this notation is too clumsy, so that
we omit the indices S, T. However, the reader should keep in mind the
distinction between the maps
and

f~: R -+ R

both defined by the association x 1-+ Xl. The first map is surjective whereas
the second one is not. Similarly, the maps
f~::R' -+ R'

and

6

O. Sets and Mappings

defined by the same association are injective, whereas the corresponding
maps f~' and f~ are not injective.
Let S, T be sets and f: S - T a mapping. We say that f is bijective if f
is both injective and surjective. This means that given an element YET,
there exists a unique element XES such that f(x) = y. (Existence because
f is surjective, and uniqueness because f is injective.)
Example 4. Let I n be the set of integers {1, 2, ... ,n}. A bijective map
- J ll is called a permutation of the integers from 1 to n. Thus, in
particular, a permutation 0' as above is a mapping i H O'(i).
0': I n

Example 5. Let S be a non-empty set, and let
I:S-S

be the map such that I(x) = x for all XES. Then I is called the identity
mapping, and is also denoted by id. It is obviously bijective.
Example 6. Let f: S - T be an injective mapping, and let f(S) be its
image. Then f establishes a bijection between S and its image f(S), since f,
viewed as a map of S into f(S), is both injective and bijective.
Let S, T, U be sets, and let
f:S-T

and

g:T-U

be mappings. Then we can form the composite mapping
gof:S-U

defined by the formula
(g

0

f)(x) = g(j(x))

for all XES.
Example 7. Let f: R - R be the map f(x) = x 2 , and g: R - R be
the map g(x) = x + 1. Then g(j(x)) = x 2 + 1. Note that in this case,
we can form also
f(g(x))

= f(x + 1) = (x + 1)2,

and thus that
fog#gof·

7
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Composition of mappings is associative. This means: Let S, T, U, V
be sets, and let
f:S-T,

h: U- V

g:T-U,

be mappings. Then

h 0 (g 0 f) = (h 0 g) 0

f.

Proof By definition, we have for any element XES,
(h 0 (g 0 f))(x) = h(g 0 f)(x») = g(g(f(x»).

On the other hand,
(h 0 g) 0 f)(x) = (h 0 g) (f(x») = h(g(f(x»).

By definition, this means that (h 0 g) 0

f =h

0

(g 0 f).

EXERCISES

1. Let S, T, T be sets. Show that

S n (T u T) = (S n T) u (S n T').
If T 1 , ... , Tn are sets, show that

S n (T 1

U··· U

Tn) = (S n Td

U···

u (S n Tn).

2. Show that the equalities of Exercise 1 remain true if the intersection and union
signs nand u are interchanged.
3. Let A, B be subsets of a set S. Denote by 'iCiA) the complement of
A in S. Show that

and

4. If X, Y, Z are sets, show that
(X u Y) x Z = (X x Z) u (Y x Z),
(X n Y) x Z = (X x Z) n (Y x Z).

8
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5. Let I: A --+ B be a map, and let Y, Z be subsets of B. If Y E B, let 1- 1(y) be the
subset of x E A such that I(x) = y. Similarly, if B' is a subset of B, let 1- 1(B') be
the set of all x E A such that I(x) E B'. Show that
r

l(y 11 Z) = r

l(y)

11

r

I(Z),

rl(yv Z) = rl(y) v rl(Z).

6. Let S, T, U be sets, and let I: S --+ T and g: T --+ U be mappings. (a) If g, I are
injective, show that go I is injective. (b) If I, g are surjective, show that go I is
surjective.
7. Let S, T be sets and I: S --+ T a mapping. Show that I is bijective if and only if
there exists a map g: T --+ S such that log and g I are the identity mappings of
T and S respectively. We then call g the inverse of/and denote it by 1-1.
0

§3. Natural Numbers and Induction
We assume that the reader is acquainted with the elementary properties
of arithmetic, involving addition, multiplication, and inequalities, which are
taught in all elementary schools concerning the natural numbers, that is the
numbers 0, 1, 2, . . .. The subset of natural numbers consisting of the
numbers 1,2, ... is called the set of positive integers. We denote the set of
natural numbers by N, and the set of positive integers by Z +. These sets
are essentially used for counting purposes. The axiomatization of the
natural numbers and integers from more basic axioms is carried out in
elementary texts in algebra, and we refer the reader to such texts if he
wishes to see how to do it.
We mention explicitly one property of the natural numbers which is
taken as an axiom concerning them, and which is called well-ordering.
Every non-empty set of natural numbers has a least element.

This means: If S is a non-empty subset of the natural numbers, then
there exists a natural number n E S such that n ~ x for all XES.
Using well-ordering, one can prove a property called induction. We
shall give it in two forms.
Induction: first form. Suppose that for each positive integer we are given
an assertion A(n), and that we can prove the following two properties:

(1) The assertion A(1) is true.
(2) For each positive integer n,

if A(n) is true, then A(n + 1) is true.

Thenfor all positive integers n, the assertion A(n) is true.

9
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Proof. Let S be the set of all positive integers n for which the assertion
A(n) is false. We wish to prove that S is empty, i.e. that there is no element
in S. Suppose there is some element in S. By well-ordering, there exists a
least element no in S. By assumption, no ¥- 1, and hence no > 1. Since
no is least, it follows that no - 1 is not in S, in other words the assertion
A(no - 1) is true. But then by property (2), we conclude that A(no) is also
true because no = (no - 1) + 1. This is a contradiction, which proves
what we wanted.

Example 1. We wish to prove that for all positive integers n, we have
1+2+"'+n=

n(n

+ 1)

2

.

This is certainly true when n = 1, because
1

=

1(1

+ 1)

2

.

Assume that our equation is true for an integer n
1

+ ... + n + (n + 1) =

n(n
n(n

+ 1)

2

~

1. Then

+ (n + 1)

+ 1) + 2(n + 1)
2

+ n + 2n + 2

n2

2

(n

+ 1)(n + 2)
2

Example 2. Let f: Z +

-+

f(x

Z + be a mapping such that

+ y) = f(x)f(y)

for all x, y E Z+. Let a = f(1). Then f(n) = an. We prove this by induction, it being an assumption for n = 1. Assume the statement for some
integer n ~ 1. Then

f(n

+ 1) = f(n)f(1)

This proves what we wanted.

=

ana

=

an + 1.
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Remark. In the statement of induction, we could replace 1 by 0 everywhere, and the proof would go through just as well.
Induction: second form. Suppose that for each natural number n, we are
given an assertion A(n), and that we can prove the following two properties:
(1') The assertion A(O) is true.
(2') For each positive integer n,
o ~ k < n, then A(n) is true.

if A(k)

is true for every integer k with

Then the assertion A(n) is true for all integers n

~

O.

Proof. Again let S be the set of integers ~ 0 for which the assertion is
false. Suppose that S is not empty, and let no be the least element of S. Then
no :f= 0 by assumption (1'), and since no is least, for every integer k with
o ~ k < no, the assertion A(k) is true. By (2') we conclude that A(no)
is true, a contradiction which proves our second form of induction.
EXERCISES

(In the exercises, you may use the standard properties of numbers concerning addition, multiplication, and division.)
1. Prove the following statements for all positive integers.
(a) 1 + 3 + 5 + ... + (2n - 1) = n2
(b) 12 + 22 + 32 + ... + n2 = n(n + 1)(2n + 1)/6
(c) 13 + 23 + 33 + ... + n3 = [n(n + 1)/2]2
2. Prove that for all numbers x # 1,

3. Let f: Z+ -+ Z+ be a mapping such that f(xy) = f(x)
that f(a") = nf(a) for all positive integers n.
4. Let

+ f(y)

for all x, y. Show

(~) denote the binomial coefficient,
n!
( n)
k = k!(n - k)!'

where n, k are integers ~ 0, 0 ~ k ~ n, and O! is defined to be 1. Also n! is defined
to be the product 1 . 2 . 3 ... n. Prove the following assertions.
(for k > 0)

11
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5. Prove by induction that

6. Prove that

(
1 ),-1
( 1+-1)1 ( 1+-1)2 ···1+-1

2

n - 1

=

n,-1
.
(n - I)!

Find and prove a similar formula for the product of terms (1
k = 1, ... ,n - 1.

+

l/k)k+ 1 taken for

§4. Denumerable Sets
Let n be a positive integer. Let J II be the set consisting of all integers k,
1 ~ k ~ n. If S is a set, we say that S has n elements if there is a bijection
between S and J II' Such a bijection associates with each integer k as above
an element of S, say kHat. Thus we may use J II to "count" S. Part of
what we assume about the basic facts concerning positive integers is that
if S has n elements, then the integer n is uniquely determined by S.
One also agrees to say that a set has 0 elements if the set is empty.
We shall say that a set S is denumerable if there exists a bijection of S
with the set of positive integers Z+. Such a bijection is then said to enumerate the set S. It is a mapping

which to each positive integer n associates an element of S, the mapping
being injective and surjective.
If D is a denumerable set, and f: S -+ D is a bijection of some set S with
D, then S is also denumerable. Indeed, there is a bijection g: D -+ Z + ,
and hence g 0 f is a bijection of S with Z + .
Let T be a set. A sequence of elements of T is simply a mapping of Z +
into T. If the map is given by the association n H XII' we also write the
sequence as {XII}II~l> or also {XI,X2""}' For simplicity, we also write
{XII} for the sequence. Thus we think of the sequence as prescribing a
first, second, ... ,n-th element of T. We use the same braces for sequences
as for sets, but the context will always make our meaning clear.
Examples. The even positive integers may be viewed as a sequence
= 2n for n = 1,2, .... The odd positive integers may
also be viewed as a sequence {YII} if we put YII = 2n - 1 for n = 1, 2, ....
In each case, the sequence gives an enumeration of the given set.
{XII} if we put XII

o.
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We also use the word sequence for mappings of the natural numbers
into a set, thus allowing our sequences to start from 0 instead of 1. If we
need to specify whether a sequence starts with the O-th term or the first
term, we write
or
according to the desired case. Unless otherwise specified, however, we
always assume that a sequence will start with the first term. Note that
from a sequence {xn}n~O we can define a new sequence by letting
Yn = Xn-l for n ~ 1. Then YI = Xo, Y2 = Xl' .... Thus there is no essential difference between the two kinds of sequences.
Given a sequence {x n}, we call Xn the n-th term of the sequence. A sequence may very well be such that all its terms are equal. For instance,
if we let Xn = 1 for all n ~ 1, we obtain the sequence {1, 1, 1, ... }. Thus
there is a difference between a sequence of elements in a set T, and a subset
of T. In the example just given, the set of all terms of the sequence consists
of one element, namely the single number 1.
Let {Xl' X2,"'} be a sequence in a set S. By a subsequence we shall
mean a sequence {x nl , x n2 , ••• } such that ~l < n2 < .... For instance,
if {xn} is the sequence of positive integers, Xn = n, the sequence of even
positive integers {X2n} is a subsequence.
An enumeration of a set S is of course a sequence in S.
A set is finite if the set is empty, or if the set has n elements for some
positive integer n. If a set is not finite, it is called infinite.
Occasionally, a map of J n into a set T will be called a finite sequence
in T. A finite sequence is written as usual,
or

{Xi}i= 1 •...• n·

When we need to specify the distinction between finite sequences and maps
of Z+ into T, we call the latter infinite sequences. Unless otherwise
specified, we shall use the word sequence to mean infinite sequence.
Proposition 1. Let D be an infinite subset of Z+. Then D is denumerable,
and infact there is a unique enumeration of D, namely {klo k 2 , ••• } such
that

Proof. We let kl be the smallest element of D. Suppose inductively
that we have defined k1 < ... < kn' in such a way that any element k in
D which is not equal to k l , ... ,kn is > k n. We define kn+l to be the smallest
element of D which is > k n • Then the map n H kn is the desired enumeration of D.

§4. Denumerable Sets
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Corollary. Let S be a denumerable set and D an infinite subset of S. Then
D is denumerable.

Proof. Given an enumeration of S, the subset D corresponds to a subset
of Z+ in this enumeration. Using Proposition 1, we conclude that we can
enumerate D.
Proposition 2. Every infinite set contains a denumerable subset.

Proof. Let S be an infinite set. For every non-empty subset T of S, we
select a definite element aT in T. We then proceed by induction. We let
Xl be the chosen element as. Suppose that we have chosen Xl' ... ,xn
having the property that for each k = 2, ... ,n the element Xk is the selected
element in the subset which is the complement of {Xl> ••• ,Xk- d. We let
X n + 1 be the selected element in the complement of the set {Xl> ••• ,xn}.
By induction, we thus obtain an association n 1-+ Xn for all positive integers
n, and since Xn =1= Xk for all k < n it follows that our association is injective,
i.e. gives an enumeration of a subset of S.
Proposition 3. Let D be a denumerable set, and f: D -+ S a surjective
mapping. Then S is denumerable or finite.

Proof. For each YES, there exists an element Xy E D such that
f(xy) = Y because f is surjective. The association Y 1-+ Xy is an injective
mapping of S into D (because ify, Z E Sand Xy = X: then

Let g(y) = x y. The image of g is a subset of D and is denumerable or finite.
Since g is a bijection between S and its image, it follows that S is denumerable or finite.
Proposition 4. Let D be a denumerable set. Then D x D (the set of all
pairs (x, y) with x, y E D) is denumerable.

Proof. There is a bijection between D x D and Z + x Z +, so it will
suffice to prove that Z + x Z + is denumerable. Consider the mapping of
Z+ x Z+ -+ Z+ given by

In view of Proposition 1, it will suffice to prove that this mapping is injective. Suppose 2n3m = 2'38 for positive integers n, m, r, s. Say r < n.
Dividing both sides by 2', we obtain
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with k = n - r ~ 1. Then the left-hand side is even, but the right-hand
side is odd, so the assumption r < n is impossible. Similarly, we cannot
have n < r. Hence r = n. Then we obtain 3m = 3". If m > s, then
3m - s = 1 which is impossible. Similarly, we cannot have s > m, whence
m = s. Hence our map is injective, as was to be proved.
Proposition S. Let {D1' D 2 , ••• } be a sequence of denumerable sets. Let
S be the union of all sets D j (i = 1,2, ...). Then S is denumerable.
Proof. For each i = 1,2, ... we enumerate the elements of D j , as indicated in the following notation:

The map f: Z+ x Z+ -. S given by
f(i,j) = xij

is then a surjective map of Z+ x Z+ onto S. By Proposition 3, it follows
that S is denumerable.
Corollary. Let F be a finite set and D a denumerable set. Then F x D
is denumerable. If S 1, S 2, ... are a sequence of sets, each of which is finite
or denumerable, then the union S 1 U S 2 U ... is finite or denumerable.
Proof. There is an injection of F into Z + and a bijection of D with Z + .
Hence there is an injection of F x D into Z+ x Z+ and we can apply
Proposition 4 and Proposition 1 to prove the first statement. One could
also define a surjective map of Z+ x Z+ onto F x D. (Cf. Exercises 1
and 4.) Finally, each finite set is contained in some denumerable set, so
that the second statement follows from Propositions 1 and 5.
EXERCISES

1. Let F be a finite non-empty set. Show that there is a surjective mapping of Z +
onto F.

2. How many maps are there which are defined on the set of numbers {1, 2, 3} and
whose values are in the set of integers n with 1 ~ n ~ 10?

§4. Denumerable Sets
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3. Let E be a set with m elements and F a set with n elements. How many maps are
there defined on E with values in F? [Hint: Suppose first that E has one element.
Next use induction on m, keeping n fixed.]
4. If S, T, S', T' are sets, and there is a bijection between Sand S', T and T', describe
a natural bijection between S x T and S' x T'. Such a bijection has been used
implicitly in some proofs.

CHAPTER 1

Real Numbers

In elementary calculus courses, a large number of basic properties concerning numbers are assumed, and probably no explicit list of them is ever
given. The purpose of this chapter is to make the basic list, so as to lay
firm foundations for what follows. The purpose is not to minimize the
number of these axioms, but rather to take some set of axioms which is
neither too large, nor so small as to cause undue difficulty at the basic
level. We don't intend to waste time on these foundations. The axioms
essentially summarize the properties of addition, multiplication, division,
and ordering which are used constantly later.

§1. Algebraic Axioms
We let R denote a set with certain operations which satisfies all the axioms
listed in this chapter, and which we shall call the set of real numbers, or
simply numbers, unless otherwise specified.
Addition. To each pair of real numbers x, y there is associated a real
number, denoted by x + y, called the sum of x and y. The association
(x, y) 1-+ X + y is called addition, and has the following properties:
A 1. For all x, y, z e R we have associativity, namely
(x

+ y) + z =

x

+ (y + z).

A 2. There exists an element 0 of R such that 0
all xeR.

+ x = x + 0 = x for
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A 3. If X is an element of R, then there exists an element y E R such that
x + y = y + x = O.
A 4. For all x, y E R we have x

+ y = y + x (commutativity).

The element 0 whose existence is asserted in A 2 is uniquely determined,
for if 0' is another element such that 0' + x = x + 0' = x for all x E R,
then in particular,
0= 0

+ 0'

= 0'.

We call 0 by its usual name, namely zero.
The element y whose existence is asserted in A 3 is uniquely determined
by x, because if z is such that z + x = x + z = 0, then adding y to both
sides yields
z = z

+ (x + y) =

(z

+ x) + y

= y

whence z = y. We shall denote this element y by -x (minus x).
Let Xl' ••• ,Xn be real numbers. We can then form their sum by using
A 1 and A 3 repeatedly, as

One can give a formal proof by induction that this sum of n real numbers
does not depend on the order in which it is taken. For instance, if n = 4,
(Xl

+ X2) + (X3 + X4) =

Xl

+ (X2 + (X3 + X4»)
+ (X3 + (X2 + X4»)

= Xl
= (Xl +
We omit this proof. The sum

Xl

X3)

+

(X2

+ X4)'

+ ... + Xn will be denoted by
n

LXi'

i= 1

Multiplication To each pair of real numbers x, y there is associated a
real number, denoted by xy, called the product of x and y. The association
(x, y) H xy is called multiplication, and has the following properties:

M 1. For all x, y, z E R we have associativity, namely
(xy)z = x(yz).

18
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M 2. There exists an element e =I- 0 in R such that ex = xe = x for
all x E R.

M 3. If x is an element of R, and x =I- 0, then there exists an element
WE R such that wx = xw = e.
M 4. For all x, y E R we have xy = yx.
The element e whose existence is asserted in M 2 is uniquely determined,
as one sees by an argument similar to that given previously for 0, namely
if e' is such that e'x = xe' = x for all x E R, then e = ee' = e'. We call
e the unit element of R.
Similarly, the element w whose existence is asserted in M 3 is uniquely
determined by x. We leave the proof to the reader. We denote this element
by x-I, so that we have xx- l = x-lx = e. We call it the inverse of x.
We emphasize that 0- 1 is NOT DEFINED.
As with sums, we can take the product of several numbers, and we may
define the product

n Xi =
n

(Xl'"

i=l

Xn-l)Xn·

This product does not depend on the order in which the factors are taken.
We shall again omit the formal proof.
In particular, we can define the product of a number with itself taken n
times. If a is a number, we let an = aa ... a, the product taken n times,
if n is a positive integer. If a is a number =I- 0, it is convenient to define
aO = 1. Then for all integers m, n ~ 0 we have

We define a- m to be (a-lr. Then the rule a m+ n = aman remains valid for
all integers m, n positive or negative. The proof can be given by listing
cases, and we omit it.
Addition and multiplication are related by a special axiom, called
distributivity :
For all x, y,

ZER

we have
x(y

+ z) =

xy

+ XZ.

Note that by commutativity, we also have
(y

because (y

+ z)x =

x(y

+ z)x =

+ z) =

xy

yx

+ xz =

+ zx
yx

+ zx.
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We can now prove that Ox = 0 for all x E R. Indeed,

Ox

+x

=

Ox

+ ex

=

(0

+ e)x

=

ex = x.

Adding - x to both sides, we find Ox = O.
We can also prove a ru Ie familiar from elementary school, namely
(-e)( -e) = e.

To see this, we multiply the equation e + (-e) = 0 on both sides by (-e),
and find - e + (- e)( - e) = O. Adding e to both sides yields what we
want.
As an exercise, prove that for any elements x, Y E R we have
(-x)( -y) = xy.

Also prove that (-x)y = -(xy).
We shall usually write x - Y instead of x + ( - y). From distributivity,
we then see easily that (x - y)z = xz - yz.
We can generalize distributivity so as to apply to several factors, by
induction, namely
X(Y1

+ ... + Yn)

= XYI

+ ... + XYn·

As an example, we give the proof. The statement is obvious when n = 1.
Assume n > 1. Then by induction,
X(YI

+ ... + Yn)

+ ... + Yn-l + Yn)
= X(YI + ... + Yn-l) + XYn
= XYI + ... + XYn-1 + XYn·
= x(Yl

Similarly, if Xl' ... ,Xm are real numbers, then

m

=

LI

i=

n

LXiYj.

j= 1

The sum on the right-hand side is to be taken over all indices i and j as
indicated, and it does not matter in which order this sum is taken, so that
the sum is also equal to
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When the range of indices i, j is clear from the context, we also write this
sum in the abbreviated form

We have

and if Xl' ... ,Xn #- 0, then Xl··· Xn #-

°and

We omit the formal proofs by induction from the axioms for multiplication and addition.
If X #- 0, then we also write x- l = l/x, and y/x = yx- l • The standard
rules developed in arithmetic apply; e.g. for real numbers a, b, c, d with
b #- 0, d #- 0, we have

ac

ac

bd

bd

and

We leave the proofs as exercises.
EXERCISES

1. Let x, y be numbers i= O. Show that xy i=

o.

2. Prove by induction that if Xl' ... ,Xn i= 0 then
3. If X, y,

ZE

R and

X

Xl ... Xn

i= O.

i= 0, and if xy = XZ, prove that y = z.

4. Using the axioms, verify that
and

(X

+ y)(x

- y)

=

X2 _

y2.

§2. Ordering Axioms
We assume given a subset P of R, called the subset of positive elements,
satisfying the ordering axioms:
ORD 1. For every xER, we have XEP, or X = 0, or -XEP, and these
three possibilities are mutually exclusive.
ORD 2. If x, YEP then x

+ YEP and xy E P.
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We deduce consequences from these axioms. Since e::f: 0 and
e = e2 = (_e)2, and since either e or -e is positive, we conclude that e
must be positive, that is e E P. By ORD 2 and induction, it follows that
e + ... + e (the sum taken n times) is positive. An element x E R such
that x ::f: 0 and x ¢ P is called negative. If x, yare negative, then xy is positive (because -x E P, - YEP, and hence (-x)( - y) = xy E P). If x is
positive and y is negative, then xy is negative, because - y is positive, and
hence x( - y) = -xy is positive. For any x E R, x ::f: 0, we see that x 2
is positive. If x is positive (and so ::f: 0), it follows that X-I is also positive,
because xx- I = e and we can apply a preceding remark.
We define x > 0 to mean that x E P. We define x < y (or y > x) to
mean that y - x E P, that is y - x > o. Thus to say that x < 0 is equivalent to saying that x is negative, or -x is positive. We can verify easily
all the usual relations for inequalities, namely for x, y, Z E R:
IN 1. x < y and y < z

imply

x < z.

IN 2. x < yandz > 0

imply

xz

IN 3. x < y

implies

x

IN 4. x < y and x, y > 0

imply

l/y < l/x.

<

yz.

+ z < y + z.

As an example, we shall prove IN 2. We have y - x E P and z E P, so
that by ORD 2, (y - x)z E P. But (y - x)z = yz - xz, so that by definition, xz < yz. As another example, to prove IN 4, we multiply the
inequality x < y by x - I and y - I, and use IN 2 to find the assertion of
IN 4. The others are left as exercises.
If x, y E R we define x ;;;:;; y to mean that x < y or x = y. Then we verify
at once that IN 1, 2, 3 hold if we replace the < sign by ~ throughout.
Furthermore, we also verify at once that if x ~ y and y ~ x then x = y.
Let a E R. We ask whether there is an element x E R such that x 2 = a,
and how many such elements x can exist. Certainly, if a is negative, no
such x exists. If a = 0, and x 2 = 0, then x = O. Assume that a > 0 and
suppose that x, y E R and x 2 = y2 = a. Then

and
(x

+ y)(x

- y) = O.

This implies that x + y = 0 or x - y = 0, that is x = y or y = -x. Since
x 2 = a, we also have (_X)2 = a. Hence in the present case, if there exists
one element x such that x 2 = a, there are exactly two distinct elements
whose square is a, namely x and - x. Of these two, exactly one of them
is positive. We define
to be the unique positive number x such that

Ja
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Ja

JO

x 2 = a. We also define
= 0, so that for all numbers a ~ 0 we let
be the unique number ~ 0 whose square is equal to a, if it exists, and call it
the square root of a. We do not yet know that square roots exist for all
exist, then
is defined and
numbers ~ O. If a, b ~ 0 and

Ja, Jb
fo
fo=JaJb·

Indeed, if z, w ~ 0 and Z2 = a, w 2 = b, then (ZW)2 = Z2W2 = abo
For every real number x, we define its absolute value Ixl to be

Ixl=P·
Ixl is the unique number
Ixl = I-xl and also:

z ~ 0 such that

Thus

Ixl =

{

Z2 = x 2 • We see that

if x ~ 0,

X

-x if x < O.

The absolute value satisfies the following rules:

AV 1. For all x E R, we have Ix I ~ 0 and Ix I > 0 if x i= O.
AV 2. Ixy I = Ix II y I for all x, y E R.
AV 3.

Ix + yl

~

Ixl + Iyl for all x, YER.

The first one is obvious. As to AV 2, we have
Ixyl

= J(xy)2 = JX 2y2 =

PR = Ixllyl·

For AV 3, we have

Ix + yl2 = (x + y)2 = x 2 + xy + xy + y2
Ixl2 + 21xYI + lyl2
= Ixl2 + 21xllyl + lyl2
= (Ixl + lyl)2.
~

Taking the square roots yields what we want. (We have used two properties of inequalities stated in Exercise 2.)
Using the three properties of absolute values, one can deduce others
used constantly in practice, e.g.

Ix + yl

~

Ixl - Iyl·
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To see this, we have

Ixl

=

Ix + y - yl

;;;;lx+yl+l-yl
=

Ix + yl + Iyl·

Transposing Iy I to the other side of the equation yields our assertion.
Others like this one are given in the exercises.
Let a, b be numbers with a ;;;; b. The set of all numbers x such that
a ;;;; x ;;;; b is called the closed interval, with end points a, b, and is denoted
by [a, b]. If a < b, the set of numbers x such that a < x < b is called the
open interval with end points a, b and is denoted by (a, b).
The set of numbers x such that a ;;;; x < b, and the set of numbers x
such that a < x ;;;; b are called half-closed (or half-open), and are denoted by
[a, b) and (a, b] respectively.
If a is a number, the set of numbers x ~ a is sometimes called an infinite
closed interval, and similarly, the set of numbers x > a is also called an
infinite open interval. Similarly for the sets of numbers;;;; a or < a respectively. The entire set of real numbers will also be called an infinite interval.
We visualize the real numbers as a line, and intervals in the usual manner.
Let a be a positive number.
From the definition of the absolute value, we see that a number x satisfies
the condition Ix I < a if and only if - a < x < a.

°

The proof is immediate from the definitions: Assume that Ix I < a. If
< x < a. If x < 0, then x = - x < a so that - a < x < 0.
Hence in both cases, - a < x < a. Conversely, if - a < x < a, we can
argue backward to see that Ix I < a. Similarly, we can show that if b is a
number and £ > 0, then Ix - b I < i if and only if b - i < X < b + i.
(Cf. Exercise 6.) This means that x lies in an i-interval centered at b.
x > 0, then

EXERCISES

1. If 0 < a < b, show that a 2 < b2. Prove by induction that a' < b' for all positive
integers n.
2. (a) Prove that x ~ Ixl for all real x. (b) If a, b ~ 0 and a ~ b, and if
exist, show that
~

Ja Jb.

Ja, Jb

3. Let a ~ O. For each positive integer n, define all' to be a number x such
that x' = a, and x ~ O. Show that such a number x, if it exists, is uniquely determined. Show that if 0 < a < b then all. < bl/' (assuming the n-th roots exist).
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4. Prove the following inequalities for x, y E R.

Ix - yl

~

Ixl - IYI,

Ix - y I ~ Iy I - Ix I,
Ixl
5. If x, yare numbers

~

~

Ix + yl + Iyl·

0 show that

c.

yxy

~

x +y
-2-.

6. Let b, ( be numbers and ( > O. Show that a number x satisfies the condition
Ix - bl < (if and only if
b-«x<b+(.
7. Notation as in Exercise 6, show that there are precisely two numbers x satisfying
the condition Ix - b I = (.
8. Determine all intervals of numbers satisfying the following equalities and inequalities:
(a) x + Ix - 21 = 1 + Ixl.
(b) Ix - 31 + Ix - 11 < 4.

9. Prove: If x, y, (are numbers and ( > 0, and if Ix - yl < (, then

Ixl < Iyl +

£,

and

Iyl < Ixl +

and

Iyl > Ixl - (.

£.

Also,

Ixl> Iyl -

£,

10. Define the distance d(x, y) between two numbers x, y to be Ix - YI. Show that the
distance satisfies the following properties: d(x, y) = d(y, x); d(x, y) = 0 if and only
if x = y; and for all x, y, z we have
d(x, y) ~ d(x, z)

+ d(z, y).

11. Prove by induction that if Xl' ... ,xn are numbers, then

§3. Integers and Rational Numbers
We interrupt the elaboration of the axioms for R with a brief interlude
concerning integers and rational numbers.
Up to now, we have made a distinction between the natural number 1
and the real number e, and more generally, we have used the natural num-
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bers for counting purposes, in a different context from the real numbers.
We shall now see that we can identify the natural numbers as real numbers.
We define a mapping
f:Z+ -+R

by letting f(n) = e + ... + e (sum taken n times) for every positive integer
n. Thus when n = 1 we have f(1) = e. We could also give the preceding
definition inductively, by saying that
f(n

+

1) = ne

+ e,

assuming that f(n) = ne has already been defined. If m, n are positive
integers, then
(m

+ n)e

= me

+ ne,

the sum being taken m + n times. One can prove this formally from the
inductive definition, by induction on n. Indeed, if n = 1, we have simply
(m + 1)e = me + e, which is the definition. Assuming this proved for
all positive integers ;£ n, and all m, we have
(m

+n+

1)e = (m

+ 1 + n)e

= (m

+

1)e

+ ne

=me+e+ne
= me

+ (n +

1)e.

Since e > 0, we know that ne > 0 for all positive integers n, and in
particular, ne =I O. Furthermore, if m, n are positive integers and m =I n
then we contend that me =I ne. Indeed, we can write either m = n + k
or n = m + I with positive integers k, l. Say m = n + k. Then
me = ne + ke, and if ne + ke = ne, then ke = 0 which is impossible. Thus
me =I ne.

Our map f such that f(n) = ne is therefore an injective map of Z+ into
R such that f(n + m) = f(n) + f(m). Furthermore,
f(nm) = f(n)f(m).

We prove this last relation again by induction on n. It is obvious for n = 1
and all m. Assume it proved for all integers ;£ n and all m. Then
f{(n

+

1)m) = f(nm

+ m)

=
=
=

as was to be shown.

+ me
(ne)(me) + me
(ne + e)(me)
f(n + 1)f(m),

= (nm)e

(by induction)
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Thus we see that our map f preserves the algebraic operations on positive integers. It also preserves inequalities, for if n > m we can write
n = m + k for some positive integer k, so that
ne = f(n} = me

+ ke

and f(n} > f(m}.
In view of the above facts, we shall from now on denote e by 1 and make
no distinction between the positive integer n and the corresponding real
number ne. Thus we view the positive integers as a subset of the real
numbers.
We let Z denote the set of all real numbers which are either positive
integers, or 0, or negatives of positive integers. Thus Z consists of all numbers x such that x = n, or x = 0, or x = - n for some positive integer n.
It is clear that if x, y E Z then x + y and xy E Z. We call Z the set of
integers.
We let Q denote the set of all real numbers which can be written in the
form min, where m, n are integers and n =1= 0. Since m = mil we see that Z
is contained in Q. We call Q the set of rational numbers.
If x, yare rational numbers, then x + y and xy are rational numbers.
If y =1= 0, then xly is a rational number.
Proof. Write x = alb and y = eld, where a, b, e, d are integers and
b, d =1= 0. Then
x+y=

ad

+ be

bd

and

°

ae
xy=bd

are rational numbers. Furthermore, if y =1= then e
xly = adlbe is a rational number, as was to be shown.

=1=

0, and therefore

The usual rules of arithmetic apply to rational numbers. In fact, we
now see that all the axioms which have been stated so far concerning addition, multiplication, inverses, and ordering apply to the rational numbers.
We note that a rational number x is positive if and only if it can be written
as a quotient min where m, n are positive integers.
Proposition 3.1. There is no rational number x sueh that x 2 = 2.
Proof. We begin with preliminary remarks on odd and even numbers.
An even (positive) integer is one which can be written in the form 2n, for
some positive integer n. An odd (positive) integer is one which can be
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written in the form 2n + 1 for some integer n ~ 0. We observe that the
square of an even integer is even because (2n)2 = 4n 2 = 2· 2n2, and this
is the product of 2 and 2n 2 • The square of an odd integer is odd, because
(2n

+ 1)2 = 4n 2 + 4n + 1 = 2(2n 2 + 2n) + 1.

Since 2n 2 + 2n is an integer, we have written the square of our odd number
in the form 2m + 1 for some integer m ~ 0, and thus have shown that
our square is odd.
Now we are ready to prove that there is no rational number whose
square is 2. Suppose there is such a rational number x. We may assume
that x > 0, and write x = min where m, n are positive integers. Furthermore, we can assume that not both m, n are even because we can put the
fraction min in lowest form and cancel as many powers of 2 dividing both
m and n as possible. Thus we can assume that at least one of the integers
m or n is odd. From the assumption that x 2 = 2 we get (mln)2 = 2 or

m2
n

2=2.

Multiplying both sides of this equation by n2 yields

and the right-hand side is even. By what we saw above, this means that
m is even, and we can therefore write m = 2k for some positive integer k.
Substituting, we obtain

or 4k2 = 2n 2. We cancel 2 and get 2k2 = n2. This means that n2 is even,
and consequently, by what we saw above, that n is even. Thus we have
reached the conclusion that both m, n are even, which contradicts the fact
that we put our fraction in lowest form. We can therefore conclude that
there was no rational number min whose square is 2, thereby proving the
theorem.
In view of Proposition 3.1, and the fact that Q satisfies all the axioms
enumerated so far, we see that in order to guarantee the existence of a
square root of 2 in R we must state more axioms. This will be done in the
next section. A number which is not rational is called irrational. Thus
is irrational.

J2
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EXERCISES

1. Prove that the sum of a rational number and an irrational number is always irra-

tional.
2. Assume that )2 exists, and let a =)2. Prove that there exists a number c > 0
such that for all integers q, p and q =f. 0 we have
c
Iqa - pl>-·
q

[Note: The same c should work for all q, p. Try rationalizing qa - p, i.e. take the
product (qa - p)( - qa - p), show that it is an integer, so that its absolute value
is ~ 1. Estimate qa + p.]
3. Prove that

J3 is irrational.

Ja

Ja.

4. Let a be a positive integer such that
is irrational. Let a =
Show that there
exists a number c > 0 such that for all integers p, q with q > 0 we have
Iqa - pi > c/q.
5. Prove: Given a non-empty set of integers S which is bounded from below (i.e. there
is some integer m such that m < x for all XES), then S has a least element, that is
an integer n such that n E Sand n ~ x for all XES. [Hint: Consider the set of all
integers x - m with XES, this being a set of positive integers. Show that if k is its
least element then m + k is the least element of S.]

§4. The Completeness Axiom
Let S be a set of real numbers. We shall say that S is bounded from above
if there is a number c such that x ~ c for all XES. Similarly, we say that
S is bounded from below if there is a number d such that d ~ x for all XES.
We say that S is bounded if it is bounded both from above and from below,
in other words, if there exist numbers d ~ c such that for all XES we have
d ~ x ~ c. We could also phrase this definition in terms of absolute values,
and say that S is bounded if and only if there exists some number C such
that Ix I ~ C for all XES. It is also convenient here to define what is meant
by a map into R to be bounded. Let X be a set and f: X -+ R a mapping.
We say that f is bounded from above if its image f(X) is bounded from
above, that is if there exists a number c such that f(x) ~ c for all x E X.
We define bounded from below and bounded in a similar way.
Let S again be a set of real numbers. A least upper bound for S is a
number b such that x ~ b for all XES (that is it is an upper bound) such
that, if z is an upper bound for S then b ~ z. If bi> b 2 are least upper
bounds for S, then we see that b l ~ b 2 and b 2 ~ b l whence b l = b 2 • Thus
a least upper bound, if it exists, is uniquely determined: There is only one.
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Similarly, we define greatest lower bound. We often write lub and glb
for least upper bound and greatest lower bound respectively, or also sup
and infrespectively. We can now state our last axiom.
Completeness axiom. Every non-empty set of real numbers which is bounded from above has a least upper bound. Every non-empty set of real numbers which is bounded from below has a greatest lower bound.

The above axiom will suffice to prove everything we want about the real
numbers. Either half could be deduced from the other (cf. Exercises).
Proposition 4.1. Let a be a number such that

1

O::;a<-

-

n

for every positive integer n. Then a = O. There is no number b such that
b ~ n for every positive integer n.
Proof. Suppose there is a number a > 0 such that a < lin for every
positive integer n. Then n < 11a for every positive integer n. Thus to
prove both assertions of the proposition it will suffice to prove the second.
Suppose there is a number b such that b ~ n for every positive integer n.
Let S be the set of positive integers. Then S is bounded, and has a least
upper bound, say C. No number strictly less than C can be an upper
bound. Since 0 < 1, we have C < C + 1, whence C - 1 < C. Hence
there is a positive integer n such that

C-1<n.
This implies that C < n + 1 and n + 1 is a positive integer. We have
contradicted our assumption that C is an upper bound for the set of
positive integers, so no such upper bound can exist.
Proposition 4.2. There exists a real number b > 0 such that b2 = 2.
Proof. Let S be the set of numbers y such that 0 ~ y and y2 ~ 2. Then
S is not empty (because 0 E S), and S is bounded from above (for instance
by 2 itself, because if x ~ 2 then x 2 > 2). Let b be the least upper bound
of S. We contend that b2 = 2. Suppose b 2 < 2. Then 2 - b2 > O. Select
a positive integer n > (2b + 1)/(2 - b2 ) (this is possible by Proposition
4.1 I). Then

1
( b + -1)2 = b2 + -2b + -1 ~ b2 + -2b + -.
n
n
n2
n
n
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By the way we selected n, we see that this last expression is < 2. Thus
+ 1/n)2 < 2 and hence b is not an upper bound for S, contradicting the
hypothesis that b2 < 2. Suppose that b2 > 2. Select a positive integer n
such that lin < (b 2 - 2)/2b, and also b - lin > O. Then

(b

(b _

!)2 =
n

b2

_

2b

n

+~ >
n2

b2

_

2b.

n

By the way we selected n, we see that this last expression is > 2. Hence
(b - 1/n)2 > 2, and hence b is not a least upper bound for S, since any
element XES must satisfy x < b - lin. This contradicts the hypothesis
that b2 > 2. Thus the only possibility left is that b2 = 2, thereby proving
our proposition.

Part of the argument used in proving Proposition 4.2 is typical and
will be used frequently in the sequel. It depends on the fact that if b is the
least upper bound of a set S, then for every E > 0, b - E is not an upper
bound, and b + E is not a least upper bound. In particular, given E > 0,
there exists an element XES such that b - E < X ~ b.
In a manner similar to the proof of Proposition 4.2, one can prove that
if a E R and a ~ 0 then there exists x E R such that X2 = a. We leave this
as an exercise.
Proposition 4.3. Let z be a real number. Given
tional number a such that Ia - z I < E.

E

> 0, there exists a ra-

Proof. Let n be a positive integer such that lin < E. It will suffice to
prove that there exists a rational number a such that la - zl ~ lin. We
shall first assume that z ~ O. The set of positive integers m such that
nz < m is not empty (Proposition 4.1) and has a least element by the wellordering axiom. Let k denote this least element. Then k - 1 ~ nz by
hypothesis, and hence
k
n

1
n-

k
n

- - -:::;; z <-.
This implies that

as was to be shown. If z < 0, then we apply the preceding result to - z
and find a rational number b such that Ib - (-z)1 < E. We then let
a = -b to solve our problem.
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The picture illustrating Proposition 4.3 looks like this:
z
II I

I I I

k-l k
n n

012
-

n n

The proof of Proposition 4.3 illustrates the use of small numbers lin,
which are often more convenient to work with than arbitrarily given E.
EXERCISES

1. In Proposition 4.3, show that one can always select the rational number a such that
a i= z (in case z itself is rational). [Hint: If z is rational, consider z + lin.]
2. Prove: Let w be a rational number. Given
y such that Iy - wi < f.

> 0, there exists an irrational number

f

3. Prove: Given a number z, there exists an integer n such that

+

1,

and there exists an integer rn such that rn < z

~

n ~ z

<

n

rn

+ 1.

°

4. Prove: (a) Given a number z, there exists a unique number z such that ~ z < 1
and such that z - z is an integer. (b) There exists a unique integer rn such that
O~z-rn<1.

5. Denote the number z of Exercise 4 by R(z). Show that if x, yare numbers, and
R(x) + R(y) < 1, then R(x + y) = R(x) + R(y).
6. (a) Let 0( be an irrational number. Let
such that

f

> 0. Show that there exist integers rn, n

Irna - nl <

f.

(b) In fact, given N show that there exist integers rn, nand rn >

°such that

1

IrnO( - nl ~ N·

(c) Let w be any number and

f

>

IqO(

o.

Show that there exist integers q, p such that

- p - wI <

f.

[In other words, the numbers of type qO( - P come arbitrarily close to w. Use part
(a), and multiply rnO( - n by a suitable integer.]
7. Let S be a non-empty set of real numbers, and let b be a least upper bound for S.
Let - S denote the set of all numbers of type - x, with XES. Show that - b is a
greatest lower bound for - S. Show that one-half of the Archimedean axiom implies the other half.
8. Given any real number G 0, show that it has a square root.
9. Let Xl'

...

,X. be real numbers. Show that

xi + ... + x; is a square.

CHAPTER 2

Limits and Continuous Functions

§1. Sequences of Numbers
Let {xn} be a sequence of real numbers. We shall say that the sequence
converges if there exists an element a E R such that, given £ > 0, there
exists a positive integer N such that for all n ~ N we have

We observe that this number a, if it exists, is uniquely determined, for if
b E R is such that

for all n

~

N 1, then

Ia - b I = Ia -

Xn

+ Xn

-

b I ~ Ia -

Xn

I + IXn

-

b I ~ 2£

for all n ~ max(N, N 1). This is true for every £ > 0, and it follows that
a - b = 0, that is a = b. The number a above is called the limit of the
sequence.
We shall be dealing constantly with numbers £ > in this book, and
we agree that the letter £ will always denote a number > 0. Similarly,
[) will always denote a number > 0, and for simplicity we shall omit the
signs > in sentences in which these symbols occur. Furthermore, N
will always stand for a positive integer, so that we shall sometimes omit the
qualification of N as integer in sentences involving N.

°

°
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We shall give other definitions in the course of this book which are
logically analogous to the one given above for the convergence of a sequence. It is therefore appropriate here to comment on the logical usage
of the f involved. Suppose that we have a sequence of numbers {x n}, and
suppose that we can prove that given f, there exists N such that for all n ~ N
we have

We contend that a is a limit of the sequence. The only difference between
the preceding assertion and the definition of the limit lies in the presence of
the number 5 in front of f in the final inequality. However, being given f,
let f1 = f/5. By what we can prove, we know that there exists N 1 such
that for all n ~ N 1 we have

In particular, Ia - Xn I < f for all n ~ N 1. Thus a is a limit of the sequence.
Instead of 5, we could have had any number C > 0 given independently
of all other data (i.e. independent of the sequence {x n }, of f, and of N).
This will occur frequently in practice, usually with C = 2 or C = 3. Proofs
in these cases are called 2f or 3f proofs. For a few proofs, we shall adjust
the choice of f1 so as to come out in the end exactly with an inequality < f.
Later, we shall relax and allow the extraneous constants.
To simplify the symbolism we shall say that a certain statement A concerning positive integers holds for all sufficiently large integers if there
exists N such that the statement A(n) holds for all n ~ N. It is clear that if
A 1 , ••• ,A r is a finite number of statements, each holding for all sufficiently
large integers, then they are valid simultaneously for all sufficiently large
integers. Indeed, if A1 (n) is valid for n ~ N l' ... ,Ar(n) is valid for n ~ N"
we let N be the maximum of N 1, ••• ,Nr and see that each Aj(n) is valid
for n ~ N. We shall use this terminology of sufficiently large only when there
is no danger of ambiguity.
We shall say that a sequence {xn} is increasing if Xn ~ Xn+ 1 for all positive integers n. We use the term strictly increasing when we require

instead of

Theorem 1.1. Let {xn} (n = 1, 2, ...) be an increasing sequence, and
assume that it is bounded from above. Then the least upper bound b of the
set {xn} (n = 1,2, ...) is the limit of the sequence.
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Proof Given E > 0, the number b - E/2 is not an upper bound for the
sequence, and hence here exists some N such that

b-

E

2: ~ X N

~ b.

Since the sequence is increasing, we know that for all n

It follows that for all n

~

N we have 0

IXn

-

~

b-

bl <

Xn ~

~

N,

E/2, whence

E,

thereby proving our theorem.
Note. We used E/2 in order to come out with a < E at the end. If we
had considered b - E instead of b - E/2, we would have come out with
an inequality ~ E. In view of the remark made following the definition of
convergence, we see that the proof would have been equally valid.
We can define the notion of a decreasing sequence (X n + 1 ~ Xn for all n),
and there is a theorem similar to Theorem 1 for decreasing sequences
bounded from below, namely the greatest lower bound is a limit of the
sequence. The proof is similar, and will be left to the reader. Theorem 1.1
will be quoted in both cases.
Examples. The sequence {I, 1, I, ... } such that Xn = 1 for all n is an
increasing sequence, and its limit is equal to 1.
The sequence {I, t, t, ... ,1/n, ... } is a decreasing sequence, and its limit
is O. Indeed, given E, we select N such that l/N < E, and then for all n ~ N
we have

The sequence {l, 1.4, 1.41, 1.414, ... } is an increasing sequence, and its
limit is .j2.
If c is a number and we let Xn = C - 1/n 2 , the sequence {xn} is an increasing sequence and its limit is c.
There is no number which is a limit of the sequence {I, 2, 3, ... } such
that Xn = n.
The sequence {I, t, 1, t, 1, t, ... } such that X2n-l = 1 and
1

X2n

=n+1
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does not have a limit. It has something which will now be discussed
(points of accumulation).
All sequences in the rest of this chapter are assumed to be sequences of
numbers, unless otherwise specified.

Let {xn} (n = 1, 2, ...) be a sequence and x a number. We shall say
that x is a point of accumulation of the sequence if given f there exist infinitely many integers n such that

IXn

-

xl <

f.

Examples. The sequence {1, 1, 1, ... } has one point of accumulation,
namely 1.
The sequence {1, t, 1, t, 1, i, ... }has two points of accumulation, namely
1 and O.
The sequence {1, 2, 3, ... } has no point of accumulation.
In the definition of point of accumulation, we could have said that given
and given N there exists some n ~ N such that IXn - x I < f. This formulation is clearly equivalent to the other. Note that we do not say that there
are infinitely many Xn such that IXn - x I < f. Indeed, all numbers
Xn (n = 1,2, ...) may be equal to each other, as in the sequence {1, 1, 1, ... }.
Thus it is essential to refer to the indices n in the definition of point of accumulation, rather than to the numbers Xn.
f

Theorem 1.2. Let {xn} (n = 1, 2, ... ) be a sequence, and let a, b be numbers such that a ~ Xn ~ b, for all positive integers n. Then there exists
a point of accumulation c of the sequence, with a ~ c ~ b.
Proof For each n we let en be the greatest lower bound of the set of
numbers {xn' Xn+ 1, Xn+2," .}. Then

i.e. {en} is an increasing sequence, which is obviously bounded by b. According to Theorem 1.1, it has a limit c, and a ~ c ~ b. We contend that
c is a point of accumulation of the sequence {x n }. Given f, and given N,
there exists m ~ N such that
f

ICm - cl < 2
(this is a weaker statement than to say that c is the limit of the sequence
{c n }). Since Cm is the greatest lower bound of the set of numbers Xk (k ~ m),
there exists k ~ m such that
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Hence k

~

N and

This proves our theorem.
Theorem 1.2 is known as the Weierstrass-Bolzano theorem, and will be
quoted as such. (The name itself is at least as attractive as the statement of
the theorem.)
Let S be an infinite set of numbers. By a point of accumulation of the
set S we shall mean a number c having the following property. Given f,
there exist infinitely many elements XES such that Ix - c I < f.
Corollary 1.3. If S is an infinite bounded set of numbers, say a
for all XES, then S has a point of accumulation c such that a ~ c

~

~

x
b.

~

b

Proof. We know that S contains a denumerable subset {X"}"<?:l to which
we can apply the Weierstrass-Bolzano theorem. Note that in the enumeration {Xl' X2, ••• } all the elements are distinct, so that in this case, the
statement in the W- B theorem concerning infinitely many n actually provides us with infinitely many x" having the required property.

Corollary 1.4. Every bounded sequence of numbers has a convergent
subsequence.
Proof. Let {XII} be a bounded sequence, say a ~ XII ~ b for all n. Let c
be a point of accumulation, a ~ c ~ b. We select the convergent subsequence as follows. We pick nl such that IXIII - cl < 1/1. We then pick
n2 > nl such that IX"2 - cl <!. Suppose that we have found

such that IXlli - cl < l/i for i = 1, ... ,k. We select nk+l > n" such that
IX"k+1 - cl < l/Ck + 1). We can thus proceed inductively to construct
the subsequence {X"I' x 1I2 ' ••• }, and this subsequence converges to c, because given f, there exists m such that l/m < f, and for all n" ~ m we have

as was to be shown.
Example. The sequence {1, t, 1, t, 1, t, ... } has a convergent subsequence, namely {t, t, t, ... }. It has another convergent subsequence,
namely {1, 1, 1, ... }.
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A sequence {XII} is said to be a Cauchy sequence if given (. there exists N
such that for all m, n ~ N we have

IXm

-

xIII <

£.

Intuitively we see that the terms of a Cauchy sequence come closer and
closer together. We observe that if a sequence converges, then it is a
Cauchy sequence. The proof for this is easy, for if the sequence {XII} converges to the limit a, given (. there exists N such that for all n ~ N we have

Also for all m ~ N we have

Hence for m, n

~

N, we have

thus proving that our sequence.is a Cauchy sequence. The converse of
the statement we just proved is also true, but we need the completeness
axiom to prove it, via the Weierstrass-Bolzano theorem.
Theorem 1.5. Let {x,,} be a Cauchy sequence of numbers. Then {XII}
converges, i.e. it has a limit.
Proof First we need a lemma.

Lemma 1.6. If {x,,} is a Cauchy sequence, then it is bounded.
Proof Given 1 there exists N such that if n

~

N then

From this it follows that Ix"1 ~ IXNI + 1 for all n ~ N. We let B be the
maximum of IXll, ... ,IXNI, IXNI + 1. Then B is a bound for the sequence.
From the lemma, we conclude that - B ~ XII ~ B for all n. By the
Weierstrass-Bolzano theorem, the sequence {XII} has a point of accumulation c. We shall prove that c is a limit of the sequence. Given (., there
exists N such that if m, n ~ N we have
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Since c is a point of accumulation, we can select m such that m

Then for all n

~

~

N and

N, we have

as was to be shown.

Remark. One could take Theorem 1.5 as an axiom instead of the completeness axiom, and then using only the algebraic and ordering axioms,
prove the completeness axiom from it. What one does at the foundational
level is a matter of taste. One could also simply assume both Theorem 1.5
and the completeness axiom as axioms. Since the proof of Theorem 1.5
via the Weierstrass-Bolzano theorem is quite simple, and falls in naturally
with the ideas of the preceding theorems, we have chosen to include it here.

EXERCISES

Determine in each case whether the given sequence has a limit, and if it does,
prove that your stated value is a limit.
1
1. x. =-

2.

n

( -1)'

X,=--

n

1 + (-1)'

4. X . = - - -

n

5. x.

= sin nn

7. x.

= -2-n +1

9. x.

= -2-n +1

n

n3

6. x.

= Sin(~n) + cos nn

8. x,

= -2--1
n +

10. x.

= -3-n +1

n2

n2

-

n

§2. Functions and Limits
Let S be a set. By a function, defined on S, we shall mean a map from S
into the real numbers. By the graph of the function J, we shall mean the
set of all pairs of points (x, f(x)) in S x R, with XES.
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(Later we shall define complex valued functions, so that when the need
arises, we shall say real valued functions for those which take their values
in R)
We note that the square root and absolute value are functions,

xHlxl·

and

The absolute value is defined for all numbers. The square root is defined
only for all numbers ~ O.
Let S be a set of numbers. Let a be a number. We shall say that a is
adherent to S if given f. there exists an element XES such that Ix - a I < f..
Observe that if a is an element of S, then a is adherent to S. We simply
take x = a in the preceding condition.
For example, the number 1 is adherent to the open interval 0 < x < 1.
The number 0 is adherent to the set of all numbers {lin}, n = 1, 2, 3, ....
In neither case is this adherent point in the set itself.
Let S consist of the single number 2. Then 2 is adherent to S, and it is a
simple matter to verify that it is the only adherent point to S. If T consists of the interval 0 ~ x ~ 1 together with the number 2, then 2 is adherent to T.
The least upper bound of a (non-empty) set S is adherent to S.
Let S be a set of numbers and let a be adherent to S. Let f be a function
defined on S. We shall say that the limit of f(x) as x approaches a exists,
if there exists a number L having the following property. Given f., there
exists a number <5 > 0 such that for all XES satisfying

Ix - al <

<5

we have
If(x) - LI <

f..

If that is the case, we write
limf(x) = L.
x-+a

xeS

We shall also say that the limit of f(a + h) is L as h approaches 0 if the
following condition is satisfied:
Given f., there exists <5 such that whenever h is a number with Ih I < <5
and a + h E S, then
If(a

+ h) -

L I<

f..
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We note that our definition of limit depends on the set S on which f is
defined. Thus we should say "limit with respect to S." The next proposition shows that this is really not necessary.
Proposition 2.1. Let S be a set of numbers, and assume that a is adherent
to S. Let S' be a subset of S, and assume that a is also adherent to S'. Let
f be a function defined on S. If lim f(x) exists, then lim f(x) also exists,
X"" a

X"" a
xeS'

xeS

and these limits are equal. In particular,
Proof. Let L be the first limit. Given
XES and Ix - al < ~ we have
If(x) -

£,

if the limit exists, it is unique.
there exists ~ such that whenever

£

LI <"2'

This applies a fortiori when XES', so that L is also the limit for
is also a limit, there exists 15 1 such that whenever XES and

XES'.

If M

then
If(x) -

If Ix

- aI <

min(~, ~1)

and

XES,

£

MI <"2'

then

Hence IL - M I is less than any £, and it follows that IL - M I = 0, whence
L=M.

In view of Proposition 2.1, we shall usually omit the symbols XES in
the notation for the limit.
For proofs where we have to choose a finite number of ~'s, it is useful
to make the following remark. A statement A(x) is said to hold for aU
x sufficiently close to a if there exists 15 such that A(x) holds for all x such
that Ix - al < 15. If A 1(x) holds for all x such that Ix - al < 15 1" " , A.(x)
holds for all x such that Ix - al < 15" then we can let ~ = min(~l' ... ,b.)
and the properties A 1(x), ... ,Ar(x) hold simultaneously for all x such
that Ix - a I < ~.
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Examples. Let f be a constant function, say f(x) = c for all XES. Then
limf(x)

= c.

Indeed, given E, for any () we have If(x) - cl = 0 < E.
Next, suppose a is an element of S. We consider any function f on S.
Suppose the limit
limf(x)

exists. We contend that it must be equal to f(a). Indeed, for any () we
always have Ia - a I < (), whence if L is the limit, we must have
If(a) -

LI <

E

for all E. This implies that f(a) = L. We consider specific cases of this
situation.
An element a of S is said to be isolated if there exists some () such that
whenever XES and

then x = a. In other words, there is an open interval containing a such
that a is the only element of S in this open interval. If f is a function on S,
then in that case limf(x) exists, because whenever Ix - al < () we must
have x = a, and consequently we have trivially f(a) - f(a) = O.
If S is the set of integers, then every element of S is isolated. If S consists of the numbers lin for n = 1, 2, ... , then every element of S is isolated.
If T consists of all the numbers lin (n = 1, 2, ...) together with 0, then 0
is not an isolated element of T, but every other element of T is isolated.
Let S be the set of numbers such that 0 ~ x ~ 1. Define f on S by
f(x) = x. Then
lim f(x) = f(O) =

,. ... 0

o.

Define g on S by g(x) = x if x # 0 and g(O) = 1. Then lim g(x) does not
exist. The graphs of f and g are as follows.

Graph of f

Graph of g
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On the other hand, let T be the set of numbers such that 0 < x ~ 1.
Define h on T by hex) = x. Then lim hex) exists and is equal to O. Note
that h is not defined at O.
x-+O
The conventions adopted here seem to be the most convenient ones.
The reader should be warned that occasionally, in some other books,
slightly different conventions may be adopted. According to our conventions, the limit
lim g(x)
x-+O
xeT

exists and is equal to 0, if g is the function of the preceding example, i.e.
the same as the function h on the set T, but not the same as the functionf
on the set S. One may say that h is the restriction of g to T, and the distinction between g, defined on S, and its restriction to T, is brought out in
the symbols
lim g(x)
x-+O
xeT

by writing explicitly x E T under the limit sign.
We now come to the sum, product, and quotient of functions. If J, g are
functions defined on a set S, we define
(f + g)(x) = f(x)

+ g(x),

(fg)(x) = f(x)g(x).
If So is the subset of S consisting of all x such that g(x)
fig on So by

t= 0, then we define

( L)(x) = f(x).
g
g(x)
One verifies easily the associativity and distributivity for the sum and
product. For instance, if J, g, h are defined on S then (fg)h = f(gh) and
f(g + h) = fg + fh. These rules follow from the corresponding rules for
addition and multiplication of numbers. We sometimes write fig as fg-l.

Theorem 2.2. Let S be a set of numbers and let a be adherent to S. Let
J, g be functions defined on S. Assume that
limf(x)
x-+a

=L

and

limg(x)
x-+a

= M.
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Then:
(i) lim (f + g)(x) exists and is equal to L

+ M.

x-+a

(ii) lim (fg)(x) exists and is equal to LM.
x-+a

(iii) If M "# 0, and So is the subset of S consisting of all x such that
g(x) "# 0, then a is adherent to So, the limit lim (flg)(x) exists and

is equal to LIM.

x-+a

Proof As to the sum, given

f.,

Ix - al < b we have

If(x) - LI <

there exists b such that whenever

Ig(x) - MI <

f.,

f..

Then

If(x)

+ g(x)

This proves that L

- L - MI

+M

~

If(x) - LI

+ 1M -

g(x) I <

2f..

is the limit of (f + g)(x) as x ..... a.

As to the product, given

f.,

there exists b such that whenever Ix - a I < b

we have

1
f.
If(x) - LI < 21MI + l'
Ig(x) - MI <
If(x) I <

~ ILl: 1'
ILl + 1.

Indeed, each one of these inequalities holds for x sufficiently close to a,
so they hold simultaneously for x sufficiently close to a. We have:

+ f(x)M - LMI
f(x)MI + If(x)M - LMI
- MI + If(x) - LIIMI

If(x)g(x) - LMI = If(x)g(x) - f(x)M
~

If(x)g(x) -

~

If(x)llg(x)
f.

f.

2

2

<-+~f..

As to the quotient, it will suffice to prove the assertion for 1Ig(x), because we can then use the product rule to deal with

1
f(x)lg(x) = f(x)· g(x)"
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Given £, let £1 be the smallest of the numbers £IMI2/2, IM1/2,
exists ~ such that whenever Ix - a I < ~ we have
Ig(x) -

MI <

£.

There

£1.

This implies that
Ig(x) I >

IMI -

In particular, g(x) =F 0 when

£1

Ix - al

~

IMI
IMI - 2

<~.

=

IMI

2·

For such x we get

This proves our theorem.
Corollary 2.3. Let c be a number and let the assumptions be as in the
theorem. Then
lim cf(x) = cL.
Proof. Clear.
Corollary 2.4. Let the notation be as in the theorem. Then
lim (f(x) - g(x») = L - M.

Proof. Clear.
Theorem 2.5. Let g be a bounded function defined on a set of numbers S,
and let a be adherent to S. Let f be afunction on S such that

limf(x)

= o.

Then the limit limf(x)g(x) exists and is equal to O.
Proof. The proof will be left as an exercise.
Theorem 2.6. Let S be a set of numbers, J, g functions on S. Let a be
adherent to S. Assume that g(x) 1i=f(x) for all x sufficiently close to a
in S. Assume that

limf(x) = L

and

limg(x) = M.
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Then M

~

L.

Proof Let q>(x) = f(x) - g(x). Then q>(x)
close to a, and

~

0 for all x sufficiently

lim q>(x) = L - M.
Let K = L - M. It will suffice to prove that K
There exists b such that if Ix - a I < b then
Iq>(x) - KI <

~

o.

Suppose K < O.

I~I.

But then q>(x) < K + IKI/2 = K12, and since K is negative, we have a
contradiction, which proves the theorem. Picture:

1

~(x)
1

K

j

10

K/2

The next theorem describes what is known as the squeezing process.

Theorem 2.7. Let the notation be as in Theorem 2.6, and assume that
L = M. Let h be afunction on S such that
g(x)

~

h(x)

~

f(x)

for all XES sufficiently close to a. Then

lim h(x)
exists and is equal to L (or M).
Proof Given £ there exists b such that whenever Ix - a I < b we have
Ig(x) - LI <

£,

If(x) - LI <

£,

and consequently

o ~f(x) -

g(x)

~

If(x) - LI + Ig(x) - LI < 2£.
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But

IL - h(x) I ~ IL - f(x) I + If(x) - h(x) I

+
+

<

<

f(x) - g(x)

2£ = 3£,

as was to be shown.
We have now dealt systematically with the relations of limits and the
various operations pertaining to real numbers (algebraic operations,
ordering). There is still one more operation we can perform, that of composite functions.
Theorem 2.S. Let f: S -+ T and g: T -+ R be functions, where S, Tare
sets of numbers. Let a be adherent to S. Assume that
limf(x)
x ......

exists and is equal to a number b. Assume that b is adherent to T. Assume
that

lim g(y)
y .... b

exists and is equal to L. Then

lim g(j(x») = L.
x ......

Proof Given £ there exists b such that whenever YET and Iy - b I < b
then Ig(y) - LI < £. With the above b being given, there exists b1 such
that whenever XES and Ix - a I < b1 then I f(x) - b I < b. Hence for
such x,
Ig(j(x») - LI <

£,

as was to be shown.

EXERCISES

1. Let d > 1. Prove: Given B > 1, there exists N such that if n > N then d" > B.

[Hint: Write d = 1

+ b with b >
d" = 1

O. Then

+ nb + ... ;:;; 1 + nb.]
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2. Prove that if 0 < e < 1 then
lim e"

= O.

"~CO

What if -1 < e

~

O? [Hint: Write e = -lid with d > 1.]

3. Show that for any number x oF 1 we have
x"+l - 1
l+x+···+x"= - - x-I

If Ie I < 1, show that

.
11m
(1

"~CO

+ e + ... + c")

1
1- e

= --.

4. Let a be a number. Let f be a function defined for all numbers x < a. Assume that
when x < y < a we have f(x) ~ f(y) and also that f is bounded from above.
Prove that lim f(x) exists.
5. Let x > O. Assume that the n-th root xli" exists for all positive integers n. Find
lim xli".
6. Let f be the function defined by

.
f(x) = lIm

"~CO

1

2.

1+nx

Show that f is the characteristic function of the set {O}, that is f(O)
andf(x) = 0 if x oF O.

=1

§3. Limits with Infinity
We note the analogy between the limit as defined in §2, and the limit of a
sequence as defined in §l. In the case of sequences, we have a function
f: Z+ -+ R, and the definition of limit is essentially the same as that given
in §2, except that the condition "there exists b such that for Ix - al < b"
is replaced by the condition "there exists N such that for n > N". It is
therefore convenient to introduce a symbol 00, called infinity, and to write
lim
II'"

co

XII
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for the limit of a sequence. We emphasize however that 00 is not a number.
It merely behaves like a number in certain syntactical contexts, which are
always defined precisely.
There is a technical way actually of subsuming the definition of limit
of a sequence under the definition of a limit of a function. Let {x n } be a
sequence. Let S be the set of all numbers {lin} (n = 1, 2, ... ). Let g be
the function defined on S such that g(n) = lin. Then it is immediate from
the definitions that
lim g(x) = lim x n ,
n-+- 00

X~O

in the sense that if one of these limits exists, so does the other and they are
equal.
Similarly, let S be a set of numbers which contains arbitrarily large
numbers. By this we mean: Given a positive number B, there exists XES
such that x ~ B. Let f be a function defined on S. We shall say that
lim f(x)
X-+<Xl

exists if there is a number L such that given
such that whenever XES and x ~ B we have
If(x) - LI <

Again, let g(x) = f(l/x) for

XES.

E,

there exists some B > 0

E.

Then lim f(x) exists if and only if
X-+ <Xl

lim g(y) exists, and in that case these limits are equal. Note that g is dey-+O

fined on the set T consisting of all numbers l/x for XES, x # O.
We shall frequently speak of lim f(x) as the limit of f(x) as x becomes
X-+ <Xl

arbitrarily large, or simply x becomes large.
We can also make a definition concerning the values of f becoming
arbitrarily large. First let S be a set of numbers and let a be a number
adherent to S. We shall say that f(x) becomes arbitrarily large as x
approaches a (or x - a), and write f(x) - 00, if given a number B (which
we may assume > 0), there exists b such that whenever Ix - a I < b we
have f(x) > B.
Similarly, suppose that S contains arbitrarily large numbers. We say
that f(x) becomes arbitrarily large as x becomes large (or x - (0) if given
a number B there exists C > 0 such that whenever x> C we have
f(x) > B.
Note the logical similarity between the preceding two definitions. The
phrase
"there exists b such that whenever

Ix - al < b"
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is merely replaced by the phrase
"there exists C such that whenever x >

c."

Of course, in all these cases, we assume that xeS.
In a certain sense, the preceding definitions give meaning to the expressions
limf(x) =

and

00

lim f(x) =

00.

X'" 00

However, as a matter of convention, we emphasize that we shall continue
to say that a limit
lim f(x)

or

lim f(x)
X'" 00

exists only when it is a number.

One could also introduce the notion of f(x) --+ - 00 as x --+ a as follows:
Given a positive number B there exists ~ such that whenever Ix - a I < ~
we have x < -B. We then say that f(x) becomes arbitrarily large negative
as x --+ a.
If we view the above definitions as giving meaning to the expression
limf(x) = L

with a or L standing for the symbol
possibilities:

a=
a

00

= 00

00,

aeR and LeR,

and LeR,
and

L

or for a number, we then have four

= 00,

aeR and

L =

00.

The theorems concerning limits proved in §2 all have analogues for the
generalized notion of limits involving 00. For instance, Proposition 2.1
applies to sequences. If
n'" 00

exists and is equal to L, and if {xn" x n2 '

••• }

is a subsequence, then

exists and is also equal to L. The proof should now be clear.
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As to the statements concerning sums, products, and quotients, they
should be understood as follows.
When a = 00 and L, M are both numbers, we have no problem in
taking the sum L + M, the product LM, and the quotient L/M if M =F 0
and the theorem is valid.
When L or M is 00, then we define:
00

+ 00 =

00,

00' 00 = 00,

0/00 = 0,

c + 00 = 00 for all numbers c,
c . 00 = 00 for all numbers c > O.
We do not define the expressions o· 00, 00/00, 00/0, 0/0, or c/O if c is a
number.
The statements on sums, products, and quotients of limits are then
still true, provided that in each case L + M, LM, or L/M is defined. We
shall state one of these in full as an example.
Let S be a set of numbers containing arbitrarily large numbers. Let f, g
be functions defined on S. Assume that

lim f(x) = L

lim g(x) =

and

x-+ co

00,

x-+ co

L being a number > O. Then

lim f(x)g(x) = 00.
x-+ co

We shall prove this statement as an example. We must prove: Given
a positive number B, there exists C such that for all XES, X ~ C we have
f(x)g(x) > B.
So given B, there exists C 1 such that if x > C 1 then
If(x) -

L

LI < 2'

so that in particular, L - L/2 < f(x) < L
f(x) >

There exists C 2 such that if x

~

+ L/2, and thus

L

2'

C2 then g(x) > 2B/L. Let
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Ifx

~

C then
L2B

> 2' L = B,

f(x)g(x)

as desired.
All similar proofs are equally easy, and are left as exercises. The same
is true for limits of composite functions.
We shall now give an example which generalizes Exercise 1 of the preceding section.
We consider a number d> 1, and write d = 1 + b with b > O. We
wish to investigate the limit of

dn
n

+ b)n

(1

=

n

as n approaches infinity. We have

(1

l+nb+

+ b)"

n(n - 1)

2

b

2

+ ...

n

n
1 b
~n+

+

(n - 1) b 2

2

> (n - 1) b2

+ ... =

because all the terms ... on the right-hand side are
C > 0, we select N such that

2

~

2C
N-l > b2
(that is N > 2Cjb 2

+ 1).

Then for all n ~ N we have
(1

+ b)" >

C

n

and thus we can write
lim (1
n~oo

+ b)n =
n

00.

o.

Given a number
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We do not say that the limit exists. However, we do say that dn/n becomes
arbitrarily large when n becomes large. Furthermore, if we consider n/d n,
we do have
lim
n~oo

;n = O.

Indeed, given f., we find a positive integer C such that l/C <
select N as before, and we find that for n ~ N we have

n

f..

We then

1

o < (1 + bt < c < f..
This proves our assertion. Thus the limit of n/d n as n approaches infinity
does exist and is equal to O.
Finally, we consider polynomials. A polynomial is a function f which
can be expressed in the form

where ao, ... ,an are numbers.

Theorem 3.1. When f
uniquely determined.
Proof

is so expressed, these numbers ao,.·. ,an are

Suppose

for some numbers bo, ... , bm and assume f(x) = g(x) for all x. Say n
Then we can write

~

m.

and
hex) = f(x) - g(x) = (an - bn)xn

+ ... + (ao

- bo)

letting Ci = ai - bi. We have hex) = 0 for all x and we must prove that
Ci = 0 for all i. Since h(O) = Co = 0, we proceed by induction. Assume
Co = ... = C, = 0, so that
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For x ::I- 0, divide by xr+l. We obtain

Taking the limit as x

-+

0, we find cr + 1 = 0, thus proving what we want.

The numbers ao, ... ,an are called the coefficients of f. If f is not the
zero polynomial, we can write f in the form

with ad ::I- 0. In that case, we call ad the leading coefficient of f. We call ao
its constant term. We call d the degree of f.
We now investigate the behavior of a polynomial when x becomes
arbitrarily large.
Let f be written as above and be of degree d. Suppose first that ad > 0.
We write

The term in parentheses approaches 1 as x -+ 00. The term a.xd -+ 00 as
x -+ 00. Hencef(x) -+ 00 as x -+ 00.
The argument showing that the coefficients of a polynomial are uniquely
determined depended on taking limits. One can give a more algebraic
argument. By definition, a root of f is a number c such that f(c) = 0.

Theorem 3.2. If

with numbers ao, ... , an and an ::I- 0, then there are at most n roots of f.
Proof. This is clear for n = 1. Assume it for n - 1. Let c be a root of f.
= (x - c) + c and substitute in f. Then f(x) can be written in the

Write x
form

with suitable numbers bo , ... ,bn • Furthermore, we have bo = f(c)
Hence

Let

= O.
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If c' is a root of f and c' -F c, then
f(c') = (c' - c)g(c').

Since c' - c -F 0 it follows that c' is a root of g. By induction, there are
at most n - 1 roots of g, and hence there are at most n roots of J, as was
to be shown.
EXERCISES

1. Formulate completely the rules for limits of products, sums, and quotients when
L = - 00. Prove explicitly as many of these as are needed to make you feel comfortable with them.
2. Let f(x) = adxd + ... + ao be a polynomial of degree d. Describe the behavior
of f(x) as x -+ 00 depending on whether ad > 0 or ad < O. (Of course the case
a > 0 has already been treated in the text.) Similarly, describe the behavior of
f(x) as x -+ - 00 depending on whether ad > 0, ad < 0, n is even, or n is odd.
3. Let f(x) = x· + a.-l x·- 1 + ... + ao be a polynomial. A root of f is a number c
such thatf(c) ~ O. Show that any root satisfies the condition

lei
[Hint: Consider

lei

~

~

1 and

1 + la.-ll + ... + laol·
lei > 1 separately.]

4. Prove: Let f, g be functions defined for all sufficiently large numbers. Assume that
there exists a number c > 0 such that f(x) ~ c for all sufficiently large x, and that
g(x) -+ 00 as x -+ 00. Show that f(x)g(x) -+ 00 as x -+ 00.
5. Give an example of two sequences {x.} and {Y.} such that
lim x. = 0,

lim y. =

00,

.~co

and
lim (x.y.) = 1.
6. Give an example of two sequences {x.} and {y.} such that
lim x. = 0,
.~co

lim y. =

but lim (x.y.) does not exist, and such that
.~co

C > 0 such that

00,

.~co

Ix.Y.1

Ix.Y.1 < C for all n.

7. Let

+ ... + ao,
bmxm + ... + bo

f(x) = a.x·
g(x) =

is bounded, i.e. there exists
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be polynomials, with an' bm =F 0, so of degree n, m respectively. Assume an' bm > O.
Investigate the limit
lim f(x)
x~ao g(x) ,

distinguishing the cases n > m, n = m, and n < m.

8. Prove in detail: Let f be defined for all numbers > some number a, let g be defined
for all numbers> some number b, and assume that f(x) > b for all x > a. Suppose that
lim f(x) =

lim g(x) =

and

00

00.

x~ao

Show that
lim g(f(x) =

00.

x~ao

9. Prove: Let S be a set of numbers, and let a be adherent to S. Let f be defined on
S and assume
lim f(x) =

00.

x~ao

Let g be defined for all sufficiently large numbers, and assume
lim g(x) = L,
x~ao

where L is a number. Show that
lim g(J(x)) = L.

10. Let the assumptions be as in Exercise 9, except that L now stands for the symbol
00. Show that
lim g(J(x)) =

00.

x~.

11. State and prove the results analogous to Exercises 9 and 10 for the cases when
a = 00 and L is a number or 00.

12. Find the following limits as n (b)

In
Fn+l
(e) In - In+To

In - Fn+l

(d) _I_if x =F 0

1 + nx

00:

(c)
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§4. Continuous Functions
Let f be a function defined on a set of numbers S, and let a E S. We say
that f is continuous at a if
limf(x)
X"" a

exists, and consequently if
lim f(x) = f(a).
X"" a

In other words, given f. there exists 0 such that
If(x) - f(a) I <

if Ix

- a I < 0, then

f..

Suppose that f is defined on a set of numbers S, and a.is adherent to S
but artS, so that f is not defined at a. Assume however that
limf(x)

=b

X"" a

for some number b. If we define f at a by letting f(a) = b, then we have
extended the domain of definition of f to the set S u {a} = S'. In that
case, it follows at once from the definition that
lim f(x)
,x-+a

xeS'

= lim f(x) = b.
X"" a

xeS

Furthermore, to define f(a) = b is the only way of defining f on the set

S u {a} to make f continuous at a on this set, by Proposition 2.1 of §2.
We say that f is continuous on a set S if f is continuous at every element

of S. Thus to verify continuity for a function J, we must verify continuity
at each point of S.
From the properties of limits, we arrive at once at statements concerning
continuous functions:

Theorem 4.1. Let J, g be defined on S and continuous at a E S. Then
f + g and fg are continuous at a. If g(a) =F 0, then fig is continuous at a

(viewing fig as a function on the set So consisting of all
g(x) =F 0).

XES

such that
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Examples. The function x H l/x is continuous at all numbers =F O.
Later we shall define a function sin x, and prove that
sin- x
1I· m
= 1.
x

", ... 0

Furthermore, we shall know that sin x is continuous for all x. Since the
function l/x is continuous for all x =F 0, it follows that we can define a
function g such that g(O) = 1 and g(x) = (sin x)/x if x =F 0, and that this
is the only way of defining g at 0 in such a way that g is continuous at O.
We note that a polynomial is a continuous function, because it is obtained by means of a finite number of sums and products of continuous
functions (in fact constant functions, and the function x H x).
Theorem 4.2. Let S, T be sets of numbers, and let f: S -+ T and g: T -+ R
be functions. Let a E Sand b = f(a). Assume that f is continuous at a
and g is continuous at b. Then go f is continuous at a. A composite of
continuous functions is continuous.
Proof Given £, there exists {) such that if YET and IY - b I < {), then
Ig(y) - g(b)1 < £. Now for the {) we have just found, there exists {)1 such
that if XES and Ix - al < {)1> then If(x) - bl < {). Thus if Ix - al < {)1>

we have

Ig(j(x») - g(j(a»)1 <

£,

as was to be shown.
Note. It is necessary to first choose {) for g, and then go back to f in the
proof.
The preceding theorem can also be expressed by writing
lim g(j(x») = g(lim f(x)\.

x~a

x~a}

Thus a continuous function is said to commute with limits.
Let f be a function defined on some set S. An element c E S is said to
be a maximum for f on S if f(c) ~f(x) for all XES. It is said to be a
minimum for f on S if f(c) ~ f(x) for all XES.
Theorem 4.3. Let f be a continuous function on a closed interval [a, b].
Then there exists an element c E [a, b] such that c is a maximum for f
on [a, b] and there exists dE [a, b] such that d is a minimum for f on
[a, b].
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Proof We shall first prove that f is bounded, say from above, i.e. that
there exists M such that f(x) ~ M for all x in the interval.
If f is not bounded from above, then for every positive integer n we can
find a number x" in the interval such that f(x,,) > n. The sequence of such
x" has a point of accumulation C in the interval by the WeierstrassBolzano theorem. By continuity, given 1, there exists fJ such that if
x E [a, b] and Ix - C/ < fJ, then If(x) - f(c)1 < 1. In particular,

whence

n <f(x,,)

~

1 + If(C)I.

This is a contradiction for n sufficiently large, thus proving that f is
bounded from above.
Let P be the least upper bound of the set of values f(x) for all x in the
interval. Then given a positive integer n, we can find a number z" in the
interval such that

1
If(z,,) - PI <-.
n
Let c be a point of accumulation of the sequence of numbers {z,,}. Then
fCc) ~ p. We contend that f(c) = p. This will prove our theorem.
Given E, there exists fJ such that whenever Iz" - c I < fJ we have

If(z,,) - f(c) I <

E.

This happens for infinitely many n, since c is a point of accumulation of the
sequence {z,,}. But

If(c) - PI

~

If(c) - f(z,,) I + If(z,,) - PI

<

E

1

+-.
n

This is true for every E and for infinitely many positive integers n. Hence
If(c) - PI = 0, andf(c) = p, as was to be shown.
The proof for the minimum is similar and will be left to the reader. The
next theorem is known as the Intermediate Value Theorem.
Theorem 4.4. Let f be a continuous function on a closed interval [a, b].

Let 0( = f(a) and P = f(b). Let y be a number such that
Then there exists a number c, a < c < b, such that f(c) = y.

0(

< Y < p.
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Proof Let S be the set of numbers x in the interval [a, b] such that
f(x) ;;;;:; y. Then S is not empty because a E Sand S is bounded from above
by b. Let c be its least upper bound. We contend that f(c) = y. We note
that c is adherent to S. We then have, by Theorem 2.6
f(c)

= lim f(x)

;;;;:; y.

x ... c
xeS

On the other hand, if x is in [a, b] and x > c, then f(x) > y; otherwise c
would not be an upper bound for S. Let T be the set of elements x in
[a, b] such that x > c. Then T is not empty, because bET, and c is adherent to T. Again by Theorem 2.6
f(c)

= lim f(x)
x ... c

~

y.

xeT

We conclude that f(c) = y, as desired.

IX

Note. There is an analogous theorem if IX > p and y is such that
> Y > p. The proof is analogous, or can be obtained by considering - f

instead of f on the interval. We shall refer to Theorem 4.4 as covering all
these cases.
Corollary 4.5. Let f be a continuous function on a closed interval [a, b].
Then the image off is a closed interval.

Proof. Let Z E [a, b] be such that f(z) = Z is a mlnImUm, and let
[a, b] be such that f(w) = W is a maximum for f on [a, b]. Any value
Y of f on [a, b] is such that Z;;;;:; Y ;;;;:; W. By Theorem 4.4 there exists
Y E [a, b] such that f(y) = Y. Hence the image of f is the interval [Y, W],
as was to be shown.
WE

Note that the image of f is not necessarily the interval lying between
f(a) and f(b). Picture:
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EXERCISES

1. Let f: R --+ R be a function such that f(tx) = tf(x) for all x, t
continuous. In fact, describe all such functions.

E

R. Show that f is

2. Let f(x) = [x] be the greatest integer ~ x and let g(x) = x - [x]. Sketch the
graphs of f and g. Determine the points at which f and g are continuous.
3. Let f be the function such that f(x) = 0 if x is irrational and f(Pjq) = 1jq if pjq is
a rational number, q > 0, and the fraction is in reduced form. Show that f is
continuous at irrational numbers and not continuous at rational numbers. [Hint:
For a fixed denominator q, consider all fractions mjq. If x is irrational, such fractions must be at a distance> /j from x. Why?]
4. Show that a polynomial of odd degree with real coefficients has a root.
5. For x #- -1 show that the following limit exists:

=

f(x)

1)2

xn _
lim ( -n--1 .

n~oo

X

+

(a) What are f(l), f(t), f(2)?
(b) What is lim f(x)?
x~l

(c) What is lim f(x)?
x-+ -1

(d) For which values of x #- -1 is f continuous? Is it possible to define f( -1) in
such a way that f is continuous at - 1?
6. Let
f(x)

xn

= lim - - .
n~oo

1

+ xn

(a) What is the domain of definition of f, i.e. for which numbers x does the limit
exist?
(b) Give explicitly the values f(x) of f for the various x in the domain of f.
(c) For which x in the domain is f continuous at x?
7. Let f be a function on an interval I. The equation of a line being given as usual
by the formula y = sx + b where s is the slope, write down the equation of the
line segment between two points (a, f(a» and (b,j(a» of the graph of f, if a < b
are elements of the interval I.
We define the function f above to be convex upward if
(*)

+ tb)

f«(l - t)a

for all a, b in the interval, a
condition as

~

f(ua

~

(1 - t)f(a)

band 0

+

~

t

tb) ~ uf(a)

+

tf(b)

~

1. Equivalently, we can write the

+

tf(b)
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for t, U ~ 0 and t + U = 1. Show that the definition of convex upward means
that the line segment between (a,f(a») and (b,f(b») lies above the graph of the
curve y = f(x).
8. A function f is said to be convex downward if the inequality (*) holds when ;:;; is
replaced by ~. Interpret this definition in terms of the line segment being below
the curve y = f(x).
9. Let f be convex upward on an open interval I. Show that f is continuous. [Hint:
Referring back to Exercise 7, the condition that f be convex upward is that if
x < z, then
f(x) - fez) -

fez) - f(x)
(z - x) ;:;;
z-x

o.

Fix x and let z -+ x get to the limit on the right. Then use the analogous formula
with w < x, letting w -+ x get to the limit on the left, using the squeezing process.]
Show that if I is not assumed open, then f need not be continuous.
10. Let f, 9 be convex upward and assume that the image off is contained in the interval of definition of g. Assume that g is an increasing function, that is if x < y
then g(x) ;:;; g(y). Show that go fis convex upward.
11. Let f, g be functions defined on the same set S. Define max(f, g) to be the function
h such that
hex)

= max(f(x), g(x»),

and similarly, define the minimum of the two functions, min(f, g). Let f, g be
defined on a set of numbers. Show that if f, g are continuous, then max(f, g) and
min(f, g) are continuous.
12. Let f be defined on a set of numbers, and let 1f 1 be the function whose value at x
is 1f(x) I· Iff is continuous, show that 1f 1is continuous.

CHAPTER 3

Differentiation

§1. Properties of the Derivative
Let f be a function defined on an interval having more than one point, say
I. Let x E I. We shall say that f is differentiable at x if the limit of the Newton quotient

. f(x + h) - f(x)
11m
.::.......:...-----:----"----'--'h ... O
h
exists. It is understood that the limit is taken for x + he I. Thus if x is,
say, a left end point of the interval, we consider only values of h > O. We
see no reason to limit ourselves to open intervals. If f is differentiable
at x, it is obviously continuous at x. If the above limit exists, we call it the
derivative of f at x, and denote it by f'(x). If f is differentiable at every
point of I, then f' is a function on 1.
We have the following standard rules for differentiation.

J, g are defined on the same interval, and both are differentiable
at x, then (f + g)'(x) = f'(x) + g'(x).

Sum. If

This is obvious from the theorem concerning the limit of a sum.
Product. The function fg is differentiable at x, and
(fg)'(x) = f(x)g'(x)

+ f'(x)g(x).
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For the proof, we consider
f(x

+ h)g(x + h) -

f(x)g(x)

h

=

f(x

+ h)g(x + h)

- f(x

h

=f(

x+

h) g(x

+ h) h

g(x)

+ h)g(x)
+

f(x

+

+ h)g(x) -

f(x

f(x)g(x)

h

+ h)
h

- f(x) ( )
gx.

We then take the limit as h -+ 0 to get what we want.
Quotient. If J, g are differentiable at x, and g(x)

=1=

0, then (fIg) is dif-

ferentiable at x, and
(fl )'( )
g X

= g(x)f'(x) - f(x)g'(x)
g(X)2

For the proof, we consider first the special case of the function 1/g,
that is
1
g(x

+ h)

1
g(x)

g(x

+ h) -

1

g(x)

h

h

g(x

+ h)g(x)'

Taking the limit as h -+ 0 yields what we want. To deal with fig, we use
the rule for the product J. {llg) and the assertion drops out.
Chain rule. Let f be defined on I, and g be defined on some other interval
J. Assume that the image off lies in J. Assume that f is differentiable at
x, and that g is differentiable at f(x). Then go f is differentiable at x, and
(g of)'(x)

= g'(f(x))f'(x).

For the proof, we must reformulate the definition of the derivative. We
say that a function cp defined for arbitrarily small values of h is o(h) for
h-+Oif
- 0.
· cp(h)
1Im-h .... O

h

Then the function f is differentiable at x if and only if there exists some
number L, and a function cp which is o(h) for h -+ 0 such that
f(x

+ h) = f(x) +

Lh

+ cp(h).
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Note that in this formulation, we may assume that qJ is defined at 0 and
q>(0) = O.
The equivalence of the preceding formulation with the one given at the
beginning of the section is immediate. Assuming that f is differentiable at
x, we let

q>(h) = f(x
q>(0) =

+ h) -

if h ¥= 0,

f(x) - f'(x)h,

o.

Conversely, if such a function q> exists, we have

f(x

+ h) h

f(x) _ L
-

+

q>(h)
h '

so that the limit as h -+ 0 exists and is equal to L. Thus L is uniquely determined and is equal to f'(x).
The function q>(h) can be written conveniently in the form

q>(h) = h",(h),
where
lim "'(h)

= 0,

,,~O

namely we simply let "'(h) = q>(h)/h if h ¥= 0, and "'(0) = O.
We can now prove the chain rule. Let k = k(h) = f(x
and let y = f(x). Then

g(f(x

+ h») -

+ k) - g(y)
= g'(y)k + k",(k)

+ h) -

f(x),

g(f(x») = g(y

(where lim "'(k) = 0),
k~O

and consequently

g(f(x

+ h») -

g(f(x»)

h
=

g'(f(x») f(x

+~-

f(x)

+

f(x

+~-

f(x) "'(k(h»).

Taking the limit as h -+ 0, and using the fact that the functions '" and k
are continuous at 0 and take on the value 0, we obtain the chain rule.
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We conclude with some standard derivatives.
If f is a constant function, then f' (x) = 0 for all x.
If f(x) = x, then f'(x) = 1.
If n is a positive integer, and f(x) = x", then f'(x) = nx"-l. This is
proved by induction. It is true for n = 1. Assume it for n, and use the
rule for the product of functions: The derivative of x"+ 1 is the derivative
of x" . x and is equal to

nx"-l·x

+ x" =

(n

+ l)x",

as desired.
If f(x) = cg(x) where c is a constant and g is differentiable, then
f'(x) = cg'(x). Immediate.
The above remarks allow us to differentiate polynomials.
If n is a positive integer, and f(x) = X-II = l/x", then we also have
f'(x) = _nx- II - 1. This follows at once from the rule for differentiating
quotients. Both f and f' are of course defined only for x ¥: o.
Finally, we shall also use the notation dj/dx instead of f'(x). Furthermore, we allow the classical abuse of notation such that if y = f(u) and
u = g(x), then
dy

dy du
dx = du dx·

EXERCISES

1. Let

IX be an irrational number having the following property. There exists a number c > 0 such that for any rational number p/q (in lowest form) with q > 0 we
have

or equivalently,
C

IqIX - pI> -.
q
(a) Let f be the function defined for all numbers as follows. If x is not a rational
number, then f(x) = O. If x is a rational number, which can be written as a fraction
p/q, with integers q, p and if this fraction is in lowest form, q > 0, then f(x) = 1/q3.
Show that f is differentiable at IX.
(b) Let g be the function defined for all numbers as follows. If x is irrational, then
g(x) = O. If x is rational, written as a fraction p/q in lowest form, q > 0,
then g(x) = l/q. Investigate the differentiability of g at the number IX as above.
2. (a) Show that the function f(x) = Ixl is not differentiable at O. (b) Show that the
function g(x) = xlxl is differentiable for all x. What is its derivative?

3. Differentiation
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Lemma 2.1. Let f be differentiable on the open interval a < x < band

let c be a number such that fCc} is a maximum, that is
fCc}
Then f'(c} =

~f(x}

for a < x < b.

o.

Proof For small h we have
fCc

+ h}

~f(c}.

If h > 0 then

fCc

+ h~ - fCc} ~ o.

If h < 0 then the Newton quotient is ~ O. By the theorem on limits of
inequalities (Theorem 2.6 of Chapter 2) we conclude that f'(c} = 0 as
desired.

a

b

The conclusion of the lemma obviously holds if instead of a maximum we
assume that fCc} is a minimum.
Lemma 2.2. Let [a, b] be an interval with a < b. Let f be continuous on

[a, b] and differentiable on the open interval a < x < b. Assume
f(a} = feb}. Then there exists c such that a < c < band f'(c} = o.

Proof Suppose f is constant on the interval. Then any point c strictly
between a and b will satisfy our requirements. If f is not constant, then
suppose there exists some x E [a, b] such that f(x} > f(a}. By a theorem
on continuous functions, there exists c E [a, b] such that fCc} is a maximum
value of f on the interval, and a < c < b. Then Lemma 2.1 concludes the
proof. In case there exists x E [a, b] such that f(x} <f(a}, we proceed in
a similar way using the minimum for f on the interval.
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Theorem 2.3 (Mean Value Theorem). Let f be continuous on an interval
[a, b] with a < b, and differentiable on the interval a < x < b. Then
there exists c such that a < c < band
f(b) - f(a)

= f'(c)(b - a).

Proof. Let
g(x) = f(x) - f(bi

=~(a)

(x - a).

Then g(b) = g(a) = /(a). We apply Lemma 2.2 to g, and obtain Theorem
2.3.

f(b)
f(a)

a

c

b

A function f on an interval is said to be increasing if whenever x ~ y
we have f(x) ~ f(y). It is said to be strictly increasing if whenever x < y
we have f(x) < f(y). We define decreasing and strictly decreasing similarly.
Corollary 2.4. Let f be continuous on [a, b] and differentiable on
a < x < b. Assume f'(x) > 0 for a < x < b. Then f is strictly increasing on the interval [a, b].
Proof. Let a

~

x < y

~

h. By the mean value theorem,

f(y) - f(x)

= f'(c)(y - x)

for some c between x and y. Since y - x > 0, we conclude that f is strictly
increasing.
An analogous corollary holds for the three other cases when f'(x) < 0,
f'(x) ~ 0, f'(x) ~ 0 on the interval, in which cases the function is strictly
decreasing, increasing, and decreasing respectively. Note especially the
important special case:
Corollary 2.5. Let f be continuous on [a, b] and differentiable on
a < x < b. Assume f'(x) = 0 for a < x < b. Then f is constant on
the interval.
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Proof. Again, for a < x ;;i b there exists a number c between a and x

such that

f(x) - f(a) = J'(cXx - a) = O.

Hence f(x) = f(a), and f is constant.
The sign of the first derivative has been interpreted in terms of a geometric property of the function, whether it is increasing or decreasing.
We shall now interpret the sign of the second derivative.
Let f be a function defined on a closed interval [a, b]. The equation
of the line passing through (a, f(a») and (b, f(b») is
y = f(a)

+ feb)

- f(a) (x - a).
b-a

The condition that every point on the curve y = f(x) lie below this line
segment between x = a and x = b is that
(*)

f(x) ;;if(a)

=

+ f(i ~(a) (x

- a)

for a ;;i x ;;i b. Any point x between a and b can be written in the form
x

=

a

+ t(b - a)

with 0 ;;i t ;;i 1. In fact, one sees that the map
tf-+a

+ t(b -

a)

is a strictly increasing map on [0, 1], which gives a bijection between the
interval [0, 1] and the interval [a, b]. If we substitute the value for x in
terms of t in our inequality (*), we find the equivalent condition
(**)

f((1 - t)a

+ tb) ;;i (1

- t)f(a)

+ tf(b).

Suppose that f is defined over some interval I, and that for every pair
of points a < b in I the inequality (**) is satisfied. We then say that f is
convex upward on the interval. If the inequality (**) with ;;i replaced by
< holds for 0 < t < 1, we say that f is strictly convex upward. We define
convex downward and strictly convex downward by using the signs
~ and >.
Theorem 2.6. Let f be continuous on [a, b]. Assume that the second
derivative J" exists on the open interval a < x < b and that J"(x) > 0
on this interval. Then f is strictly convex upward on the interval [a, b].
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Proof. If a ~ c < d ~ b, then the hypotheses of the theorem are satis·
fied for f viewed as a function on [c, d]. Hence it will suffice to prove (.).
Let a < x < b and let
g(x)

= f(a) + f(bl

=~(a)

(x - a) - f(x).

Then, using the mean value theorem on f, we get
g'(x)

= f'(c)

- f'(x)

for some c with a < c < b. Using the mean value theorem on 1', we find
g'(x) = f"(d)(c - x)

for some d between c and x. If a < x < c, then by Corollary 2.4 and the
fact that f"(d) > 0 we conclude that g is strictly increasing on [a, c]. Simi·
larly, if c < x < b, we conclude that g is strictly decreasing on [c, b]. Since
g(a) = 0 and g(b) = 0, it follows that g(x) > 0 when a < x < b, and thus
our theorem is proved.
The theorem has the usual formulation when we assume that

f"(x) ~ 0, < 0, ~ 0 on the open interval. In these cases, the function is

convex upward, strictly convex downward, convex downward respec·
tively.

EXERCISES

1. Let f(x) = anx n + ... + ao be a polynomial with an #- O. Let Cl < C2 < ... < C,
be numbers such that f(c i ) = 0 for i = 1, ... ,r. Show that r ~ n. [Hint: Show
that f' has at least r - 1 roots, continue to take the derivatives, and use induction.]

2. Let f be a function which is twice differentiable. Let Cl < C2 < ... < c, be numbers such that f(cJ = 0 for all i. Show that f' has at least r - 1 zeros (i.e. numbers
b such that f'(b) = 0).

3. Let al," . ,an be numbers. Determine x so that
i

I

(ai - X)2

i= 1

is a minimum.
4. Let fix) = x 3 + ax 2 + bx + c, where a, b, c are numbers. Show that there is a
number d such that f is convex downward if x ~ d and convex upward if x ~ d.
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§3. Inverse Functions
Let f be a function on [a, b], and assume that f is strictly increasing. Assume that f is continuous. We know from the intermediate value theorem
that the image of f is an interval [a, P]. Furthermore, given a ~ y ~ p,
suppose that f(x) = y, and a ~ x ~ b. This number x is uniquely determined by y, because if Xl < X2' then f(Xl) <f(X2)' We can therefore
define a function

g: [a, P]
such that g(y)

~

[a, b]

= unique x E [a, b] such that f(x) = y.
and

g of (x) = x

Thus

fog(y)=y.

We call g the inverse function of f
Theorem 3.1. Let f be continuous, strictly increasing on [a, b]. Then
the inverse function of f is continuous and strictly increasing.
Proof Let g be the inverse function. That g is strictly increasing is
obvious. We must prove continuity. Let Y E [a, P] (notation as above).
Given E, and y = f(c), consider the closed interval of radius E centered at c.

a c-.

c

c+.

b

Let Xl = C - E if a ~ c - E, and Xl = a otherwise. Let X2 =
c + E ~ b, and X2 = b otherwise. Thenf(xl) ~f(X2)'

,t
f(x2) - -- - -- - - -- - -f(c)
f(xI)

a

We may assume a < b. We select t5 equal to the minimum of
and

C

+E

if
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except when this minimum is O. Suppose first that this minimum is not O.
If Iy - yl < () then the unique x such that y = f(x) lies in the interval
Xl < X < X2' and hence Ig(y) - cl < E. If the minimum is 0, then either
a = c or c = b, that is c is an end point. Say c = a. In that case, we disregard Xl' and let () = f(X2) - f(c). The same argument works. If c = b,
we let () = f(c) - f(Xl)' This proves the theorem.
Theorem 3.2. Let f be continuous on the interval [a, b] and assume a < b.
Assume that f is differentiable on the open interval a < X < b, and that
f'(x) > 0 on this interval. Then the inverse function g of J, defined on
[lX, p), is differentiable on the intervallX < y < p, and

'( )
g y
Proof Let lX < Yo <

1

p. Let Yo

g(y) - g(yo)
y - Yo

1

= f'(x) = f'(g(y»)'
=

f(xo) and y = f(x). Then

X - Xo
f(x) - f(xo)

1
f(x) - f(xo)'
X -

Xo

Since g is continuous, as y ..... Yo we know that X ..... Xo. The theorem follows by taking the limit as X ..... Xo.
Example. Let y

= f(x) = xn for some positive integer n.

Then

f'(x) = nx n - l > 0
for all x > 0, whence f is strictly increasing. Its inverse function is the n-th
root function. Since xn has arbitrarily large values when x becomes large,
it follows by the intermediate value theorem that the inverse function is
defined for all numbers> O. Let g(y) = ylfn denote the inverse function.
Using Theorem 3.2, we verify at once that

g'(y) = _1 ylfn-l.
n
When studying the exponential and the logarithm, we shall give another
proof that n-th roots of positive numbers exist.
A function which is either increasing or decreasing is said to be monotone. If it is either strictly increasing or strictly decreasing, it is said to be
strictly monotone.

72

3. Differentiation

For simplicity, Theorems 1.1 and 1.2 have been stated for increasing
functions. Obviously their analogues hold for decreasing functions, and
the proofs are the same, mutatis mutandis.
EXERCISES

For each one of the following functions f restrict f to an interval so that
the inverse function g is defined in an interval containing the indicated
point, and find the derivative of the inverse function at that point.
1. f(x) = x 3

+

1; find g' (2).

2. f(x) = x 2

-

X

3. f(x) =

+ 5; find g' (7).
3x 2 + 1; find g' (-1).

X4 -

+ 2x + 1; find g' (2).
+ 1; find g' (21).

4. f(x) = _x 3

5. f(x) = 2x

3

6. Let f be a continuous function on the interval [a, b]. Assume that f is twice differentiable on the open interval a < x < b, and that f'(x) > 0 and f"(x) > 0 on this
interval. Let g be the inverse function of f.
(a) Find an expression for the second derivative of g.
(b) Show that g"(y) < 0 on its interval of definition. Thus g is convex in the opposite direction to f.

CHAPTER 4

Elementary Functions

§1. Exponential
We assume that there is a function f defined for all numbers such that
f' = f and f(O) = 1. The existence will be proved later by using a power
series.
We note that f(x) =1= 0 for all x. Indeed, differentiating the function
f(x)f( -x) we find O. Hence there is a number c such that for all x,
f(x)f( -x) = c.

Letting x = 0 shows that c = 1. Thus for all x,
f(x)f( -x) = 1.

In particular,J(x) =1= 0 and f( -x) = f(X)-l.
We can now prove the uniqueness of the function f satisfying the conditions f' = f and f(O) = 1. Suppose g is any function such that g' = g.
Differentiating g/ f we find O. Hence g/f = K for some constant K, and
thus g = Kf. If g(O) = 1, then g(O) = Kf(O) so that K = 1 and g = f.
Since f(x) =1= 0 for all x, we see that f'(x) =1= 0 for all x. By the intermediate value theorem, it follows that f'(x) > 0 for all x and hence f is
strictly increasing. Since f" = f' = f, the function is also strictly convex
upward.
We contend that for all x, y we have
f(x

+ y)

= f(x)f(y)·
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Fix a number a, and consider the function g(x) = f(a + x). Then g'(x) =
+ x) = f(a + x) = g(x), so that g(x) = Kf(x) for some constant K.
Letting x = 0 shows that K = g(O) = f(a). Hence f(a + x) = f(a)f(x)
for all x, as contended.
For every positive integer n we have

f'(a

f(na) = f(a)".

This is true when n = 1, and assuming it for n, we have
f«n

+ 1)a) = f(na + a) = f(na)f(a) = f(a)"f(a) = f(a)"+ 1,

thus proving our assertion by induction.
We define e = f(1). Then f(n) = e" for any positive integer n. Since f
is strictly increasing and f(O) = 1, we note that 1 < e. Also, f( -n) = e-".
In view of the fact that the values of f on positive and negative integers
coincides with the ordinary exponentiation, from now on we write
f(x)

=~.

The addition formula then reads eX+ Y = eXeY, and eO = 1.
Since e > 1, it follows that e" -+ 00 as n -+ 00. We already proved this
in Chapter I, and it was easy: Write e = 1 + b with b > 0, so that

e" = (1

+ b)" ~ 1 + nb.

The assertion is then obvious. Since eX is strictly increasing, it follows that
eX -+ 00 as x -+ 00. Finally, e- x -+ 0 as x -+ 00. Hence the graph of eX
looks like this:

Theorem 1.1. For every positive integer m we have
· ~
11m
Iii =
x .... oo x

00.
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Proof. First we show the inequality

for all x

~

O.

Let f(x) = tr - (1 + x). Then f(O) = 0 and f'(x) = eX - 1 ~ 0 for all
~ O. Hence f is increasing. Since f(O) = 0 we get f(x) ~ 0, whence the
desired inequality. By the same method, one shows inductively
x

1+x

x2

x·

+ -2'. + ... + In.

~ eX.

See Exercise 2. Dividing by x·- 1 shows that ex/x·- 1 becomes large as x
becomes large, as desired.
EXERCISES

1. Let f be a differentiable function such that
f'(x) = -2xf(x).
Show that there is some constant C such thatf(x) = Ce- x2 •
2. (a) Prove by induction that for any positive integer n,

x2
x"
1 + x + - + ... + - :$; eX.
n., 2 '.
[Hint: Letf,,(x) = eX - (l + x + ... + x"jn!).
(b) Prove that for x ;;; 0,

Whatisf~(x)?]

(c) Show that 2.7 < e < 3.
3. Sketch the graph of the following functions:
(a) x~
(b) xe- X
(c) x 2ex
(d) x 2 e- x
4. Sketch the graph of the following functions:
(b) e- 1/ x
(a) e1/ x
5. (a) Let f be the function such that f(x) = 0 if x ~ 0 and f(x) = e- 1 / x if x > o.
Show that f is infinitely differentiable at 0, and that all its derivatives at 0 are equal
to O. [Hint: Use induction to show that the n-th derivative of f for x > 0 is of type
P(x)

-e

xm

-l/x

where m depends on n.] (b) Sketch the graph of the functionf.
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6. Let a, b be numbers, a < b. Let f be the function such that f(x) = 0 if x
x !i; b, and
f(x) =

if a < x
a and b.

~

a or

e-1/(x-a)(b-x)

< b. Sketch the graph of f. Show that f is infinitely differentiable at both

7. Let f(x) = e- 1/x2 if x "" 0 and f(O)
and that pn)(o) = 0 for all n.

= O.

Show that f is infinitely differentiable

8. Let n be an integer !i; 1. Let fo, ... ,f. be polynomials such that
f.(x)e· x

+

f._l(x)e(·-l)X

+ ... +

fo(x) = 0

for arbitrarily large numbers x. Show that fo, ... ,f. are identically O. [Hint:
Divide by e"X and let x ..... 00.]

§2. Logarithm
The function f(x) = eX is strictly increasing for all x, and f(x) > 0 for all x.
By Theorems 3.1 and 3.2 of the preceding chapter, its inverse function g
exists, is defined for all numbers > 0 because f takes on all values > 0,
and

Thus we have found a function g such that g'(y) = l/y for all y >
Furthermore, g(1) = 0 because f(O) = 1.
The function g is strictly increasing, and satisfies
g(xy) = g(x)

o.

+ g(y)

for all x, y > O. Indeed, fix a > 0 and consider the function g(ax) - g(x).
Differentiating shows that this function is a constant, and setting x = 1
shows that this constant is equal to g(a). Thus g(ax) = g(x) + g(a), thus
proving our formula.
Let a> O. We see by induction that
g(a") = ng(a)

for all positive integers n. If a > 1, then g(a") becomes arbitrarily large
as n becomes large. Since g is strictly increasing, we conclude that
g(x) - 00 as x - 00.
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The function g is denoted by log, and thus the preceding formulas read
log(an) = n log a

log(xy) = log x + log y.

and

For x > 0 we have
0= log 1 = log x

+ log(x- 1 ),

whence
logx- 1

= -Iogx.

It follows that when x -+ 00, log l/x -+ - 00, i.e. becomes arbitrarily large
negatively.
Finally, the second derivative of the 101 of Y is _1/y2 < 0, so that the
log is convex downward. Its graph therefore looks like this:

If a > 0 and x is any number, we define

It is but an exercise to show that a X + JI =
We leave the proofs to the reader. Ifa x

x

~aJl

and aO = 1. Also (a~JI = a XJI•

= y, we sometimes write

= 10gaY.

Note that we can now easily prove the fa~ that every positive number
has an n-th root. If a > 0, then a l/n is an n-th root of a, because

Theorem 1.1. Let x> 0 and let f(x)
f'(x) = axa - l •

= x a for

some number a. Then

78

4. Elementary Functions

Proof. This is an immediate consequence of the definition

and the chain rule.
We now determine some classical limits.

Theorem 2.2. We have
lim log x = O.
x .... oo

X

Proof. Let x = e%, that is z = log x. Then
log x
x

z
e%'

As x becomes large, so does z, and we can apply Theorem 1.1 to prove
Theorem 2.2.

Corollary 2.3. We have lim Xlix = 1.
X"" 00

Proof. Taking the log, we have, as x

--+ 00,

1
log x
log(xl/X) = - log x = - - --+ O.

x

x

Taking the exponential yields what we want.
Finally, since the log is differentiable at 1, we see that
lim 10g(1 + h)
h .... O
h

= lim 10g(1 + h)
h .... O

- log 1

h

But

h+ h) = 10g((1

10g(l

+ h)l/h).

Taking the exponential, we obtain
lim (1
h.... O

+ h)l/h = e.

= 1.
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The same limit applies of course when we take the limit over the set of
h = lin for positive integers n, so that (1 + lin)" -+ e as n -+ 00.
In the exercises, we shall indicate how to prove some other inequalities
using the log. In particular, we shall give an estimate for nt, namely:

Later in this book, this estimate is made more precise, and one has

where 0 ~ () ~ 1. This is harder to prove, and in many applications, the
first estimate given suffices.

EXERCISES

1. Let f(x) = XX for x > O. Sketch the graph of f.

2. Let f be as in Exercise 1, except that we restrict f to the infinite interval
Show that the inverse function g exists. Show that one can write

x > lie.

logy
g(y) = log log y IjJ(y),

where lim IjJ(y) = 1.
3. Sketch the graph of (a) x log x; (b) x 2 log X.
4. Sketch the graph of (a) (log x)/x; (b) (log x)/x 2 •
5. Let n be an integer

~

1. Let fo, ... .!n be polynomials such that

J,.(x) (log xt

+ J,.-l(X)(lOg x)n-l + ... + fo(x)

= 0

for all numbers x > O. Show that fo.'" ,fn are identically O. [Hint: Let x
and rewrite the above relation in the form

= eY

where aij are numbers. Use Exercise 6 of the preceding section.]
6. Let f, g be functions defined on an interval [a, b], continuous on this interval,
differentiable on a < x < b. Assume that f(a) ~ g(a), and f'(x) < g'(x) on
a < x < b. Show that j(x) < g(x) if a < x ~ b.
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7. Let a > 1 and x > O. Show that
xG

8. Let p, q be numbers

~

1

-

a(x - 1).

~

1 such that l/p

+

l/q = 1. If x

~

1, show that

X
1
x 1/p~-+-.

- p

q

9. Let u, v be positive numbers such that u/v
Show that

~

1, and let p, q be as in Exercise 8.

10. Let u, v be positive numbers, and 0 < t < 1. Show that

and that equality holds if and only if u = v.

11. Let a be a number > O. Find the minimum and maximum of the function
f(x) = xl/a". Sketch the graph of f(x).
12. Using the mean value theorem, find the limit

Generalize by replacing t by 1/k for any integer k ~ 2.

13. Find the limit
.

lIm

(1

+ h)1/3

- 1

+ x)

x.

h

.

h~O

14. Show that for x

~

0 we have 10g(1

15. Prove the following inequalities for x
(a) 10g(1
(b) x -

+ x)

~ x -

Xl

~

~

0:

x3

"2 + 3

Xl

"2 ~ 10g(1 + x)

(c) Deriye further inequalities of the same type.
16. Show that for every positive integer k one has

(1 + ~r < e < (1 + ~r+1·
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Taking the product for k

=

1, 2, .. . ,n - 1, conclude by induction that

n"-I

n"

(n-l)!

(n-l)!

___ < e" - 1 < -:-----:-:-:-

and consequently

17. Show that

+ ~)" = eX.

lim (1

n

n-+ 00

18. Find the following limits as n
n!
(a) ( n"e-"

)1/"

n !)2)1/"

(c) ( -

n2 "

(b)

(d)

(

-+ 00.

(n !)3
n3 "e-"

)1/"

n3" )1/"
( (n!)3

§3. Sine and Cosine
We assume given two functions f and g satisfying the conditions f' = g
and g' = -f. Furthermore, f(O) = 0 and g(O) = 1. Existence will be
proved later with power series.
We have the standard relation

f(x)2

+ g(X)2 = 1

for all x. This is proved by differentiating the left-hand side. We obtain 0,
whence the sum f2 + g2 is constant. Letting x = 0 shows that this constant is equal to 1.
We shall now prove that a pair of functions as the above is uniquely
determined. Let f I, g I be functions such that
and
Differentiating the functions fgl - fIg and ffl
case. Hence there exist numbers a, b such that

fgl - fIg = a,
ffl

+ ggl = b.

+ ggb

we find 0 in each
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We multiply the first equation by f, the second by g, and add. We multiply
the second equation by f, the first equation by g, and subtract. Using
f2 + g2 = 1, we find
gl = af
(*)

fl

=

+ bg,

bf - ago

If we assume in addition that fl(O) = 0 and gl(O) = 1, then we find the
values a = 0 and b = 1. This proves that f 1 = f and 9 1 = g, thus proving
the desired uniqueness.
These functions f and 9 are called the sine and cosine respectively,
abbreviated sin and cos. We have the following formulas for all numbers
x, y:
(1)

(2)

sin( -x) = -sin x,

(3)

cos( -x) = cos x,

(4)

sin(x

+ y) = sin x cos y + cos x sin y,

(5)

cos(x

+ y) = cos x cos y - sin x sin y.

The first formula has already been proved. To prove each pair of the
succeeding formulas, we make a suitable choice of functions fl' gl and
apply Eqs. (*) above. For instance, to prove (2) and (3) we let
fl(X) = cos( -x)

and

gl(X) = sin( -x).

Then we find numbers a, b as before so that (*) is satisfied. Taking the
values of these functions at 0, we now find that b = 0 and a = - 1. This
proves (2) and (3). To prove (4) and (5), we let y be a fixed number, and
let
fl(X) = sin(x

+ y)

and

gl(X) = cos(x

+ y).

We determine the constants a, b as before and find a = -sin y, b = cos y.
Formulas (4) and (5) then drop out.
Since the functions sin and cos are differentiable, and since their deri~
vatives are expressed in terms of sin and cos, it follows that sin and cos are
infinitely differentiable. In particular, they are continuous.
Since sin 2 x + cos 2 X = 1, it follows that the values of sin and cos lie
between - 1 and 1. Of course, we do not yet know that sin and cos take
on all such values. This will be proved later.
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Since the derivative of sin x at 0 is equal to 1, and since this derivative is
continuous, it follows that the derivative of sin x (which is cos x) is > 0
for all numbers x in some open interval containing O. Hence sin is strictly
increasing in such an interval, and is strictly positive for all x > 0 in such
an interval.
We shall prove that there is a number x > 0 such that sin x = 1. In
view of the relation between sin and cos, this amounts to proving that
there is a number x > 0 such that cos x = O.
Suppose that no such number exists. Since cos is continuous, we conclude that cos x cannot be negative for any value of x > 0 (by the intermediate value theorem). Hence sin is strictly increasing for all x >- 0,
and cos is strictly decreasing for all x > O. Let a > O. Then

o < cos 2a =

cos 2 a - sin 2 a < cos 2 a.

By induction, we see that cos(2"a) < (cos a)2n for all positive integers n.
Hence cos(2"a) approaches 0 as n becomes large, because 0 < cos a < 1.
Since cos is strictly decreasing for x > 0, it follows that cos x approaches 0
as x becomes large, and hence sin x approaches 1. In particular, there
exists a number b > 0 such that

cosb<!

and

sin b >

1.

Then cos 2b = cos 2 b - sin 2 b < 0, contradicting our assumption that
the cosine is never negative.
The set of numbers x > 0 such that cos x = 0 (or equivalently
sin x = 1) is non-empty, bounded from below. Let c be its greatest lower
bound. By continuity, we must have cos e = O. Furthermore, e > O.
We define n to be the number 2e. Thus e = n/2. By the definition of
greatest lower bound, there is no number x such that

and such that cos x = 0 or sin x = 1.
By the intermediate value theorem, it follows that for 0 ~ x < n/2 we
have 0 ~ sin x < 1 and 0 ~ cos x < 1. However, by definition,
and

. n
1
Stn2'=
.

Using the addition formula, we can now find
sin n

= 0,

cos n

= -1,

sin 2n

= 0,

cos 2n

=

1.
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For instance,

The others are proved similarly.
For all x, using the addition formulas (4) and (5), we find at once:

+~) = cos x,

sin(x
sin(x
sin(x

+ n) = -sin x,

+ 2n) = sin x,

+ ~)

cos(x
cos(x
cos(x

= -sin x,

+ n) = -cos x,

+ 2n) = cos x.

The derivative of the sine is positive for 0 < x < n/2. Hence sin x is
strictly increasing for 0 ~ x ~ n/2. Similarly, the cosine is strictly decreasing in this interval, and the values of the sine range from 0 to 1, while
the values of the cosine range from 1 to O.
For the intervaln/2 ~ x ~ n, we use the relation
sin x = cos(x -

~)

and thus find that the sine is strictly decreasing from 1 to 0, while the cosine is strictly decreasing from 0 to -1 because its derivative is - sin x < 0
in this interval.
From n to 2n, we use the relations
sin x = - sin(x - n)
and similarly for the cosine.
Finally, the signs of the derivatives in each interval give us the convexity behavior and allow us to see that the graphs of sine and cosine look
like this:

-I

-I
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A function cp is called periodic, and a number s is called a period, if
f(x + s) = f(x) for all x. We see that 2n is a period for sin and cos. If
S1> S2 are periods, then

so that Sl

+ S2 is a period.
cp(x)

Furthermore, if s is a period, then

= cp(x -

s

+ s) = cp(x

- s),

so that - s is also a period. Since 2n is a period for sin and cos, it follows
that 2nn is also a period for all integers n (positive or negative or zero).
Let s be a period for the sine. Consider the set of integers m such that
2mn ~ s. Taking m sufficiently large negatively shows that this set is not
empty. Furthermore it is bounded from above by sl2n. Let n be its maximal element, so that 2nn ~ s but 2(n + l)n > s. Let t = s - 2nn. Then t
is a period, and 0 ~ t < 2n. We must have
sin(O

+ t) =

cos(O

+ t) = cosO =

sin 0 = 0,
1.

From the known values of sin and cos between 0 and 2n we conclude that
this is possible only if t = 0, and thus s = 2nn, as was to be shown.
Theorem 3.1. Given a pair of numbers a, b such that a 2 + b 2 = 1, there
exists a unique number t such that 0 ~ t < 2n and such that
a

= cos t,

b = sin t.

Proof. We consider four different cases, according as a, b are ~ 0 or
O. In any case, both a and b are between - 1 and 1.
Consider, for instance, the case where -1 ~ a ~ 0 and 0 ~ b ~ 1.
By the intermediate value theorem, there is exactly one value of t such that
nl2 ~ t ~ n and such that cos t = a. We have
~

Since for nl2 ~ t ~ n the values of the sine are ~ 0, we see that b and
sin t are both ~ O. Since their squares are equal, it follows that b = sin t,
as desired. The other cases are proved similarly.
Finally, we conclude this section with the same type of limit that we
consider for the exponential and the logarithm. We contend that

, sin h 1
IIm--=
,
h ... O h
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This follows immediately from the definition of the derivative, because it is
none other than the limit of the Newton quotient
. sinh-sinO.
hm
h
= sm'(O) = cos 0 = 1.
h.... O

EXERCISES

1. Define tan x

= sin x/cos x. Sketch the graph of tan x. Find
tan h
lim--.
h~O h

2. Restrict the sine function to the interval -11./2 ~ x ~ 11./2, on which it is continuous, and such that its derivative is > 0 on -11./2 < x < 11./2. Define the inverse
function, called the arcsine. Sketch the graph, and show that the derivative of
arcsin x is 1/J1="7.

3. Restrict the cosine function to the interval 0 ~ x ~ 11.. Show that the inverse
function exists. It is called the arccosine. Sketch its graph, and show that the
derivative of arccosine x is -1/~ on 0 < x < 11..
4. Restrict the tangent function to -11./2 < x < 11./2. Show that its inverse function
exists. It is called the arctangent. Show that arctan is defined for all numbers,
sketch its graph, and show that the derivative of arctan x is 1/(1 + Xl).

5. Sketch the graph of f(x) = x sin 1/x, defined for x -# O. Show that f is continuous at 0 if we define f(O) = o.
6. Let g(x) =

Xl

sin 1/x if x -# 0 and g(O) = O. Show that g is differentiable at O.

7. Show that if 0 < x < 11./2, then sin x < x and 2/11. < (sin x)/x.
8. Let 0 ~ x. (a) Show that sin x ~ x. (b) Show that cos x :i:; 1 - x l /2. (c) Show
that sin x :i:; x - x 3 /3 ! (d) Give the general inequalities similar to the preceding

ones, by induction.
9. A function f: [a, bJ ..... R is said to satisfy a Lipschitz condition if there is a number
C such that

If(x) - f(y) I ~ Clx - yl
for all x, Y E [a, b]. Prove that a function which is differentiable on [a, bJ and has
a continuous derivative on [a, bJ satisfies a Lipschitz condition. Show that the
function f defined on [0, 1J by
f(x)

= Xl

f(x)

=0

sin e 1/ x

if

x -# 0,

if x

= o.

is differentiable on [0, 1J but does not satisfy a Lipschitz condition.
10. Let f be a differentiable function on an interval, and assume that the derivative of
f is bounded. Show that f satisfies a Lipschitz condition.
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§4. Complex Numbers
The complex numbers are a set of objects which can be added and multiplied, the sum and product of two complex numbers being also complex
numbers, and satisfying the following conditions:
IX, P are real
numbers, then their sum and product as complex numbers are the
same as their sum and product as real numbers.
(2) There is a complex number denoted by i such that i 2 = - 1.
(3) Every complex number can be written uniquely in the form a + bi,
where a, b are real numbers.
(4) The ordinary laws of arithmetic concerning addition and multiplication are satisfied. We list these laws:

(1) Every real number is a complex number, and if

If IX,

p, yare complex numbers, then
(IX

+ P) + y = IX + (P + y)

and

(lXP)y = lX(py).

We have IX(P + y) = IXP + lXy and (P + Y)IX = PIX
We have IXP = PIX and IX + P = P + IX.
If 1 is the real number one, then 11X = IX.
If 0 is the real number zero, then OIX = O.
We have IX + ( -1)1X = O.

+ ylX.

We shall now draw consequences of these properties. If we write
and
then

If we call al the real part, or real component of IX, and a2 its imaginary part,
or imaginary component, then we see that addition is carried out componentwise. The real part and imaginary part of IX are denoted by Re(lX)
and Im(lX) respectively.
We have

~

Let IX = a + bi be a complex number with a, b real. We define
= a - bi and call ~ the complex conjugate, or simply conjugate, of IX.

Then
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If IX = a

+ bi is #- 0, and if we let

then IXA = AIX = 1, as we see immediately. The number A above is called
the inverse of IX and is denoted by IX-I, or 1/1X. We note that it is the only
complex number z such that ZIX = 1, because if this equation is satisfied,
we multiply it by Aon the right to find z = A. If IX, Pare complex numbers,
we often write P/IX instead of IX-I P or PIX- 1. We see that we can divide
by complex numbers #- 0.
We have the rules

IXP = iip,

IX + P= ii + p,

ii =

IX.

These follow at once from the definitions of addition and mUltiplication.
We define the absolute value of a complex number IX = a + bi to be

If we think of IX as a point in the plane (a, b), then IIX I is the length of the
line segment from the origin to IX. In terms of the absolute value, we can
write

IX

-1

ii
= 11X12

provided IX #- 0. Indeed, we observe that IIX 12 = lXii. Note also that

IIXI = liil·

The absolute value satisfies properties analogous to those satisfied by
the absolute value ofreal numbers:

IIXI

~

0 and = 0 if and only ifIX = O.

IIXPI

=

IIXIIPI

IIX + PI

;£

IIXI + IPI·

The first assertion is obvious. As to the second, we have

IIXPI 2 = IXPiiP

=

lXiipP

=

11X1 21P1 2.

Taking the square root, we conclude that IIX II PI = IIXP I. Next, we have

IIX + PI 2

=

(IX + P)(IX + P)

=

(IX + P)(ii + fJ)

=

lXii + Pii + IXP + PP
11X12 + 2Re(pii) + IPI 2

=
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because ap =

pii.

However, we have

2Re(pii)

~

21 Pii I

because the real part of a complex number is

~

its absolute value. Hence

la + PI 2 ~ lal 2 + 21Piil + IPI 2
~ lal 2 + 21Pllal + IPI 2
= (Ial + IPI)2.
Taking the square root yields the final property.
Let z = x + iy be a complex number # O. Then z/lzl has absolute
value 1.
Let a + bi be a complex number of absolute value 1, so that a2 + b2 = 1.
We know that there is a unique real fJ such that 0 ~ fJ < 2n and a = cos fJ,
b = sin fJ. If fJ is any real number, we define
ei6 = cos fJ

+ i sin fJ.

Every complex number of absolute value 1 can be expressed in this form.
If z is as above, and we let r = x 2 + y2, then

J

We call this the polar form of z, and we call (r, fJ) its polar coordinates.
Thus
x=rcose

and

y = r sin e.

The justification for the notation ei6 is contained in the next theorem.

Theorem 4.1. Let fJ, cp be real numbers. Then

Proof. By definition, we have

ei6 +itp

= ei(6+tp) = cos(fJ + cp) + i sin(fJ + cp).

This is exactly the same expression as the one we obtain by multiplying
out
(cos fJ

+ i sin fJ)(cos cp

- i sin cp)

using the addition theorem for sine and cosine. Our theorem is proved.
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We define e" = eXeiy for any complex number z =

Corollary 4.2. If 0(,

Proof. Let

(X

x

+ iy. We obtain:

Pare complex numbers, then

= al + ia2 and P= bi + ib 2.

Then

Using the theorem, we see that this last expression is equal to

By definition, this is equal to efl.eP, thereby proving the corollary.
Let S be a set. We denote the set of complex numbers by C. A map
from S into C is called a complex valued function. For instance, the map

is a complex valued function, defined for all real O.
Let F be a complex valued function defined on a set S. We can write F
in the form
F(x) = f(x)

+ ig(x),

where f, g are real valued functions on S. If F(O) = eilJ, then f(O) = cos (J
and g(O) = sin O. We call f and g the real and imaginary parts of F respectively.
If both the real and imaginary parts of F are continuous (resp. differentiable), we can say that F itself is continuous (resp. differentiable), whenever F is defined on a set of real numbers. Or we can give a definition
using the complex absolute value in exactly the same way that we did for
the real numbers. This will be discussed in detail in a more general context, in that of vector spaces and Euclidean n-space.
For this section, we take the componentwise definition of differentiability. Thus we define
F'(t) = f'(t)

+ ig'(t)

if F is differentiable on some interval of real numbers. We also write dF/dt
instead of F'(t). Then the standard rules for the derivative hold:
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(a) Let F, G be complex valueq functions defined on the same interval,
and differentiable. Then F + G is differentiable, and
(F

+ G)'

=

F'

+ G'.

If oc is a complex number, then
(ocF), = ocF'.

(b) Let F, G be as above. Then FG is differentiable, and
(FG)' = F'G

+ FG'.

(c) Let F, G be as above, and G(t) =f: 0 for all t. Then
(FIG)' = (GF' - FG')/G 2 •

(d) Let cp be a real valued differentiable function defined on some
interval, and assume that the values of cp are contained in the
interval of definition of F. Then F 0 cp is differentiable, and
(F 0 cp )'(t) = F'(cp(t) }cp'(t).

We shall leave the proofs as simple exercises.
EXERCISES

1. Let ct be a complex number

bers whose square is ct.

* O. Show that there are two distinct complex num-

*

2. Let ct be complex,
O. Let n be a positive integer. Show that there are exactly n
distinct complex numbers z such that z' = ct. Write these complex numbers in
polar form.
3. Let w be a complex number, and suppose that z is a complex number such that
eZ = w. Describe all complex numbers u such that e" = w.

4. What are the complex numbers z such that e = 1?
Z

5. If (J is real, show that
and

ei9
sin

(J =

_

ei9

2i

6. Let F be a differentiable complex valued function defined on some interval. Show
that
d( F(t»)
_e_ = F'(t)eF(t).
dt

CHAPTER 5

The Elementary Real Integral

§1. Characterization of the Integral
The proof of the existence of the integral is best postponed until we have
the language of normed vector spaces and uniform approximation. However, it is convenient to have the elementary integral available for examples,
and exercises, and we need only know its properties, which can be conveniently summarized axiomatically.
Theorem 1.1. Let a, d be two real numbers with a < d. Let f be a continuous function on [(:l, d]. Suppose that for each pair of numbers b ~ c
in the interval we are able to associate a number denoted by I~(f)
satisfying the following properties:
(1) If M, m are numbers such that m
[b, c], then

~

f(x)

~

M for all x in the interval

m(c - b) ~ I'b(f) ~ M(c - b).
(2) We have

Then the function x H
derivative is f(x).

I~(f)

is differentiable in the interval [a, d], and its

Proof. We have the Newton quotient, say for h > 0,
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Let s be a point between x and x + h such that f reaches a minimum at s
on the interval [x, x + h], and let t be a point in this interval such that f
reaches a maximum at t. Let m = f(s) and M = f(t). Then by the first
property,
f(s)(x

+h-

x) ~ I~+h(f) ~ f(t)(x

+h-

x),

whence
f(s)h ~ I~+h(f) ~ f(t)h.

Dividing by h shows that

As h -+ 0, we see that s, t -+ x, and since f is continuous, by the squeezing
process, we conclude that the limit of the Newton quotient exists and is
equal to f(x).
If we take h < 0, then the argument proceeds entirely similarly. The
Newton quotient is again squeezed between the maximum and the minimum values of f (there will be a double minus sign which makes it come
out the same). We leave this part to the reader.
Corollary 1.2. An association as in Theorem 1.1 is uniquely determined.
If F is any differentiable function on [a, d] such that F' = f, then
I~(f)

= F(x) - F(a).

Proof. Both F and x ~ I~(f) have the same derivative, whence there
is a constant C such that for all x we have
F(x)

=

I~(f)

+ c.

Putting x = a shows that C = F(a) and concludes the proof.
For convenience, we define
I't,(f)

= -

I~(f)

whenever a ~ b. Then property (2) is easily seen to be valid for any position of a, b, c in an interval on which f is continuous.
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A function F on [a, b] (with a < b) such that F' = f is called an indefinite integral of f and is denoted by

f f(x)dx.
We use the usual notation. If c, d are any points on an interval [a, b] on
which f is continuous, and if F is an indefinite integral for f, then

ff(X) dx = F(x)

I: = F(d) - F(c).

This holds whether c < d or d < c.
From the rules for the derivative of the sum, we conclude that whenever
f, g are continuous, we have

ff(X)dX

+

fg(X)dX

=

f(f(X)

+ g(x»)dx,

and for any constant c we have

f cf(x) dx

=

c f f(x) dx.

The same formulas hold therefore when we insert the limits of integration,
i.e. replace by J~ in these relations, where we use the more usual notation
J~ instead of I~. Thus

J

and

In particular, using c

= -1, we conclude that

The above properties are known as the linearity of the integral.
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§2. Properties of the Integral
Theorem 2.1. Let a, b be two numbers with a ~ b. Let f, g be continuous
functions on [a, b] and assume that f(x) ~ g(x) for all x E [a, b]. Then

Proof. Let qJ = g - f. Then qJ ~ 0. By Property (l), it follows that
I~(qJ) ~ 0, whence the theorem follows by linearity.

Corollary 2.2. We have

If I~ f,
f(x) dx

f(x) I dx.

Proof. Let g(x) = If(x)1 in Theorem 2.1.

Corollary 2.3. Let M be a number such that If(x)1
Then for all c, d in the interval [a, b] we have

I

ff(X)

dx

I ~ Mid -

~

M for all x E [a, b].

cl·

Proof. Clear if c < d, and also if d < c from the definitions.
Theorem 2.4. Let f be continuous on [a, b] and f
is one point c E [a, b] such that f(c) > 0. Then

~

0. Assume that there

Proof. Given f(c)/2, there exists fJ such that f(x) > f(c)/2 whenever
xE[a,b] and Ix - cl < fJ. Suppose that c i= b. We take fJ small enough
so that c + fJ < b. Then

I

b
f
a

=

-+

IC f + IC+<I f + Ib f ~ I C+<! f ~ f( ) fJ >
a
c+<I
C

C

0,

as was to be proved. When c = b, we consider the interval [c - fJ, c] and
proceed analogously.

96

5. The Elementary Real Integral

Theorem 2.5. Let J 1, J 2 be intervals each having more than one point, and
let J: J 1 -+ J 2 and g: J 2 -+ R be continuous. Assume that J is differentiable, and that its derivative is continuous. Then Jor any a, bE J 1
we have

f bg(J(x»)J'(x) dx =

fI(b)

a

g(u) duo

I(a)

ProoJ. Let G be an indefinite integral for 9 on J 2. Then by the chain
rule, Go J is an indefinite integral for g(J(x»)J'(x) over J 1, and our assertion follows from the fact that both sides of the equation in the theorem are
equal to
G(J(b») - G(J(a»).

The next theorem is called integration by parts.
Theorem 2.6. Let J, g be differentiable Junctions on an interval, and with
continuous derivatives. Then

f

J(x) dg
dx dx = J(x)g(x) -

f

g(x) dJ
dx dx.

Proof. Differentiating the product Jg makes this relation obvious.

For the definite integral, we have the analogous formula:

f

J(x)g'(x) dx = J(b)g(b) - J(a)g(a) -

f

g(x)J'(x) dx.

EXERCISES

f, 9 be continuous real valued functions on [a, b]. Assume f positive
monotone decreasing. Show that there exists a point C E [a, b] such that

1. Let

r

f(x)g(x) dx = f(a)

a

r

g(x) dx.

a

2. Let
1 dn
2nn! dx"

Pn(x) = - - ((x 2

-

1)").
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Show that
ifm "# n,
and that

I

I

-I

2
Pn(x)2 dx = - - .
2n + I

3. Show that
ifm < n.
Evaluate

fl

xnPn(x)dx.

4. Let a < b. If f, g are continuous on [a, b], let

<f, g)

=

r

f(x)g(x) dx.

a

Show that the symbol <f, g) satisfies the following properties.
(a) If fl' f2' g are continuous on a, b, then

If c is a number, then <cf, g) = c<f, g).
(b) We have <f, g) = <g, f).
(c) We have <f, f) ;::; 0, and equality holds if and only if f

= 0.

5. For any number p ;::; I define
Ilfllp

=

[f

Let q be a number such that l/p

+

l/q = 1. Prove that

b
JIIP
If(x)IP dx
.

a

[Hint:Ifllfllpand Ilgllq"# O,letu = IfIP/llfll~andv = Iglq/llgll:andapplyExercise
9 of Chapter 4, §2.]
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6. Notation being as in the preceding exercise, prove that

[Hint: Let I denote the integral. Show that

and apply Exercise 5.]
7. Let f: J
f = fl

-+

C be a complex valued function defined on an interval J. Write
f2 are real valued and continuous. Define the indefinite

+ if2, where fl'

integral

and similarly for the definite integral. Show that the integral is linear, and prove
similar properties for it with change of variables and integrating by parts.
8. Show that for real a # 0 we have

Show that for every integer n # 0,

1
2"

o

ein" dx = O.

§3. Taylor's Formula
Theorem 3.1. Let f be a function having n continuous derivatives on an
interval J. Let a, bE J. Then

where
R =
n

r (b b

Ja

t)n-l pn)(t) dt

(n - 1)!

Proof. We start with
f(b) = f(a)

+

f

!'(t) dt.

.
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We integrate by parts, using induction. Assume the formula of the
theorem proved for a certain n ~ 1. We let

u(t) = j<n)(t)
The formula for n

dv(t) = -(b - t)n-1 dt.

and

+ 1 drops out.

Theorem 3.2. There exists a number c between a and b such that

Proof. Say a < b. Let M be the maximum of j<n) on the interval [a, b]
and let m be the minimum of fIn) on this interval. Then we have the inequalities

f b(b - t)n-1

fb(b - t)n-1

m a (n _ 1.
)' dt ~ Rn ~ M a(n
_ 1)'
. dt.
The integrations are easily performed to give

m

<

= (b

Rn

_ a)n

<

= M.

n!
Since j<n) is assume continuous, by the intermediate value theorem, we
conclude that there is some c with a ~ c ~ b such that
Rn
_ j(n)( )
(b _ a)n c,

n!
thereby proving the theorem, if a < b. If b < a then the same argument
can be applied but the above inequalities have to be reversed, since then
b - t is negative. There is no change in the final conclusion.

Examples. Computing the derivatives and evaluating at a = 0 yields
the usual formulas for sin x, cos x and eX as follows.
x3
sin x = x - 3!

X 2m - 1

+ ... + (-lr- 1 (2n

x 2

cos x = 1- 2!

eX = 1 + x

_ 1)!

x2m

+ R 2m + 1(X),

+ ... + (_1)n (2m)! + R 2m + 2(X),
n-1

+ ... + (nx _

1)!

+ Rn(x).
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Since the sine and cosine in absolute value are always bounded by 1, we
can use Theorem 3.2 to conclude that in these cases,
IR,,(x) I ~

If 0

If x

~

~

Ixl"
-n., .

x then the remainder term for eX satisfies

0, then the remainder term for eX satisfies
IR,,(x) I ~ IX,"',

n.

because e<

~

1 for x

~

c

~

o.

We shall now consider the binomial expansion.
Let
f(x) = (1

+ x)S,

where s is real. We may assume that s is not an integer; otherwise everything
is trivial. Then
j<")(x) = s(s - 1)(s - 2)·· . (s - n

+ 1)(1 + x)S-".

We consider the interval -1 < x < 1. We take a = 0 and b = x. Then

(1

+ x)S =

1 + sx

+

(~)X2 + ... + (n ~ 1)x"-1 + R,,(x),

where
(

s) = s(s - 1)··· (s - k

k

+ 1)

k!

is the generalized binomial coefficient.
We estimate R,,(x) and show that R,,(x) -+ 0 as n -+
R,,(x) =

I

x
0

s(s - 1)··· (s - n
(n _ I)!

+ 1)

00.

(x - t),,-1(1

We have

+ t)s-" dt.
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The estimate for 0

~

x < 1 is trivial since then 0 < x - t < 1 and
00. The term (1 + t)s-n is bounded by

(x - t)n-1 approaches 0 as n ~
(1 + t)S ~ 2s •

Suppose now that c is a number, 0 < c < 1, and consider the interval
-1 < -c ~ x ~ O. We estimate
x-t
get) = - .
1+ t

When t = 0, we have g(O) = x. Also, g(x) = O. Taking the derivative
of g shows that g is decreasing between x and O. Thus in any case, we find
that
x --t I <c
I1+ t = ,
whence

Ix-t
I
1+ t

n-1

<
_cn-1 .
-

Estimating the integral by Corollary 2.2 shows that

Each term (8 - k)jk approaches -1 as k ~ 00. It follows that Rn ~ 0
as n ~ 00. Note that our estimate is independent of x in the interval
-c ~ x ~ O.

EXERCISES

1. Integrate

1
1- t

2

"_I

--=l+t+t +···+t

t"
+-1+t

from 0 to x with -1 < x < 1 to get a polynomial approximation to the logarithm.
Estimate the remainder to show that it tends to 0 as n -+ 00. If 0 < c < 1, show
that this estimate can be made independent of x in the interval - c ~ x ~ c, and
that there is a constant K such that the remainder is bounded by K Ix I".
2. Do the same type of things for the function 1/(1

+ t 2 ) to get a formula for arctan x.
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3. Let f, g be polynomials of degrees ~ d. Let a > O. Assume that there exists C > 0
such that for all x with Ixl ~ a we have

Show that f = g. (Show first that if h is a polynomial of degree
Ih(x) I ~ Clxl d + 1 , then h = 0.)

~

d such that

Exercise 4 shows that the polynomials obtained in Exercises 2 and 3 actually are
the same as those obtained from the Taylor formula.
4. Let a > 1. Prove that
a"
lim-=O.
n-co n!
Conclude that the remainder terms in the Taylor expansions for the sine, cosine,
and exponential function tend to 0 as n tends to infinity.

§4. Stirling's Formula
We shall refine the rough estimate for n! of Chapter 4, §2 to give what is
known as Stirling's formula, namely:

Theorem 4.1. Let n be a positive integer. Then there is a number

(J

be-

tween 0 and 1 such that

The steps in the proof are at the level of elementary calculus. The only
difficulty lies in which steps to take and when, so we shall indicate the
steps and leave the easy details to the reader.

1. Let ((J(x)

=! log -11+x
-x

x. Show that

x2

((J'(x) = -1- - 2 .

-x

x3

2. Let "'(x) = ((J(x) - 3(1 _ x 2 )' Show that

3. For 0 < x < 1, conclude that ((J(x) > 0 and "'(x) < O.
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4. Deduce that for 0 ;:;! x < 1 we have

5. Let x

1+x

1

n

+1

= - 2l' Then -1- = - - and
n+
-x
n
x3
3(1 - x 2)

1

= 12(2n + 1)(n 2 + n) .

6. Conclude that
1

n+l

o ;:;! 2 log -n- -

1
I
-2n-+-l ;:;! -12-(-2n-+-l"'-)("-n-;;-2-+n)

1

n +- o ;:;! (n + 2)1 log n

1(1 1)

1 ;:;! - - - - - .
12 n n + 1

7. Let
an=--n--c!-

and

Then an ;:;! bn. Show that
and

bn + 1 < 1
b = .
n

Thus the an are increasing and the bn are decreasing. Hence there exists
a unique number c such that

for all n.
8. Conclude that

for some number () between 0 and 1.
To get the value of the constant c, one has to use another argument.
Our first aim is to obtain the following limit, known as the Wallis
product.
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Theorem 4.2. We have

n
2

2n
2n
2n - 1 2n + 1

.224466
n.... 00 1 3 3 5 5 7

- = hm ------ ... - - - - - - .

Proof. The proof will again be presented as an exercise.
1. Using the recurrence formulas for the integrals of powers of the sine,
prove that

1

"/2 . 2n d
2n - 1 2n - 3
In
sm x x=~2n-2···2"2'

o

("12.2n+1
sm
x dx

Jo

=

2n

2n

2n-2
2
1 .. ·3·

+ 1 2n -

2. Using the fact that powers of the sine are decreasing as n = 1,2,3, ...
and the first integral formula above, conclude that

1 -~

t

1"/2 sin 2n - 1 x dx
1
12 . 2 + 1 xdx -~ 1 + -2n .
~ sm n

3. Taking the ratio of the integrals of sin 2n x and sin2n+ 1 x between 0
and n/2 deduce Wallis' product.
Corollary 4.3. We have

1·

1m

n .... 00

(n.,)222n _ 1/2
(2n)!n1/2 - n .

Proof. Rewrite the Wallis product into the form
n

.

2242 ... (2n - 2)2
3252 ... (2n _ 1)2 2n.
00

"2 = nhm
....

Take the square root and find the limit stated in the corollary.
Finally, show that the constant c in Stirling's formula is 1/$, by
arguing as follows. (Justify all the steps.)

. (2n)2n+1 /2e -2n
c = n-+
hm00
(2 n)'.
_. (n!)222nj2 [nn+1/2e-nJ2
- nhm
(2)'
.... oo
n.n 1/2
n.,

Thus c = 1/$.
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EXERCISES

1. Integrating by parts, prove the following formulas.

(a)

J.

n

sm n x dx = - 1.
sm n- 1 x cos x

(b) Jcos n x dx

=

n-1Jsinn-

+ -n-

~cosn-l X sin x + n :

2

x dx

1 Jcosn- 2 x dx

2. Prove the formulas, where m, n are positive integers:

(a) J (log x)n dx = x(log x)n - n J (log xr 1 dx
(b)

J

xnex dx

=

xne x

-

n

J

xn-1e x dx

3. By induction, find the value J~ xne - x dx = n! The integral to infinity is defined to be

f""f(X) dx

=

o

lim f8 f(x) dx.
B-

00

0

4. Prove that for every positive integer n, we have

1

(1) 1

- - < log 1 + - <-.
n+1

5. (a) For each integer n

~

n

n

2, let

1
1
a = 1 + - + ... + - - log n
•

2

n

.

Show that a.+ 1 < an' [Hint: consider a. - a.+ 1 and use Exercise 4.]
(b) Let bn = an - lin. Show that bn+1 > bn.
(c) Prove that the sequences {a.} and {b.} are Cauchy sequences. Their limit
is called the Euler number y.

PART TWO

CONVERGENCE

The notion of limit, and the standard properties of limits proved for real
functions hold whenever we have a situation where we have something
like 1I, satisfying the basic properties of an absolute value. Such things
are called norms (or seminorms). They occur in connection with vector
spaces. It is no harder to deal with them than with real numbers, and they
are very useful since they allow us to deal also with n-space and with function spaces.
The chapters in this section essentially give criteria for convergence, in
various contexts. We deal with convergence of maps, convergence of
series, of sequences, uniform convergence.

CHAPTER 6

Normed Vector Spaces

§1. Vector Spaces
By a vector space (over the real numbers) we shall mean a set E, together
with an association (v, w) 1-+ V + w of pairs of elements of E into E, and
another association (x, v) 1-+ xv of R x E into E, satisfying the following
properties:
VS 1. For all u, v, WEE we have associativity, namely
(u

+ v) + w = u + (v + w).

VS 2. There exists an element 0 E E such that 0
VEE.

+ v = v + 0 = v for all

VS 3. If vEE then there exists an element wEE such that
v

VS 4. We have v +

W

=

W

+ W = W + v = O.

+ v for all v, WEE.

VS 5. If a, b E R and v, wEE, then lv = v, and

(ab)v

= a(bv),

(a

+ b)v = av + bv,

a(v

+ w) =

av

+ aw.

As with numbers, we note that the element W of VS 3 is uniquely determined. We denote it by - v. Furthermore, Ov = 0 (where 0 denotes the
zero number and zero vector respectively), because

Ov

+ v = Ov + lv =

(0

+ l)v = lv = v.
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Adding - v to both sides shows that Ov = o. We now see that
-v = (-I)vbecausev + (-I)v = (1 + (-I»)v = Ov = O.
An element of a vector space is often called a vector.
X

Example 1. Let E = Rk be the set of k-tuples of real numbers. If
Y = (YI' ... ,Yk), define

= (Xl, ••• ,XII) is such a k-tuple and

and if a E R, define

Then the axioms are easily verified.
Example 2. Let E be the set of all real valued functions on a non-empty
set s. If f, g are functions, we can define f + g in the usual way, and af in
the usual way. We now see that E is a vector space.
Let E be a vector space and let F be a subset such that 0 E F, if v, W E F
then v + W E F, and if v E F and a E R then av E F. We then call F a subspace. It is clear that F is itself a vector space, the addition of vectors and
multiplication by numbers being the same as those operations in E.
Example 3. Let k> 1 and let j be a fixed integer, 1 ~ j ~ k. Let
F be the set of all elements (Xl> ••. ,Xk) of Rk such that
Xj = 0, that is all elements whose j-th component is O. Then F is a subspace, which is sometimes identified with R"-l since it essentially consists
of (k - I)-tuples.
E

= Rk and let

Example 4. Let E be a vector space, and let VI'
Consider the subset F consisting of all expressions

•••

,v, be elements of E.

with Xi E R. Then one verifies at once that F is a subspace, which is said
to be generated by VI' ••• ,v,.
As a special case of Example 4, we may consider the set of all polynomials of degree ~ d as a vector space, generated by the functions 1,
X, .•. ,Xd. One can also generate a vector space with an infinite number
of elements. An expression like XlVI + ... + x,v, above is called a
linear combination of VI' ••• ,v,. Given any set of elements in a vector
space, we may consider the subset consisting of linear combinations of a
finite number of them. This subset is a subspace. For instance, the set of
all polynomials is a subspace of the space of all functions (defined on R).
It is generated by the infinite number of functions 1, X, X2, .•••

III
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Example 5. Let S be a subset of the real numbers. The set of continuous functions on S is a subspace of the space of all functions on S. This
is merely a rephrasing of properties of continuous functions (the sum of
two continuous functions is continuous, and the product of two continuous
functions is continuous, so a constant times a continuous function is
continuous).
Example 6. One of the most important subspaces of the space of functions is the following. Let S be a non-empty set, and let 84(S, R) be the set
of bounded functions on S. We recall that a function f on S is said to be
bounded if there exists C > 0 such that I f(x) I ~ C for all XES. Iff, g are
bounded, say by constants C 1 and C2 , respectively, then
If(x)

+ g(x)1

~

If(x) I + Ig(x) I ~ C 1 + C2

so f + g is bounded. Also, if a is a number, then laf(x) I ~ laiC so af is
bounded. Thus the set of bounded functions is a subspace of the set of all
functions on S.
Example 7. The complex numbers form a vector space over the real
numbers.
Example 8. Let S be a non-empty set and E a vector space. Let
Jt(S, E) denote the set of all mappings of S into E. Then Jt(S, E) is a

vector space, namely we define the sum of two maps f, g by
(f

+ g)(x)

= f(x)

+ g(x)

and the product cf of a map by a number to be
(cf)(x)

= cf(x).

The conditions for a vector space are then verified without difficulty. The
zero map is the constant map whose value is 0 for all XES. The map - f
is the map whose value at x is - f(x).

§2. Normed Vector Spaces
Let E be a vector space. A norm on E is a function v H Iv I from E into R
satisfying the following axioms:

N 1. We have Iv I ~ 0 and Iv I = 0 if and only if v = O.
N 2. If a E R and vEE, then Iav I = Ia II v I.
N 3. For all v, WEE we have Iv +

I

W ~

Iv I + IW I.

The inequality of N 3 is called the triangle inequality.
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A vector space together with a norm is called a normed vector space.
A vector space may of course have many norms on it. We shall see examples of this.
Example 1. The complex numbers form a normed vector space, the
norm being the absolute value of complex numbers.

If I I is a norm on a vector space E and if F is a subspace, then the
restriction of the norm to F is a norm on F, which is thus also a normed
vector space. Indeed, the properties N 1, N 2, N 3 are a fortiori satisfied by
elements of F if they are satisfied by elements of E.
As with absolute values, if VI' ... ,Vm are elements of a normed vector
space, then

This is true for m = 1, and by induction:
IVI

+ ... + Vm-l + vml

~
~

+ ... + vm-ll + Ivml
IV11 + ... + Ivml·

IVI

We shall deal with normed vector spaces of functions, and in these
cases, it is useful to denote the norm by 1\ 1\ to avoid confusion with the
absolute value of a function.
Example 2. Let S be a non-empty set, and let fA(S, R) be the vector
space of bounded functions on S. If I is a bounded function on S, we define

II!II

= lub II(x) I, also written sup I/(x)l.
xeS

xeS

We contend that this is a norm. If II!II = 0, then I/(x)1 = 0 for all
and so I = O. Otherwise, I I I ~ 0, so N 1 is satisfied. Also, N 2
is obviously satisfied. As to N 3, let I, g be bounded functions on S, and
let Ml = I !II, M2 = IIgli. We have
XES,

I/(x)

This is true for all

+ g(x)1

XES.

III + gil

~ II(x) I + Ig(x) I ~ Ml

+ M2•

Hence
= lub I/(x)
xeS

+ g(x)1

~

11/11 + IIgll,

thus proving N 3. The norm in this example is called the sup norm.
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Observe that in Example 2, the argument can be used to deal with a
more general situation. Again, let S be a non-empty set, let E be a normed
vector space with norm 1 I, and let gJ(S, E) be the set of all bounded maps
of Sand E. Then gJ(S, E) is a vector space, and one can define a norm
" "on it by the same formula that was used in Example 2. The proof that
this is a norm is exactly the same as that given above. The space of
bounded maps is perhaps the space most used throughout this book.
A norm on a vector space is often defined by a scalar product. By this
we mean a product

(v, w) ~ v· w = <v, w)
from E x E into R satisfying the following conditions:
SP 1. We have v . w = w . v for all v, WEE.
SP 2. We have for u, v, WEE,

u . (v

+ w) = u . v + u . w.

SP 3. If x is a number, then

(xv) . W = x(v· w) =

V·

(xw).

In addition, the scalar products we shall consider will be positive definite,
that is they satisfy the additional property:
SP 4. If v = 0 then v . v = 0, and

if v '" 0 then v . v > O.

Examples are given in the next section.
As an abbreviation, we shall often write v2 instead of v . v. However,
we do not write v3 , or any other exponent. Using the properties of the
scalar product, we find that

as usual.
The notation V· W will be useful when dealing with vectors of n-space,
and <v, w) will be useful when dealing with scalar products of functions,
in order to avoid confusion with the ordinary product of functions fg.

Theorem 2.1. Let E be a vector space with a positive definite scalar
product. Then
1<v, W) 12 ~ <v, v)<w, w).
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Proof Let x = (w, w) and y = -(v, w). Then by SP 4 we have

o ~ (xv + yw)·(xv + yw)
~ x 2 v·v

+ 2xy(v·w) + y 2 w·w.

Substituting the values for x and y yields

o ~ (w· W)2(V· v) -

2(w· w)(v· W)2

+ (v· W)2(W· w).

If w = 0 then the inequality of the theorem is obvious, both sides being
equal to o. If w i= 0, then w. w i= 0, and we can divide the last expression
by w . w. We then obtain

o ~ (v·v)(w·w) -

(V·W)2,

which proves the theorem.
We define Ivl =~.
We can rewrite the inequality of Theorem 2.1 in the form

Iv·wl

~

Ivllwl

by taking the square root of both sides. This inequality is known as the
Schwarz inequality.
Theorem 2.2. The function v r-. Iv I is a norm on E.

Proof. We clearly have N 1. If a E R and vEE, then

lavl = Jav. av

=~
= lallvl,
so that N 2 is satisfied. As to N 3, we have

Iv + Wl2 = (v + w)·(v + w) = V·V + 2v·w + W·W
Ivl2 + 21vllwl + Iwl 2
= (Ivl + Iwl)2,
~

using the Schwarz inequality in the second step. Taking the square root
yields N 3.
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We do not go further here into the study of the scalar product. We
merely wanted to show how it could be used to yield a norm on a vector
space. We comment further in the next section on n-space.
We shall use some geometric terminology with norms. Let E be a
normed vector space, and let WEE. Let r > O. The open ball of radius r
and center W in E consists of all those elements x E E such that Ix - wi < r.
The closed ball of radius r and center w in E is the set of all x E E such that
Ix - wI ~ r. The sphere of radius r and center w in E is the set of all x E E
such that Ix - wi = r. We shall see the justification for this terminology
in the next section.
We shall now discuss in greater detail the standard norms used throughout the book. We shall see that a vector space may have two distinct useful
norms on it. It is therefore important to have some notion concerning
these norms which describes when they will affect the notion of limit,
discussed later. Let I 11 and I 12 be norms on a vector space E. We shall
say that they are equivalent if there exist numbers C 1 , C 2 > 0 such that for
all VEE we have

If I 11, I 12' I 13 are norms on E such that I II is equivalent to I b and I 12 is
equivalent to I 13, then I 11 is equivalent to I 13. Also if I 11 is equivalent to
I 12, then I 12 is equivalent to I 11. We leave the easy proofs to the reader.
We define a subset S of a normed vector space to be bounded if there
exists a number C > 0 such that Ix I ~ C for all XES. It is clear that if a
set is bounded with respect to one norm, it is bounded with respect to any
equivalent norm. Spheres and balls are bounded.
EXERCISES

1. Let S be a set. By a distance function on S one means a function d(x, y) of pairs of

elements of S, with values in the real numbers, satisfying the following conditions:
d(x, y) ~ 0 for all x, YES, and = 0 if and only if x = y.
d(x, y) = d(y, x) for all x, YES.
d(x, y) ~ d(x, z)

+ d(z, y) for all x, y, z E S.

Let E be a normed vector space. Define d(x, y) =
this is a distance function.

Ix -

yl for x, y

E

E. Show that

2. (a) A set S with a distance function is called a metric space. We say that it is a
bounded metric if there exists a number C > 0 such that d(x, y) ~ C for all x, YES.
Let S be a metric space with an arbitrary distance function. Let Xo E S. Let r > O.
Let Sr consist of all XES such that d(x, xo) < r. Show that the distance function
of S defines a bounded metric on Sr.
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(b) Let S be a set with a distance function d. Define another function d' on S by
d'(x, y) = min(1, d(x, y»). Show that d' is a distance function, which is a bounded
metric.
(c) Define
"
d(x, y)
d (x, y) = 1 + d(x, y)

Show that d" is a bounded metric.
3. Let S be a metric space. For each XES, define the function fx: S - R by the
formula
fAy)

= d(x, y).

(a) Given two points x, a in S show that fx - f. is a bounded function on S.
(b) Show that d(x, y) = Ilf" - fyll.
(c) Fix an element a of S. Let gx = f" - f •. Show that the map
X f-+

gx

is a distance preserving embedding of S into the normed vector space of bounded
functions on S, with the sup norm. [If the metric on S originally was bounded,
you can use fx instead of gx'] This exercise shows that the generality of metric
spaces is illusory. In applications, metric spaces usually arise naturally as subsets
of normed vector spaces.
4. Let I I be a norm on a vector space E. Let a be a number > O. Show that the
function x f-+ a Ix I is also a norm on E.
5. Let I II and I b be norms on E. Show that the function x f-+ Ixll
norm onE.

+ Ixb

is a

6. Let E be a vector space. By a seminonn on E one means a function a: E - R such
that a(x) ~ 0 for all x E E, a(x + y) ~ a(x) + a(y), and a(cx) = Icla(x) for all
c E R, x, Y E E. Let a I' a 2 be seminorms. Show that a I + a 2 is a seminorm. If
AI' A2 are numbers ~ 0, show that Alai + A2a2 is a seminorm. By induction
show that if a 1> ... ,a. are seminorms and AI'''' ,A. are numbers ~ 0 then
Al al + ... + A.a. is a seminorm.
Example. Let E be the vector space of functions which are differentiable on
[0, 1], and whose derivative is continuous on [0, 1]. Define
a o(f) = sup norm of f,
al(f) = max I f'(x) I,
xe[O.IJ

where f' is the derivative.
7. In the preceding example, show that al is a seminorm, and that ao

+ al is a norm.
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8. Let

(1

be a seminorm on a vector space E. Show that the set of all x E E such that
0 is a subspace. In case of the example of Exercise 7, what is this subspace?

(1(x) =

9. If (11 is a seminorm and
norm.

(12

is a norm on a vector space, show that

(11

+

(12

is a

10. Consider a scalar product on a vector space E which instead of satisfying SP 4
(that is positive definiteness) satisfies the weaker condition that we only have
<v, v) ~ 0 for all VEE. Let wEE be such that <w, w) = O. Show that <w, v) = 0
for all VEE. [Hint: Consider <v + tw, v + tw) ~ 0 for large positive or negative
values of t.]
11. Notation as in the preceding exercise, show that the function
W f-+

Ilwll

=

J<w, w)

is a seminorm, by proving the Schwartz inequality just as was done in the text.

§3. n-Space and Function Spaces
The Euclidean norm. Let E = Rn be the space of n-tuples of real numbers. If A = (al, . .. ,an) and B = (b l , ... ,bn) are n-tuples of numbers, we
define

The four properties of a scalar product are then immediately verified. The
last one holds because if A =1= 0 then some ai =1= 0 and hence af > 0, so
that A . A > o. The others are left to the reader.
We therefore obtain a norm on Rn given by

IA I =

J ai + ... + a~ .

This will be called the Euclidean norm, because it is a generalization of the
usual norm in the plane, such that the norm of a vector (a, b) is a2 + b2 •
Consider the Euclidean norm, in R2. Then the open ball of radius r
centered at the origin will be called the open disc (of radius r centered at the
origin), and it corresponds geometrically to such a disc. Similarly we define
the closed disc. The sphere of radius r centered at the origin is nothing but
the circle of radius r centered at the origin.
In R3, with the Euclidean norm, the ball and sphere have the usual
interpretation of these words. This is the reason for adopting the same
terminology for Rn, n > 3, or for normed vector spaces in general.
Ordinary intuition of Euclidean geometry can be used to justify the
definition that A is perpendicular (or orthogonal) to B if and only if

J

A·B =

o.
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This is done as follows. By Euclidean geometry, A is perpendicular to B if
and only

IA

- B I = IA

+ B I,

as shown on the figure.
A
A

IA - BI

IA -BI
B

B

-B

-B
But this condition is equivalent with
(A

+ B)2 = (A

- B)2

or in other words,

This is equivalent with 4A· B = 0, whence equivalent with A . B = 0, as
desired.
Similarly, in an arbitrary vector space E with a scalar product, one
defines two vectors v, w to be perpendicular or orthogonal if and only if
V·W =

by

O.

The sup norm. We can define another norm on Rn which will be denoted
I II. We let

IIAII =

max lail,
i

the maximum being taken over all i = 1, ... ,no Thus IIAII is the maximum
of the absolute values of the components of A. We contend that this is a
norm. Clearly, if IIAII = 0 then A = 0 because all ai = O. Furthermore, if
A =f:. 0, then IIAII > 0 because some lad> O. Let

Then

IIA + BII

= max
i

lai + hd·

119

§3. n-Space and Function Spaces

We have

laj + bjl

~

lajl + Ibjl

~ max
i

lad + max Ibd
i

~

IIAII + IIBII·

This is true for each j, and hence

IIA + BII

=

max laj
j

+ bjl

~

IIAII + IIBII,

so the triangle inequality is satisfied. Finally, if e E R,

IleA11

=

max

lead

=

i

max lellail =

i

lei max lad

i

=

lelllAII·

This proves that I I is a norm. We shall call it the sup or max norm. Still
another norm useful in some applications is given in the exercises.
Consider the sup norm on R2. The closed ball centered at the origin of
radius r consists ofthe set of all points (x, y) with x, y E R such that Ixl ~ r
and I y I ~ r. Thus with this norm, the closed ball is nothing but the square
(inside and the boundary).

r
r

The sphere of radius r with respect to the sup norm is then the perimeter of
the square. Note that it has corners, i.e. it is not smooth.
It is easy to verify directly that the Euclidean norm and the sup norm
are equivalent. In fact, if A = (al' ... ,an), then

so that

IIAII = max lajl
j

On the other hand, let

~

Iak I = max Iai I. Then
i

IAI·
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and consequently

IAI

=

Ja~

+ ... + a; ~ JnIIAII,

thus showing that our two norms are equivalent.
It is in fact true that any two norms on Rn are equivalent. We could give
a proof immediately, but it is better to postpone the proof until we can
conceive it in terms of limits.
The L2-norm. We shall now consider an example of a norm defined on
a functions space by means of a scalar product. We let E be the space of
continuous functions on the interval [0, 1]. Iff, gEE, we define

<f, g) = ff(X)g(X) dx.
The four properties of a positive definite scalar product are verified as
immediate consequences of properties of the integral. Thus we obtain the
corresponding norm, called the Ll-norm,

IIfl12 = <f, f)1/2 =

(I0
I

f(x)2 dx

)1/2

.

Note that a continuous function is bounded on [0, 1] and hence that we
can define the sup norm on the space E of continuous functions on [0,1].
Let us denote the sup norm by I II o. If fEE, and we let M = I f I 0, then

Hence

IIfl12

~

Ilfllo·

However, the two norms I 112 and I 110 are not equivalent because there is
no inequality going in the opposite direction. For instance, the function
whose graph is as follows:
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has a sup norm equal to 1, but its L 2-norm is small. Taking such functions
having a narrower and narrower peak, we can get functions having
arbitrarily small L 2-norms, but with sup norms equal to 1.
EXERCISES

1. Let E, F be normed vector spaces, with norms denoted by I I. Let E x F be the
set of all pairs (x, y) with x

E

E and y

F. Define addition componentwise:

E

(x, y) + (x', y') = (x + x', y + y'),
e(x, y) = (ex, ey)

for e E R. Show that

E x F is a vector space.
I(x, y)1

=

Define

max(lxl, Iyl)·

Show that this is a norm on E x F. Generalize to n factors, i.e. if E 1, ... ,E. are
normed vector spaces, define a similar norm on El x ... x E. (the set of n-tuples
(Xl"" ,x.) with Xi E E;).
2. Let E be the vector space of continuous functions on [0, 1]. If fEE, define the
LI-normby

Ilflll

=

f

If(x)ldx.

(a) Show that this is a norm on E. (b) Show that this norm is not equivalent to
the sup norm. (c) Show that this norm is not equivalent to the L2-norm. [Hint:
Truncate the function l/Jx near 0.]
3. Using properties of the integral, prove in detail that the symbol <f, g) defined by
means of the integral is in fact a positive definite scalar product on the space of
continuous functions on [0, 1].
4. Let E = R·, and for A = (al"" ,a.) define

IIAII

=

•

L
1::::

1

lad·

Show that this defines a norm. Prove directly that it is equivalent to the sup norm.

§4. Completeness
Let E be a normed vector space. A sequence {XII} in E is said to converge
if there exists VEE having the following property: Given E, there exists N
such that for all n ~ N we have IXII - vi < E. We then call v the limit of
the sequence {XII}' This limit, if it exists, is uniquely determined, for if w
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is also a limit of the sequence, we select N I such that if n ~ N I then
IXn - vi < £ and N2 such that if n ~ N2 then IXn - wi < £. Take
N = max(N h N 2 ). If n ~ N then

Iv - wI ~ Iv - xn I + IXn - wi < 2£,
so Iv -

wi = 0 and v = w. The limit is denoted by
lim

Vn

=

V.

n .... 00

A sequence {xn} in a normed vector space is called a Cauchy sequence if
given £ there exists N such that for all m, n ~ N we have

If a sequence converges then it is a Cauchy sequence. The reader need
only copy the proof given on p. 37. In the case of real numbers, we proved,
using the Archimedean axiom, that every Cauchy sequence of numbers
has a limit. However, in an arbitrary normed vector space, this need not
be the case. A normed vector space in which every Cauchy sequence has a
limit is called complete, or also a Banach space. We shall see in a moment
that Rk is complete, and we shall meet later examples of complete function
spaces.

Remark. If I i2 is a norm on E equivalent to I I, then convergent sequences, limits, and Cauchy sequences with respect to I i2 are the same as
with respect to I I. This is verified at once.
We consider Rk as an example, with the sup norm. Let {VI' V2,"'} be a
sequence of vectors in Ri:, and write each Vn in terms ofits coordinates:

Then we obtain k sequences of coordinates, namely corresponding to the
columns:
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Theorem 4.1. The sequence {VII} is a Cauchy sequence if and only
the coefficient sequences {XIII}, ... ,{Xu} are Cauchy sequences in R.

if all

Proof. Essentially obvious. Suppose {VII} is a Cauchy sequence in
R". Given £, there exists N such that if n, m ~ N then IlvlI - vmll < £. But
then for each i = 1, ... ,k we have

and so the i-th coefficient sequence is Cauchy. Conversely, if every coefficient sequence is Cauchy, for each i we find Ni such that whenever
n, m ~ Ni then IXlli - xmil < £. We let N be the maximum of NI, ... ,N"
and see from the definition of the sup norm that {VII} is Cauchy, as
contended.
Theorem 4.2. The space R" is complete. The sequence {VII} being as
above,

if

lim XIIi = Yi
" ... co

for i = 1, ... ,k, then

" ... co

and conversely.
Proof. Given

£,

there exists N such that if n

~

N then

for all i = 1, ... ,k. Then liv" - wll < £, if w = (YI,'" ,y,,). The converse
is equally obvious. Hence if {VII} is a Cauchy sequence in R", its coefficient
sequences converge to YI"" ,y" respectively, and so VII converges to
w = (Yl> ... ,y,,).

So far, to be precise, Theorem 4.2 should really be stated as saying that
R" is complete with respect to the sup norm, or any norm equivalent to it.
However, this restriction is unnecessary, as we now prove.
Theorem 4.3. Any two norms on R" are equivalent.
Proof. We prove the theorem by induction on k. If k = 1, and II II is a
norm on R, then

Ilxll

=

Iix·111

=

Ix111111,
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so the norm is obviously equivalent to the ordinary absolute value.
Assume the theorem proved for k - 1, k ~ 2. It will suffice to prove that a
given norm I 112 is equivalent to the sup norm I II·
One inequality is very simple to prove. Let el' . .. ,ek be the unit vectors,
e i = (0, ... ,1, ... 0) with 0 component except the i-th component equal to
1. Any vector v E Rk can be written

and hence

IIvl12

=

~
~

Ilxlel + ... + xk ekl12
IX IlileIl12 + ... + IXklil ekl12
CIllvl1

where

We must therefore prove that there exists a number C > 0 such that for
all v E Rk we have

Suppose no such constant exists. Given a positive integer m, there exists
v =1= 0 in Rk such that

If Xj is the component of this vector v having maximum absolute value of
all the components, we divide both sides of the preceding inequality by
Ixjl. We let Vm = xj IV. Then we still have

Furthermore, the j-th component of Vm is equal to 1, and all components of
Vm have absolute value ~ 1. Thus we have
(*)

and

For some fixed index j with 1 ~ j ~ k, there will be an infinite set S of
integers m for which (*) is satisfied. We fix this integer j from now until the
end of the proof.
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We let F be the subspace of Rk consisting of all vectors whose j-th coordinate is equal to O. Then we may view F as Rk - 1, and the norm on
Rk induces a norm on F. By induction, the norm I 112 on F is equivalent
to the sup norm on F, and in particular, there exists a number C 2 > 0 such
that for all W E F we have

For each m E S we can write
or
with some element Wm E F. Given
then

f,

take N such that 21N <

L

Ifm, n

~

N

Hence {wm } is a Cauchy sequence with respect to I liz, and by induction
with respect to the sup norm on F = Rk - 1• Since Rk - 1 is complete, it
follows that {wm } converges to some element W E F with respect to the
sup norm. (The limit is taken for m --+ CIJ and m E S as above.) Now we
have for m E S:

Ilej + wI12

~

Ilej + wm l12 + Ilw m - wI12

~

-m + C11lwm - wll·

1

Taking m large, mE S, the right-hand side of the preceding inequality
can be made arbitrarily small. Hence ej + W = O. This is impossible
because W E F = Rk - 1, and ej + W has component 1 at the j-th coordinate.
This contradiction proves the theorem.

§5. Open and Closed Sets
Let S be a subset of a normed vector space E. We shall say that S is open
(in E) if given v E S there exists r > 0 such that the open ball of radius r
centered at v is contained in S.
Example 1. An open ball is an open set. Indeed, let B be the open ball
of radius r > 0 centered at some point VEE. Given WEB, we have
Iw - vi < r, say Iw - vi = s. Select c5 > 0 such that s + c5 < r (for
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instance b = (r - s)/2). Then the open ball of radius b centered at w is
contained in B. Indeed, if Iz - wi < b then

Iz - vi

~

Iz - wi + Iw - vi

~

b

+ s < r.

Picture:

We emphasize that our notion of open set is relative to the given normed
vector space in which the set lies. For instance, if we view R as a subspace
of Rk (consisting of all vectors whose i-th coordinate is 0 for i > 1), then R
is open in itself, but of course is not open in Rk.
We also remark that if a set is open with respect to the given norm, it is
also open with respect to any equivalent norm (immediate from the
definition).
For example, let E = Rk and let v E Rk. Consider the two norms I I
and I I equal to the sup norm and the Euclidean norm respectively. Then
any open ball in one norm contains an open ball in the other norm,
centered at the same point:

We used open balls to define open sets. Note that a set S is open if and
only if for each point x of S there exists an open set U such that x E U and
U is contained in S. Indeed, this condition is certainly satisfied if S is open,
taking U to be the prescribed open ball. However, conversely, if this
condition is satisfied, we can find an open ball B centered at x and contained in U, and then B cUe S, so that S is open.
If x is a point of E, we define an open neighborhood of x to be any open
set containing x.
Let U, V be open sets in E. Then U n V is open.
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Proof. Given v E U n V, there exists an open ball B of radius r centered
at v contained in U, and there exists an open ball B' of radius r' centered at
v contained in V. Let ~ = miner, r'). Then the open ball of radius ~ centered at v is contained in U n V, which is therefore open.

By induction, it follows that if U 1, ••• ,Un are open, then U 1 n ... n Un
is open. Thus the intersection of a finite number of open sets is open.
However, the intersection of an infinite number of open sets may not be
open. For instance, let Un be the open interval -lin < x < lin in R.
The intersection of all Un (n = 1,2, ... ) is just the origin 0, and is not open
in R.
Note that our definition of open set is such that the empty set is open.
Furthermore, the whole space E itself is open.
Let I be some set, and suppose given for each i E I an open set Ui' Let
U be the union of the U i, that is the set of all x such that x E U i for some i.
Then U is open, because given x E U, we know that x E Ui for some i, so
there exists an open ball B centered at x such that x E Be U i c U,
whence U is open.
Example 2. Let S be an arbitrary subset of E, and for each XES, let
Bx be the open ball of radius 1. The union of all balls Bx for all XES is
open.
Example 3. Let E = R, and let S be the set of integers n ~ 1. For
each n, let Bn be the open interval centered at n of radius lin. The union of
all Bn for all n ~ I is an open set which looks like this:

o

2

) (

I

3

4

5

We define a closed set in a normed vector space E to be the complement
of an open set. Thus a set S is closed if and only if given a point y E E,
y rI= S, there exists an open ball centered at y which does not intersect S.
Let S be a subset of E. Let vEE. We say that v is adherent to S if
given E there exists an element XES such that Ix - v I < E. This means
that the open ball of radius E centered at v must contain some element of
S for every E. In particular, if v E S, then v is adherent to S.
We observe that every adherent point to S is the limit of a sequence in S.
Indeed, if v is adherent to S, given n we can find Xn E S such that
IXn - vi < lin, and the sequence {xn} converges to v. Given E, find N
such that liN < E. If n ~ N then IXn - vi < lin ~ liN < E, so v is the
limit of {x n }.
Conversely, if VEE is the limit of a sequence {xn} with Xn E S for all n,
then v is adherent to S, as follows at once from the definition.
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Theorem 5.1. Let S be a subset of a normed vector space E. Then S is
closed if and only if S contains all its adherent points.

Proof. Assume that S is closed. If v is an adherent point, then any open
ball centered at v must contain some element of S by definition, and hence
v cannot be in the complement of S. Hence v lies in S. Conversely, assume
that S contains all its adherent points. Let y be in the complement of S.
Then y is not adherent to S, and so there exists some open ball centered at
y whose intersection with S is empty. Hence the complement of S is open,
thereby proving the theorem.
Corollary 5.2. The set S is closed if and only if the following condition is
satisfied. Every sequence {xn} of elements of S which converges in E has
its limit in S.

Proof. If a sequence of elements of S converges to an element vEE,
then v is adherent to S. If S is closed, then v E S. Conversely, assume that
every sequence in S which converges in E has its limit in S. Let v be an
adherent point of S. Given n, there exists Xn E S such that IXn - v I < lin.
The sequence {xn} converges to v, and by hypothesis, v E S, hence S is
closed.
Remark. In the Corollary, we are not asserting that every sequence in
S has a limit in S. We are merely asserting that if a sequence in S has a
limit in E, then that limit must be in S. We are not even asserting that
every sequence in S has a convergent subsequence. For instance, let S be
the set of positive integers n in R, that is S = Z +. Then S is closed in R,
but no subsequence of S has a limit.
Example 4. A closed interval is closed in R. The set of numbers consisting of lin (all positive integers n) and 0 is closed in R. However, the
set of all numbers lin (for all positive integers n) is not closed in R. The
number 0 lies in the complement, but any open ball centered at 0 contains
some number lin.
Proposition 5.3. Let S, T be closed sets in E. Then S u T is closed.
This can be verified directly, or better, follows formally from the
analogous statement for open sets. Indeed, let us denote by C(JS = C(JES the
complement of S in E, that is the set of all x E E such that x ¢ S. Then
C(J(S u T) = C(JS n C(JT, and hence the complement of S u T is open, so that
S u T is closed.

By induction, a finite union of closed sets is closed.
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In a similar way, one can prove that an infinite intersection of closed sets
is closed, because an infinite union of open sets is open. If I is SOUle set,
and for each i we have associated a closed set Si, then the complement of
the intersection

is the union of the sets

U CCS i ,

and is open. Hence this intersection is

ieI

closed.
For example, let S1 => S2 => ••• => Sn => ••. be a sequence of closed
sets such that Sn => Sn + 1. Then the intersection is closed. Note that this
intersection may be empty. For instance, taking E = R, let Sn be the set
of all numbers x such that x ~ n. Then Sn is closed, and the intersection of
all Sn is empty.
Theorem 5.4. Let E, F be normed vector spaces, and let E x F have the
sup norm. Let U be open in E and V open in F. Then U x V is open in
E x F. If S is closed in E and T is closed in F, then S x T is closed in
Ex F.
Proof. Let U E U and v E V. There exists an open ball B in E centered
at u and contained in U, and there exists an open ball B' in F centered at
v and contained in V. Let r be the minimum of the radii of Band B' and
let B" B~ be the open balls of radius r in E and F respectively, centered at
u and v respectively. By definition of the sup norm, Br x B~ is then the
open ball of radius r centered at (u, v) in E x F, and is contained in
U x V, thus showing that U x V is open.
Now for the statement about closed sets, let (x, y) be in the complement
of S x T. Thus x ¢ S or y ¢ T. Say x ¢ S. There exists an open set W
in E containing x whose intersection with S is empty. Let W' be an open
set in F containing y. Then W x W' is an open set in E x F, whose
intersection with S x T is empty. Hence S x T is closed. This proves the
theorem.

By induction, the theorem extends to a finite number of factors. In
particular:
Corollary 5.5. Let S1, ... ,Sn be closed sets in R. Then

is closed in Rn.

130

6. Normed Vector Spaces

For instance, if Si is the interval [0, 1J, then

is a closed n-cube in Rn. (For n = 2, it is the closed square, and for n = 3 it
is what we would ordinarily call the closed cube.)
It is sometimes useful to use continuous functions to determine open
and closed sets. Let S be a subset of a normed vector space. Let v E S
and let f: S --+ F be a map into some normed vector space F. We shall
say that f is continuous at v if given € there exists (j such that whenever
XES and Ix - vi < (j then If(x) - f(v) I < €.
If f: S --+ F is a map, and T is a subset of F, we recall that f - 1(T) is the
set of all XES such that f(x) E T. We call f-1(T) the inverse image of T
byf.
Theorem 5.6. Let U be open in a normed vector space E and let V be open
in a normed vector space F. Let
f: U--+F
be a continuous map. Then f- 1(V) is open in E. If S is closed in E and T
is closed in F, and if g: S --+ F is a continuous map, then g - l(T) is closed
in E.

°

Proof Let u E f-1(V). For some (j1 >
the ball of radius (j1 in E
centered at u is contained in U. Let B' be an open ball of radius € centered
at f(u) and contained in V. There exists (j2 such that whenever x E U
and Ix - ul < (j2 then If(x) - f(u) I < €, and hencef(x)EB' c V. Let
(j = min«(j1' (j2)' Then the ball of radius (j centered at u is contained in U,
and its image under fis contained in V. This ball therefore lies inf- 1(V),
thus proving that f- 1(V) is open.

The statement concerning closed sets will be left to the reader.
Example 5. A polynomial f is continuous. Thus the set of numbers x
such that f(x) < 3 is open in R because the set of numbers y such that
y < 3 is an open set V in R, and the set of numbers x such thatf(x) < 3 is
equal to f- 1 (V).
The norm function on a normed vector space E is continuous (with a
vengeance). Given a number r > 0, the set of all x E E such that Ixl = r
is closed because it is equal to g - l(r), where g is the norm: g(x) = 1x I.
Similarly, the set of all x E E such that 1x I ~ r is closed, because it is equal
to g - 1([0, rJ).
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EXERCISES

1. Let S be a subset of a normed vector space E, and let S denote the set of all points

of E which are adherent to S.
(a) Prove that S is closed. We call S the closure of S.
(b) If S, T are subsets of E, and SeT, show that SeT.
(c) If S, T are subsets of E, show that S u T = S u T.
(d) If SeT c S, prove that f = S. If T contains S and is contained in the
closure of S, we say that S is dense in T.
2. A boundary point of S is a point vEE such that every open set V which contains
v also contains an element of S and an element of E which is not in S. Show that
S is closed if and only if S contains all its boundary points. Show that the boundary of S is equal to the boundary of its complement.
3. An element u of S is called an interior point of S if there exists an open ball B centered at u such that B is contained in S. Show that a closed set S is the union of
its interior points and its boundary points.
4. Show that the projection R x R ---> R given by (x, y) H X is continuous. Find an
example of a closed subset A of R x R such that the projection of A on the first
factor is not closed. Find an example of an open set V in R2 whose projection is
closed, and V of- R2.
5. Verify in detail the following assertions:
(a) Let a, b be numbers, a ~ b. The interval [a, b] is closed in R.
(b) If a < b, the interval a < x < b is open in R.
(c) The set of all numbers x such that x > a is open, and so is the set of all x < a.
(d) The interval a ~ x < b is neither open nor closed.
(e) The set of all x ~ a is closed, and so is the set of all x ~ a.
6. Let V be an open subset of a normed vector space E, and let VEE. Let Vv be the
set of all elements x + v where x E V. Show that V v is open. Prove a similar
statement about closed sets.
7. Let V be open in E. Let t be a number> O. Let tV be the set of all elements tx
with x E V. Show that tV is open. Prove a similar statement about closed sets.
8. Let S be a set of real numbers. Let A be the set of its points of accumulation. That
is, A consists of all numbers a E R such that a is the point of accumulation of an
infinite subset of S. Assume that A is bounded from above, and is not empty. Let
b be its least upper bound. Show that b is a point of accumulation of S. Usually,
b is called the limit superior of S.
9. Let {an} be a bounded sequence of real numbers. Let A be the set of its points of
accumulations in R. Assume that A is bounded from above and not empty. Let b
be its least upper bound. Show that b is a point of accumulation of the sequence.
We call b the limit superior of the sequence, denoted by lim sup an' Show that b
has the following property: For every f, there exists only a finite number of n such
that an > b + f, and there exist infinitely many n such that an > b - £.
10. If {an} and {b n} are two sequences of numbers. Show that
lim sup(an

+ bn) = lim sup an + lim sup bn

provided the lim sups on the right exist.
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11. Let S, T be subsets of a normed vector space. Denote the boundary of a set A by
aA. Prove the following:
(a) a(S v T) c as v aT
(b) a(s n T) c as vaT
(c) Let S - T denote the set of elements XES such that x ¢ T. Then
a(S - T) c as vaT. [Note: You may save yourself some work if you use the fact
that arcs = as, where C(fS is the complement of S, and use properties
like S - T = S n C(fT, as well as C(f(S n T) = C(fS v C(fT.].
(d) a(S x T) = (as x T) v (8 x aT).
12. Let U be open in a normed vector space E and let V be open in a normed vector
space F. Let
f: U -+ V

and

g: V -+ U

be continuous maps which are inverse to each other, that is
fog = id v

and

where id means the identity map. Show that if U 1 is open in U then feU 1) is open
in V, and that the open subsets of U and V are in bijection under the association
and

V 1 1-+ g(V 1)'

13. Let S be a subset of a normed vector space E. An element v of S is called isolated
(in S) if there exists an open ball centered at v such that v is the only element of S
in this open ball. An element x of E is called an accumulation point (or point of
accumulation) of S if x belongs to the closure of the set S - {x}.
(a) Show that x is adherent to S if and only if x is either an accumulation point of
S or an isolated point of S.
(b) Show that the closure of S is the union of S and its set of accumulation points.
14. Let B be the closed ball of radius r > 0 centered at the origin in a normed vector
space. Show that there exists an infinite sequence of open sets U. whose intersection is B.
15. Let U be an open subset of a normed vector space E. Letf: U -+ F be a map into
a normed vector space F. Assume that for each open set V in F the inverse image
f- 1(V) is open. Prove thatfis continuous.

CHAPTER 7

Limits

§1. Basic Properties
A number of notions developed in the case of the real numbers will now
be generalized to normed vector spaces systematically. Let S be a subset
of a normed vector space. Let f: S -+ F be a mapping of S into some
normed vector space F, whose norm will also be denoted by I I. Let v be
adherent to S. We say that the limit of f(x) as x approaches v exists, if
there exists an element W E F having the following property. Given i,
there exists (j such that for all XES satisfying

Ix -

vi

<

(j

we have
If(x) -

wi <

i.

This being the case, we write
limf(x) = w.
X"" V

xeS

Proposition 1.1. Let S be a subset of a normed vector space, and let v
be adherent to S. Let S' be a subset of S, and assume that v is also
adherent to S'. Let f be a mapping of S into some normed vector space
F. If
limf(x)
X"" V

xeS
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exists, then

lim f(x)
X"" V

xeS'

also exists, and these limits are equal. In particular,
is unique.
Proof. Let w be the first limit. Given
ever XES and Ix - vi < (j we have

f,

If(x) - wi <

if the

limit exists, it

there exists (j such that when-

f.

This applies a fortiori when XES' so that w is also a limit for XES'. If w'
is also a limit, there exists (jl such that whenever XES and Ix - vi < (jl
then
If(x) - w'l <

If Ix -

f.

vi < min«(j, (jl) and XES, then
Iw - w'l ~ Iw - f(x) I + If(x) - w'l < 2f.

This holds for every f, and hence Iw - w'l = 0, w - w' = 0, and
w = w', as was to be shown.
If f is a constant map, that is f(x)

=

Wo

for all XES, then

limf(x) = woo
X"" V

Indeed, given f, for any (j we have If(x) If v E S, and if the limit

Wo I

=

°<

f.

limf(x)
X"" V

exists, then it is equal to f(v). Indeed, for any (j, we have Iv - vi < (j,
whence ifw is the limit, we must have If(v) - wi < f for all f. This implies
that f(v) = w.
We define an element v of S to be isolated (in S) if there exists an open
ball centered at v such that v is the only element of S in this open ball. If v
is isolated, then
limf(x)
X"" V

exists and is equal to f(v).
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The rules for limits of sums, products and composite maps apply as
before. We shall list them again with their proofs.
Limit of a sum. Let S be a subset of a normed vector space and let v be
adherent to S. Let J, g be maps of S into some normed vector space.
Assume that
limf(x)

=w

and

Then lim(f

lim g(x) =

Wi.

X'" V

X'" V

+ g)(x) exists and is equal to w + Wi.

X'" V

Proof. Given
have

E,

there exists

~

such that if

If(x) - wi <

E,

Ig(x) - w/l <

E.

XES

and Ix - v I <

~

we

Then

If(x)

+ g(x) - w - w/l ;;;; If(x) - wi + Ig(x) - w/l < 2E.

This proves that w

+ Wi is the limit of f(x) + g(x) as x -+ v.

Limit of a product. We do not have a product as part of the given
structure of a normed vector space. However, we may well have such
products defined, for instance the scalar products. Thus we discuss possible
products to which the limit theorem will apply.
Let E, F, G be normed vector spaces. By a product of E x F -+ G we
shall mean a map E x F -+ G denoted by (u, v) 1-+ uv, satisfying the
following conditions:

+ u')v = uv + u'v. If v, Vi E F, then
+ uv'.
If c E R, then (cu)v = c(uv) = u(cv).

PR 1. If U, u' E E and v E F, then (u

u(v

PR 2.

+ Vi)

= UV

PR 3. For all u, v we have luvl ;;;; lullvl.

Example 1. The scalar product of vectors in n-space is a product.
Condition PR 3 is nothing but the Schwarz inequality!
Example 2. Let S be a non-empty set, and let E = fJI(S, R) be the
vector space of bounded functions on S, with the sup norm. If f is bounded
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and 9 is bounded, then one sees at once that the ordinary product fg is
also bounded. In fact, let C 1 = Ilfll and C2 = IIgll, so that If(x) I ~ C 1
and Ig(x) I ~ C2 for all XES. Then

for all XES, whence IIfgll ~ II!II
product are obviously satisfied.

IIgli. The first two conditions of the

Example 3. If readers know about the cross product of vectors in R 3 ,
they can verify that it is a product of R3 x R3 .... R3.
Example 4. View the complex numbers C as a vector space over R.
Then the product of complex numbers is a product satisfying our three
conditions. The norm is simply the absolute value.
Suppose given a product E x F .... G. Let S be some set, and let
f: S .... E and g: S .... F be mappings. Then we can form the product
mapping by defining (fgXx) = f(x)g(x). Note that f(x) E E and
g(x) E F, so we can form the product f(x)g(x).

We now formulate the rules for limits of products.
Let S be a subset of some normed vector space, and let v be adherent to S.
Let E x F .... G be a product, as above. Let

f:S .... E

g:S .... F

and

be maps of S into E and F respectively. If
limf(x) = w

and

lim g(x) = z,

then lim f(x)g(x) exists, and is equal to wz.
x-+v

Proof. Given (., there exists J such that whenever Ix - v I < J we have

1

(.

1

(.

If(x) -

wi < 21z1 + l'

Ig(x) -

zl < 21wl + l'

If(x) I < Iwl + 1.
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Indeed, each one of these inequalities holds for x sufficiently close to v, so
they hold simultaneously for x sufficiently close to v. We have
If(x)g(x) -

wzl =

If(x)g(x) - f(x)z

~ If(x)(g(x) -

+

f(x)z -

z)1 + I(f(x)

~ If(x)llg(x) -

zl +

-

If(x) -

wzl
w)zl

wllzl

thus proving our assertion.
The reader should have become convinced by now that it is no harder
to work with normed vector spaces than with the real numbers.
We have the corollaries as for limits of functions.
If c is a number, then

lim cf(x) = c limf(x);
and

if f1,f2

are maps of the same set S into a normed vector space, then

We also have the result in case one limit is O.
We keep the notation of the product E x F --+ G, and again let f: S --+ E
and g: S --+ F be maps. We assume thatfis bounded, and that lim g(x) = o.
Then lim f(x)g(x) exists and is equal to O.
Proof. Let K > 0 be such that I f(x) I ~ K for all XES. Given E, there
exists () such that whenever Ix - vi -:< () we have Ig(x) I < ElK. Then
If(x)g(x) I < If(x) I Ig(x) I < KEIK = E, thus proving our assertion.

Limit of a composite map. Let S, T be subsets of normed vector spaces.
Let f: S --+ T and g: T --+ F be maps. Let v be adherent to S. Assume that
limf(x)
exists and is equal to w. Assume that w is adherent to T. Assume that

lim g(y)
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exists and is equal to z. Then
lim g(f(x»)

x-+v

exists and is equal to z.
Proof. Given f, there exists b such that whenever YET and IY - wi < b
then Ig(y) - z I < f. With the above b being given, there exists b 1 such
that whenever XES and Ix - vi < b 1 then If(x) - vi < b. Hence for
such x,
Ig(f(x») - zl <

f,

as was to be shown.

Limits of inequalities. Let S be a subset of a normed vector space, and let
f: S - R, g: S - R be functions defined on S. Let v be adherent to S.
Assume that the limits
limf(x)

and

x-+v

exist. Assume that f(x)

~

lim g(x)

x-+v

g(x) for all x sufficiently close to v in S. Then
limf(x)

~

lim g(x).
x-v

x~v

Proof. Let <p(x) = g(x) - f(x). Then <p(x) ~ 0 for all x sufficiently
close to v, and by linearity it will suffice to prove that lim <p(x) ~ O. Let
Y = lim <p(x). Given
x-+v

<p(x) - y

~

x-+v

f,

we can find XES such that l<p(x) -

f.

f.

But

l<p(x) - YI. Hence
<p(x) - y <

for every

yl <

f

This implies that y

and
~

y > <p(x) -

f ~ -f

0, as desired.

As before, we have a second property concerning limits of inequalities
which guarantees the existence of a limit.

Let S be a subset of a normed vector space, and let f, g be as in the preceding assertion. Assume in addition that
w = limf(x) = lim g(x).
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Let h: S -+ R be another function such that
f(x)

~

h(x)

g(x)

~

for all x sufficiently close to v. Then lim h(x) exists, and is equal to the
X"" V

limit of f (or g) as x -+ v.
Proof. Given

£,

there exists t5 such that whenever

Ig(x) -

wi <

£

and

Ix - vi < t5 we have
wi <

If(x) -

£,

and consequently

o ~ g(x) -

f(x) ~ If(x) -

wi + Ig(x)

-

wi < 2£.

But

Iw -

Iw - g(x) I + Ig(x)
< £ + g(x) - f(x)

h(x) I ~

- h(x) I

as was to be shown.
We have limits with infinity only when dealing with real numbers, as in
the following context. Let S be a set of numbers, containing arbitrarily
large numbers. Let f: S -+ F be a map of S into a normed vector space.
We say that
lim f(x)
X"" 00

exists if there exists w E F such that given £, there exists B > 0 such that
for all XES, X ~ B we have If(x) - wi < £. This generalizes the notion of
limit of a sequence, the set S being then taken as the set of positive integers.
The theorems concerning limits of sums and products apply to the
limits as x -+ 00, replacing the condition
"there exists t5 such that for Ix - v I < t5"
by
"there exists B such that for x

~

B"

everywhere. The proofs are otherwise the same, and need not be repeated.
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We summarize systematically the limits which occur:
lim,

lim,

lim.

n'" 00

Any statement of the usual type for one of these can be formulated for the
others and proved in a similar way. For this purpose, one occasionally
needs the condition for completeness formulated in terms of mappings
rather than sequences. It will be called the Cauchy criterion, and we prove
it in the next theorem.
Theorem 1.2. Let S be a subset of a normed vector space E. Let f: S -+ F
be a map of S into a normed vector space F, and assume that F is complete.
Let v be adherent to S. Thefollowing conditions are equivalent:

(a) The limit lim f(x) exists.
X'" V

(b) Given

£,

there exists

~

such that whenever x, YES and

Ix - vi
then I f(x) - f(y) I <

<~,

Iy -

vi <

~

£.

Proof. Assume (a). We deduce (b) by a 2£-argument. If w is the limit
in (a), then
If(x) - f(y) I ; ; ; If(x) -

wi + Iw - f(y)l,

so we get (b) at once.
Conversely, assume (b). There exists a sequence {x n } in S which converges to v (given n, we can find Xn E S such that IXn- vi < lin). Then
{f(x n )} is a Cauchy sequence in F. Indeed, given £, let ~ satisfy condition
(b). Let N be such that liN < ~/2. If m, n ~ N, then

Consequently I f(x n) - f(x m ) I < £, thus proving our assertion. Since F
is complete, the sequence {f(x n )} converges to an element WE F. We
prove that w is the limit of f(x) as x -+ v. Let ~1 = ~/2. Suppose
Ix - vi < ~1' Let n be so large that IXn- vi < ~1' Then

Ix - Xn I ; ; ; Ix - v I + Iv - Xn I <

~.
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Hence
If(x) - f(x,,) I <

£.

Taking n larger still, we may assume that

wi <

If(x,,) -

£.

Then
If(x) -

wi

~

If(x) - f(x,,) I + If(x,,) -

wi

< 2£,
thus proving that (b) implies (a), and concluding the proof of the theorem.
We conclude this section with comments on the dependence of limits on
the given norm.
Let E be a vector space, and let I 11> I b be norms on E. Assume that these
norms are equivalent. Let S be a subset of E, and f: S -+ F a map of S into
some normed vector space F. Let v be adherent to S. We can then define
the limit with respect to each norm.
We contend that if the limit exists with respect to one norm, then it
exists with respect to the other and the limits are equal.

Suppose the limit off(x) as x -+ v, XES, exists with respect to
let this limit be w. Let C 1 > 0 be such that

for all u E E. Given
then

£,

there exists <5 1 such that if XES and
If(x) -

Let <5 = <5 1/C 1 • Suppose that

wi <

XES

and

Ix -

Ix -

vl1

<

Ix -

I 11> and

vl1

<

<5 1

£.

vl2

<

<5. Then

<5 1,

and consequently we also have If(x) - wi < £. This proves that w is also
the limit with respect to lb.
Similarly, if we have two equivalent norms on F, we see that the limit is
also the same whether taken with respect to one of these norms or the
other.
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Finally, we note that there exist some associations satisfying PR 1 and
PR 2, and only a modified version of PR 3, namely:
PR 3C. There exists a number C > 0 such that for all u, v we have
luvl ~ Clullvl·

The study of such a generalized product can be reduced to the other one by
defining a new norm on E, namely

Ixll

=

Clxl·

Condition PR 3 is then satisfied for this new norm. Thus all the statements
involving limits of products apply. Actually, in practice, PR 3 is satisfied
by most of the natural norms one puts on vector spaces, and the natural
products one takes of them.
EXERCISES

1. A subset S of a normed vector space E is said to be convex if given x, YES the
points
(1 - t)x

+ ty,

o ~ t ~ 1,

are contained in S. Show that the closure of a convex set is convex.
2. Let S be a set of numbers containing arbitrarily large numbers (that is, given an
integer N > 0, there exists XES such that x ;?; N). Let f: S --+ R be a function.
Prove that the following conditions are equivalent:
(a) Given E, there exists N such that whenever x, YES and x, y ;?; N then
If(x) - f(y) I <

Eo

(b) The limit
lim f(x)
x~oo

exists.
(Your argument should be such that it applies as well to a map f: S --+ F of S into
a complete normed vector space.)
Exercise 2 is applied most often in dealing with improper integrals, letting

3. Let F be a normed vector space. Let E be a vector space (not normed yet) and let
L: E --+ F be a linear map, that is satisfying L(x + y) = L(x) + L(y) and
L(cx) = cL(x) for all c E R, x, Y E E. Assume that L is injective. For each x E E,
define Ixl = IL(x)l· Show that the function Xf-+ Ixl is a norm on E.

143

§2. Continuous Maps

4. Let P s be the vector space of polynomial functions of degree ~ 5 on the interval
[0,1]. Show that P s is closed in the space of all bounded functions on [0, 1] with
the sup norm. [Hint: Iff(x) = asxs + ... + ao is a polynomial, associate to it the
point (as, ... ,ao) in R 6 , and compare the sup norm on functions with the norm on
R6.]
5. Let E be a complete normed vector space and let F be a subspace. Show that the
closure of F in E is a subspace. Show that this closure is complete.
6. Let J, g be functions defined on R, and assume that g(x) > 0 for all x. We write
f -< g or f(x) = o(g(x») for x ..... 00 if
lim f(x) = O.
g(x)

x~ao

We then say that f is much smaller than g, or g much larger than f. Prove: If
fl -< gl and f2 -< g2 then fl + f2 -< gl + g2 and fd2 -< glg2' Prove that if
f = 0(1) (meaning lim f(x) = 0) and if cp is a bounded function, then

fcp = 0(1).
7. Let f, g be functions defined on R and assume that g(x) > 0 for all x. We write
f 4i g orf(x) = O(g(x») for x ..... 00 if there exists a number C > 0 such that

If(x)1

~

Cg(x)

for all x. Show that if fl 4i gl and f2 4i g2, then fl
fd2 4i glg2' If cp is bounded andf 4i g, then cpf 4i g.

+

f2 4i gl

+ g2

and

§2. Continuous Maps
Let S be a subset of a normed vector space, and let f: S - t F be a map of S
into a normed vector space. Let v E S. We shall say that f is continuous at
v if
limf(x)
x-+v

exists, and consequently is equal to f(v). Put another way,! is continuous
at v if and only if given £, there exists lJ such that whenever Ix - v I < lJ we
have
If(x) - f(v) I <

£.

(Here, as often in practice, we omit the XES when the context makes it
clear.) We say thatfis continuous on S iff is continuous at every element
of S.
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Remark. Suppose f is continuous on S. The (j occurring in the definition of continuity depends on v. That is, for each v E S, there exists (j(v)
such that if Ix - vi < (j(v) then If(x) - f(v) I < £. When one can select
this (j independently of v, then the map f is called uniformly continuous.
Thus f is defined to be uniformly continuous if given £, there exists (j such
that whenever x, YES and Ix - yl < (j then If(x) - f(y) I < £. The
principal criterion for uniform continuity is given in the chapter on
compactness.
From the properties of limits, we get analogous properties for continuous maps.

Sum. If f, g: S -+ F are continuous at v, then f

+ g is continuous at v.

Product. Let E, F, G be normed vector spaces, and E x F -+ G a
product. Let f: S -+ E and g: S -+ F be continuous at v. Then the
product map f g is continuous at v.

Composite maps. Let S, T be subsets of normed vector spaces, and let F
be a normed vector space. Let

f: S -+ T

and

g: T -+ F

be maps. Let v E S and w = f(v). Assume that f is continuous at v and
g is continuous at w. Then g 0 f is continuous at v.

All these follow from the corresponding property of limits. For the
composite, one can also repeat the proof of Theorem 4.2, Chapter 2.
Iffis a continuous map and c is a number, then cf is a continuous map.
Thus the set of continuous maps of S into a normed vector space F is itself
a vector space, which will be denoted by CO(S, F).
One can characterize continuity entirely by means of limits of certain
sequences.

Theorem 2.1. Let S be a subset of a normed vector space, and let f: S -+ F
be a map of S into a normed vector space F. Let v E S. The map f is continuous at v if and only if, for every sequence {xn } of elements of S which
converges to v, we have

lim f(x n) = f(v).
n-+ 00

Proof. Assume that f is continuous at v. The fact that the preceding
limit holds is essentially a special case of the limit theorem for composite
maps. However, we reproduce the proof in detail. Given £, there exists (j
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such that if Ix - vi < ~ then If(x) - f(v) I < f.. With this ~ given, there
exists N such that for n;;;; N we have IXn - v I <~, and hence
If(xn) - f(v) I < f., thus proving the desired limit.
Conversely, assume that the limit stated in the theorem holds for every
sequence {xn} in S converging to v. It will suffice to prove: Given f.,
there exists N such that whenever Ix - vi < liN then If(x) - f(v) I < f..
Suppose this is false. Then for some f. and for every positive integer n there
exists Xn E S such that IX n - vi < lin but If(x n) - f(v) I > f.. The sequence {xn} converges to v, and we have a contradiction which proves
that f must be continuous at v.
Again let S be a subset of a normed vector space, and let v be adherent
to S. Suppose that v is not in S. Let f: S --.. F be a map of S as before, and
assume that
limf(x) = w.
X"" V

If we define fat v to bef(v) = w, then it follows from the definition of continuity that we have extended our map f to a continuous map on the set
S u {v}. We say that f has been extended by continuity. We shall meet
later a theorem which allows us to extend a map f to the set of all adherent
points in a continuous way. (Cf. the linear extension theorem.)
We make the same remark with respect to continuity that we made
previously with respect to limits corresponding to equivalent norms.
Let I 11 and I 12 be equivalent norms on a vector space E. Let S be a subset
of E and f: S --.. F a map of S into a normed vector space. Let vEE, v
adherent to S. Iffis continuous at v with respect to I 110 thenfis also continuous at v with respect to I 12' This comes from the fact that equivalent
norms give rise to the same limits whenever the limits exist.
The next theorem deals with maps into a product space. If F 1, . . . ,Fk
are normed vector spaces, we can form F = F 1 X ..• x F k with the
sup norm. A map f: S --.. F is given by coordinate mappings fl' ... ,fk
such that f(x) = (fl(X), ... ,fk(X»), and Ii maps S into F i • We shall deal
especially with the case when F = Rk and Ii are called the coordinate
functions of f.
Theorem 2.2. Let S be a subset of a normed vector space. Let

be a map of S into a product of normed vector spaces, and let
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be its representation in terms of coordinate mappings. Let v be adherent
to S. Then
limf(x)
x-+v

exists if and only

if
lim};(x)
x-+v

exists for each i = 1, ... ,k. If that is the case and
W = (W1,'" ,Wk) with Wi E Fj, then Wi = lim};(x).

W

is the limit of f(x),

x-+v

Proof. This theorem is essentially obvious. We nevertheless give the
proof in detail. Suppose

limf(x) =

W

x-+v

= (W1' ... ,Wk)'

Given E, there exists () such that if Ix - v I < () then
If(x) -

wi <

E.

Let f(x) = y = (Yl' ... ,yk)' By definition, IYi - w;I <

£

whenever

Ix - vi < (),
so that
Wi

Conversely, if

Wi

=

=

lim.t;(x).
x-+v

lim.t;(x), for all i = 1, ... ,k, then given

E

there exists

x-+v

{)i

such that whenever Ix - vi < ()i we have
lfi(x) - w;I

<

E.

Let () = min ()i' By definition, when Ix - vi < () each I};(x) - wd < £
for i = 1, ... ,k and hence If(x) - wi < £, so wis the limit off(x) as x ~ v.
Our theorem is proved.

Corollary 2.3. The map f is continuous
}; is continuous, i = 1, ... ,k.
Proof. Clear.

if and only if each coordinate map
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EXERCISES

1. Let S be a non-empty subset of a normed vector space E, and let VEE. The set
of numbers Ix - vi for XES is bounded from below by O. We call its greatest
lower bound the distance from S to v, and denote it by deS, v). Prove the following
statements:
(a) deS, v) = 0 if and only if v lies in the closure of S.
(b) The map U f-+ deS, u) is a continuous map of E into R.
(c) Let S, T be two non-empty closed subsets of E, and assume that they are disjoint, i.e. have no point in common. Show that the function
f(v) =

deS, v)
deS, v) + d(T, v)

is a continuous function, with values between 0 and 1, taking the value 0 on Sand
Ion T.
(For a continuation of this exercise, cf. the next chapter,§2.)
2. Show that the functionf(x) = sin(l/x) is not uniformly continuous on the interval
o < x ;::;; n, even though it is continuous.

3. Show that the functionf(x)

= l/x is uniformly continuous on the set of x ~

1.

4. Show that a function f which is differentiable on an interval and has bounded
derivative is uniformly continuous on the interval.
5. (a) Define for numbers t, x:
sinttx
f( t, x ) -- -

'f
-J. 0
It..,..,

f(O ,x ) = x.

Show thatfis continuous on R x R. [Hint: The only problem is continuity at a
point (0, b). If you bound x, show precisely how sin tx = tx + o(tx).]
(b) Let
(y2 _ X)2

f(x, y) =

{

4

lY

+x

2

if (x, y) #- (0,0)
if (x, y) = (0,0).

Is f continuous at (0, O)? Explain.
6. (a) Let E be a normed vector space. Let 0 < '1 <
there exists a continuous function f on E, such that:

'2'

Let

VEE.

Show that

f(x) #- 0 if x is in the ball of radius '1 centered at v,
f(x) = 0 if x is outside the ball of radius

'2 centered at v.

We have 0 ;::;; f(x) ;::;; 1 for all x.
[Hint: Solve first the problem on the real line, and then for the special case v = 0.]
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(b) Let v, wEE and v =F w. Show that there exists a continuous function f on
E such that f(v) = 1 and few) = 0, and 0 ~ f(x) ~ 1 for all x E E.

7. Let S be a subset of a normed vector space E, and let f: S -+ F be a map of S into
a normed vector space. Let S' consist of ail points VEE such that v is adherent
to Sand limf(x) = v for XES, X -+ v. Extend f to each element of S' by continuity. Show that this extension of f is continuous on S'. (Select v E S'. You have
to consider separately the estimates I f(x) - f(v) I and I f(v') - f(v) I for XES and
v' E S'. You thus run into a 2£-proof.)
8. Notation as in Exercise 7, assume thatfis uniformly continuous on S. Show that
limf(x)

exists for every v E S, and thus that f can be extended by continuity to all of S.
9. Let S, T be closed subsets of a normed vector space, and let A = S u T. Let
f: A -+ F be a map into some normed vector space. Show that f is continuous
on A if and only if its restrictions to Sand T are continuous.
Continuous linear maps
10. Let E, F be normed vector spaces, and let L: E -+ F be a linear map.
(a) Assume that there is a number C > 0 such that IL(x)1 ~ Clxl for all x E E.
Show that L is continuous.
(b) Conversely, assume that L is continuous at O. Show that there exists such a
number C. [Hint: Given 1, there exists 1J such that if Ixl < 1J then IL(x) I ~ 1.
Given an arbitrary vEE, v #- 0, consider L(1Jv/1 v I).]
11. Let L: Rk -+ F be a linear map of Rk into a normed vector space. Show that L is
continuous.
12. Show that a continuous linear map is uniformly continuous.
13. Let L: E -+ F be a continuous linear map. Show that the values of L on the closed
ball of radius 1 are bounded. If r is a number < 0, show that the values of L on
any closed ball of radius r are bounded. (The closed balls are centered at the
origin.) Show that the image under L of a bounded set is bounded.
Because of Exercise 5, a continuous linear map L is also called bounded. If C
is a number such that IL(x) I ~ Clxl for all x E E, then we call C a bound for L.
14. Let L be a continuous linear map, and let ILl denote the greatest lower bound of
all numbers C such that IL(x) I ~ Clxl for all x E E. Show that the continuous
linear maps of E into F form a vector space, and that the function L t-+ IL I is a
norm on this vector space.

§3. Limits in Function Spaces
Let S be a set, and F a normed vector space. Let {J,.} be a sequence of
maps from S into F. For each XES we may then consider the sequence of
elements of F given by {fleX), fix), .. .}. Thus for each x, we may speak
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of the convergence of the sequence {J,,(x)}. If {J,,} is a sequence of maps
such that for each XES the sequence {fn(x)} converges, then we say that
{fn} converges pointwise.
On the other hand, suppose eachfn E PlJ(S, F) is an element of the vector
space of bounded maps from S into F, with its sup norm. Then we may
speak of the convergence of the sequence {fn} in this space. If the sequence
{fn} converges for the sup norm, we say that it converges uniformly. Convergence in PlJ(S, F) is called uniform convergence. We shall denote the
sup norm by I II·
Observe that in defining a convergent sequence fn -+ f, we take the
difference fn - f. All we really need is that we can take the sup norm of
this difference. Hence we shall say that an arbitrary sequence of maps
{J,,} from S into F converges uniformly to a map f if given E there exists
N such that for all n ;;:; N the difference f - J" is bounded, and such that
Ilf - J"II < Eo For most of this book, however, when dealing with uniform
convergence, we deal with bounded maps.
Let T be a subset of S. Iff is a map on S, into F, and f is bounded on
T, we write

IlfilT = supf(x).
XET

If {J,,} is a sequence of maps from S into F and if this sequence converges
uniformly for the sup norm with respect to T, then we say that it converges
uniformly on T.
Example 1. For each n, let fn(x) = 1/nx be defined for x > O. Then
for each x, the sequence of numbers {l/nx} converges to O. Thus the
pointwise limit of {f,,(x)} is O. We also say that {f,,} converges pointwise
to the function O. However, this convergence is not uniform. Indeed, for
any given x the N needed to make
1

-<E
nx
for all n ;;:; N depends on x. We could write N = N(x). As x approaches
0, this N(x) becomes larger and larger.
However, let C be a number > O. View each fn as defined on the set T
consisting of all numbers x ;;:; c. Then {fn} converges uniformly to 0 on
this set T. Indeed, given E, select N such that liN < EC. Then for all x ;;:; C
and all n ;;:; N we have

<
I ~nx _ 01 = ~nx ~ _1
Nc
Hence

IIJ"IIT <

E,

E.

thus proving that {J,,} converges uniformly to 0 on T.
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{In}

be the sequence of functions whose graph is

Each function In has a peak forming a triangle, and its values are equal to 0
for x ~ c", where {c,,} is a sequence of numbers decreasing to O. Then for
each x > 0, the limit
lim j,,(x) = 0,

,,-+

00

because for each x there exists N such thatj,,(x) = 0 if n ~ N. Thus again
the sequence {J,.} converges pointwise to O. However, it does not converge
uniformly to O. If the peaks all go up to 1, then
IIJ,.II = 1 = 1If,. - 011,
so the sequence of functions cannot converge uniformly. Note that each
In is bounded, and continuous, and the limit function (pointwise) is also
continuous.

Example 3. Let J,.(x) = (1 - x)" be defined for 0
x =F 0 we have

~

x

~

1. For each

lim (l - x)" = O.

,,-+

00

However,
lim J,.(O) = lim (1 - 0)" = 1.
EachJ,. is continuous, but the limit function (pointwise) is not continuous
on [0,1].
We shall now prove two basic theorems concerning uniform limits of
functions.

Theorem 3.1. Let F be a complete normed vector space, and S a non-empty
set. Then the space d1(S, F) with the sup norm is complete.
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Proof. Let {J,,} be a Cauchy sequence of bounded maps of S into F.
Given £, there exists N such that if n, m ~ N then

Ilfn - fmll <

£.

In particular, for each x, IJ,,(x) - fm(x) I < £, and thus for each x,
{.fk(x)} (k = 1,2, ... ) is a Cauchy sequence in F, which converges since
F is complete. We denote its limit by f(x), i.e.

f(x) = lim fk(X).
k-+

Let n ~ N. Given XES, select m
such that

~

00

N sufficiently large (depending on x)

If(x) - fm(x) I <

£.

Then

If(x) - fn(x) I ~ If(x) - fm(x) I + Ifm(x) - J,,(x) I

<

£

+ Ilfm - fnll

< 2£.
Furthermore, I f(x) I ~ 2£ + I fN(X) I ~ 2£ + IlfNII. This shows that f
is bounded, and the preceding inequality shows that Ilf - J"II < 2£,
whence {J,,} converges to f uniformly. This proves that 81(S, F) is
complete.
Theorem 3.2. Let S be a non-empty subset of a normed vector space. Let
{J,,} be a sequence of continuous maps of S into a normed vector space F,
and assume that {J,,} converges uniformly to a map f: S --+ F. Then f is
continuous.

Proof. Let v E S. Select n so large that Ilf - J"II < £. For this choice
of n, using the continuity ofJ" at v, select (j such that whenever Ix - v I < (j
we have Ifn(x) - fn(v) I < £. Then
If(x) - f(v) I ~ If(x) - J,,(x) I + I fix) - fn(v) I + Ifn(v) - f(v)l·
The first and third term on the right are bounded by
middle term is < £. Hence

If(x) - f(v) I < 3£,
and our theorem is proved.

II f - J"II < £. The
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From Theorem 3.2, we can conclude at once that the convergence of the
functions in Example 3 above cannot be uniform, because the limit
function is not continuous.
Corollary 3.3. Let S be a non-empty subset of a normed vector space, and
let BCO(S, F) be the vector space of bounded continuous maps of S into
a complete normed vector space F. Then BCO(S, F) is complete (for the
sup norm).

Proof. Any Cauchy sequence in BCO(S, F) has a limit in fJI(S, F), by
Theorem 3.1, and this limit is continuous by Theorem 3.2. This proves the
Corollary.
Corollary 3.4. The space of bounded continuous maps BCO(S, F) is closed
in the space of bounded maps (for the sup norm).

Proof. Any adherent point to the space BCO(S, F) is a limit of a
sequence of bounded continuous maps, and Theorem 3.2 shows that this
limit is in the space.
As usual, any notion involving n -+ 00 has analogues for other types of
limits. Thus let S be a subset of a normed vector space E and let T be a
set. Letf: S x T -+ F be a map into a normed vector space F. We view
f as depending on two variables XES and YET. Let v be adherent to S.
Assume that for each YET the limit
lim f(x, y)
exists. We can then write it as
limf(x, y) = g(y)
x-+v

for some map g: T -+ F. We shall say that this limit exists uniformly for
YET if given £ there exists ~ such that whenever XES and Ix - v I < ~
then
If(x, y) - g(y) I <

£

for all YET.
A theorem like Theorem 3.2 can be formulated formally in terms of
limits as follows. Letting

f

= limfn'
n-+ co
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we want to prove that
f(v)

= limf(x) = lim

lim fn(x).

If we could interchange the iimits, then

lim lim J,,(x) = lim limJ,,(x),
x-.v n... CXl

n .... 00 x .... v

and since each J" is continuous, the right-hand side is equal to
lim J,,(v).
n ... 00

On the other hand, the sequence {J,,} is assumed to converge uniformly,
and in particular pointwise. Thus
lim fn(v) = f(v).
n ... 00

The whole problem is therefore to interchange the limits. The argument
given in Theorem 3.2, namely the splitting argument with 3£, is standard
for this purpose, and uses the uniform convergence.
An interchange of limits is in general not valid. Example: Let

be defined on the set S of all (x, y) such that x oF 0, Y oF O. Then
limf(x, y)

", ... 0

= -1

and hence
lim lim f(x, y) = -1.

, ... 0 ", ... 0

On the other hand, we see similarly that
lim lim f(x, y) = 1.
", ... 0, ... 0

A similar example with infinity can be cooked up, if we let

m-n
f(m,n)=-m+n
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be defined for positive integers m, n. Then
lim lim f(m, n) = -1,
m-+

00

n-+ 00

while
lim lim f(m, n)

=

1.

However, using uniform convergence, one has the following result.

Theorem 3.5. Let Sand T be subsets of normed vector spaces. Let f be a
map defined on S x T, having values in some normed vector space. Let v
be adherent to S and w adherent to T. Assume that:
(i) lim f(x, y) exists for each XES.
y .... w

(ii) limf(x, y) exists uniformly for YET.
X'" V

Then the limits

lim lim f(x, y),

lim lim f(x, y),

x-+v y-+w

y ..... w x ....... v

lim

f(x, y)

(X, y)"'(v, w)

all exist and are equal.
Proof. Let
h(x)

= lim f(x,

y)

and

g(y) = limf(x, y).

y ... w

X'" V

We shall first prove that
lim h(x)
X'" V

exists. We shall use the Cauchy criterion, and estimate
Ih(x) - h(x') I ~ Ih(x) - f(x, y)1

+ If(x, y) -

f(x', y)1

Given £, by (ii) there exists (jl such that if x, x' E Sand

+ If(x', y) -

h(x') I.
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then for all YET we have
(1)

If(x, y) - g(y) I <

and

£

If(x', y) - g(y)1 <

£

and consequently

If(x, y) - f(x', y) I < 2£.

(2)

By (i) there exists t>2(X, x') such that if YET and Iy (3)

If(x, y) - h(x) I <

£

and

wi < t>2 then

If(x', y) - h(x') I <

£.

It follows from (2) and (3) that

Ih(x) - h(x') I < 4£,
whence hex) converges as x -+ v, say to a limit L. This proves our first
limit.
To see that g(y) also approaches L as a limit, we consider the inequality

Ig(y) -

LI

~

Ig(y) - f(x, y)1

+ If(x, y) -

h(x) I + Ih(x) -

LI·

We first select t>3 such that if Ix - vi < t>3 then Ih(x) - LI < £. We
already know that if Ix - vi < t>1 then If(x, y) - g(y)1 < £. We choose
x such that Ix - vi < min(t>1' t>3)' Having chosen this x, we then find
some {) such that, by (i), if Iy - wi < ~ then

If(x, y) - h(x) I < t>.
This shows that for such y, we have

Ig(y) -

LI < 3£,

and proves that g(y) approaches L as y approaches w.
Finally, to see thatf(x, y) approaches L as. (x, y) -+ (v, w) in the product
space, we write

If(x, y) -

LI

~

If(x, y) - g(y)1

+ Ig(y)

-

LI·

If x is close to v, then the first term on the right is less than £, as we saw in
(1), uniformly in y. If Iy - wi < t>, then Ig(y) - LI < £. This proves our
last limit.
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EXERCISES

1. Letf.(x) = x"/(1 + x·).
(a) Show that J. is bounded.
(b) Show that the sequence U.} converges uniformly on any interval [0, c] for
any number 0 < C < 1.
(c) Show that this sequence converges uniformly on the interval x ~ b if b is a
number > 1, but not on the interval x ~ 1.
2. Let g be a function defined on a set 8, and let a be a number > 0 such that
g(x) ~ a for all x E 8. Show that the sequence
ng
g. = 1 + ng

converges uniformly to the constant function 1. Prove the same thing if the
assumption is that Ig(x) I ~ a for all x E 8.

3. Let f.(x) = x/(1 + nx 2). Show that {J.} converges uniformly for x
that each function J. is bounded.

E

R, and

4. Let 8 be the interval 0 ~ x < 1. Let f be the function defined on 8 by
f(x) = 1/(1 - x).
(a) Determine whether f is uniformly continuous.
(b) Let
P.(x) = 1 + x

+ ... + x·.

Does the sequence {Ph} converge uniformly to f on 8?
(c) Let 0 < c < 1. Show thatfis uniformly continuous on the interval [0, c], and
that the sequence {Ph} converges uniformly to f on this interval.

5. Let

x2

J.(x) = 1 + nx2'

for all real x. Show that the sequence {J.} converges uniformly on R.

6. Consider the function defined by
f(x)

=

lim lim (cos m!1tx)2h.
m-. 00

,. .... 00

Find explicitly the values of f at rational and irrational numbers.

7. Let
(y2_ X)2

f(x, y) = {

y

1

4

+x

2

if (x, y) "" (0,0)
if (x, y) = (0,0).

Is f continuous on R2? Explain, and determine all points where f is continuous.

CHAPTER 8

Compactness

§1. Basic Properties of Compact Sets
Let S be a subset of a normed vector space E. Let {xn} be a sequence in S.
By a point of accumulation of {xn} (in E) we mean an element VEE such
that given £ there exist infinitely many integers n such that IXn - v I < £.
We may say also that given an open set U containing v, there exist infinitely many n such that Xn E U.
Similarly, we define the notion of a point of accumulation of an infinite
set S. It is an element vEE such that given an open set U containing v,
there exist infinitely many elements of S lying in U. In particular, a point
of accumulation of S is adherent to S.
We define the notion of a compact set by the property of the
Weierstrass-Bolzano theorem. A set S in E is said to be compact if every
sequence of elements of S has a point of accumulation in S. This property
is equivalent to the following properties, which could be taken as alternate
definitions:
(a) Every infinite subset of S has a point of accumulation in S.
(b) Every sequence of elements of S has a convergent subsequence
whose limit is in S.
The equivalence between the definition and these properties is more a
matter of language than anything else. We prove it in detail. Note by the
way that if a set is compact with respect to the given norm, it is compact
with respect to any other equivalent norm.
Suppose S is compact, and let T be an infinite subset of S. Then T contains a denumerable set, which we enumerate, and which is then nothing
but a sequence {x n }, such that Xn oF Xm whenever n oF m. This sequence
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has a point of accumulation v E S. Given E, there exist infinitely many n
such that IXn - v I < E, and these infinitely many n give rise to infinitely
many Xn having this property, so that v is a point of accumulation for S.
This proves (a).
Assume (a). Let {xn} be a sequence of elements of S. If the set consisting of all Xn is finite, then there exists an infinite set of integers, say I,
such that for all n E I, the elements Xn are all equal to the same element x.
We can order the elements of I as nl < n2 < ... so that the corresponding
elements of the sequence {x n" x n2 , ... } form a subsequence, which obviously converges to x. If on the other hand the set consisting of all Xn
is infinite, it has a point of accumulation v in S. We select nl such that
Ix n, - vi < 1/1. We then select n2 > n1 such that IXn2 - vi < 1/2. Inductively, suppose we have found nl < n2 < ... < nk such that
1

IX n · - v I < -;J

)

for j = 1, ... ,k.

We select nk+ 1 > nk such that

Then the subsequence {x n" x n2 , ... } converges to v, thus proving (b).
Finally, if we assume (b), then given any sequence in S, it has a convergent subsequence whose limit is an element of S, and this limit is then
a point of accumulation of the given sequence, thus proving that the set is
compact.
Theorem 1.1. A compact set is closed and bounded.
Proof Let S be compact and let v be in its closure, that is, v is adherent
to S. Given n, there exists Xn E S such that IXn - v I < l/n. The sequence
{xn} converges to v. It has a convergent subsequence whose limit is in S.
By the uniqueness of the limit, it follows that v E S, and hence S is closed.
If S is not bounded, for each n there exists Xn E S such that IXn I > n. Then
the sequence {xn} does not have a point of accumulation in E. Indeed,
if v were such a point of accumulation, consider m > 21 v I. Then

These inequalities contradict the fact that for infinitely many m we must
have Xm close to v. Hence S is bounded.
Theorem 1.2. A closed subset of a compact set is compact.
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Proof Let S be a closed subset of a compact set K. Let T be an infinite
subset of S. Then T has a point of accumulation in K. But a point of
accumulation of T is adherent to T, hence to S, and since S is closed, it
must lie in S. Hence S is compact.

Theorem 1.3. Let S be a compact set, and let Sl

::::>

S2

::::> ••• ::::>

be a sequence of non-empty closed subset such that Sn
the intersection of all Sn for all n = 1, 2, ... is not empty.

::::>

Sn

::::> •••

Sn+1' Then

Proof Let Xn E Sn. The sequence {xn} has a point of accumulation
in S. Call it v. Then v is also a point of accumulation for each subsequence
{Xk} with k ~ n, and hence lies in the closure of Sn for each n. But Sn is
assumed closed, and hence v E Sn for all n. This proves the theorem.

Theorem 1.4. Let S be a compact set in the normed vector space E, and
let T be a compact set in the normed vector space F. Then S x T is compact in E x F (with the sup norm).
Proof Let Zn = (x n, Yn) be the terms of a sequence in E x F with
XII E E and Yn E F. The sequence {xn} has a subsequence {x nk } convergent
to a limit v E S. The corresponding sequence {YnJ (k = 1,2, ...) has a
subsequence {Ynkj} U = 1, 2, ...) convergent to a limit WET. Then let

It is clear that

as j

-+ 00,

thus proving our theorem.

Notationally, the triple indices are somewhat disagreeable. We shall
now reproduce the preceding proof using a terminology which avoids
these repeated indices, so that readers may use this better notation if they
wish.
There exists an infinite subset of J 1 of Z + and there exists v E S such
that
lim Xn = V.
There exist an infinite subset J 2 of J 1 and wET such that
limYn = w.
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The sequence {zn} (n E J 2) then converges to (v, w), which is in S x T,
thus proving the theorem.
By induction, we conclude that a finite product of compact sets is compact. We use this fact immediately to get a converse of Theorem 1.1 in an
important special case.
Theorem 1.5. A subset of Rk is compact
bounded.

if

and only

if

it is closed and

Proof We already know by Theorem 1.1 that a compact subset of Rk
is closed and bounded, so we must prove the converse. Let S be closed
and bounded in Rk. There exists C > such that Ilxll ~ C for all XES,
where II I is the sup norm on Rk. Let I be the closed interval - C ~ x ~ C.
Then I is compact (by the Weierstrass-Bolzano theorem !), and S is contained in the product

°

Ixlx .. ·xI

which is compact by Theorem 1.4. Since S is closed, we conclude from
Theorem 1.2 that S is compact, as was to be shown.
Remark. The notions of being closed or bounded depend only on the
equivalence class of the given norm, and hence in fact apply to any norm
on Rk, since all norms on Rk are equivalent.
Example. Let r be a number > 0 and consider the sphere of radius r
centered at the origin in Rk. We may take this sphere with respect to the
Euclidean norm, for instance. Let f:Rk -+ R be the norm, i.e. f(x) = Ixl.
Then f is continuous, and the sphere is f -l(r). Since the point r is closed
on R, it follows that the sphere is closed in Rk. On the other hand, it is
obviously bounded, and hence the sphere is compact.
It is not true in an arbitrary normed vector space that the sphere is
compact. For instance, let E be the set of all infinite sequences (Xl' X2' ..• )
with Xi E R, and such that we have Xi = for all but a finite number of
integers i. We define addition componentwise, and also multiplication by
numbers. We can then take the sup norm as before. Then the unit vectors

°

°

ei = (0, ... ,1, 0, ... )

having components except 1 in the i-th place form a sequence which has
no point of accumulation in E. In fact, the distance between any two elements of this sequence is equal to 1.
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EXERCISES

1. Let S be a compact set. Show that every Cauchy sequence of elements of S has a
limit in S.

2. Let Sl,'" ,Sm be a finite number of compact sets in E. Show that the union

is compact, and the intersection S1 ('\ •.. ('\ Sm is compact. In fact, show that the
intersection of an arbitrary even infinite number of compact sets is compact.
3. Show that a denumerable union of compact sets need not be compact.

§2. Continuous Maps on Compact Sets
Theorem 2.1. Let S be a compact subset of a normal vector space E, and
let f:S -+ F be a continuous map of S into a normed vector space F. Then
the image of f is compact.
Proof. Let {Yn} be a sequence in the image of f. Thus we can find
S such that Yn = f(xn). The sequence {xn} has a convergent subsequence, say {xnJ, with a limit v E S. Since f is continuous, we have
Xn

E

lim Ynk = lim f(x nk) = f(v).

k ..... ex>

k-+

CX)

Hence the given sequence {Yn} has a subsequence which converges inf(S).
This proves that f(S) is compact.
Theorem 2.2. Let S be a compact set in a normed vector space, and let
f:S -+R be a continuous function. Then f has a maximum on S (that is,
there exists v E S such that f(x) ~ f(v) for all XES).
Proof. By Theorem 2.1 the image f(S) is closed and bounded. Let b
be its least upper bound. Then b is adherent to f(S). Since f(S) is closed,
it follows that bE f(S), that is there exists v E S such that b = f(v). This
proves the theorem.

As usual, we quote Theorem 2.2 for the existence of a minimum.
Let S be a subset of a normed vector space, and let f :S -+ F be a mapping into some normed vector space. We shall say that f is uniformly
continuous if given £. there exists b such that whenever x, YES and
Ix - yl < b then If(x) - f(y)1 < £..
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It is clear that if f is uniformly continuous on S then f is continuous at
every point of S, and hence continuous on S. However, the converse is
not true. For example, let S be the open interval 0 < x < 1, and let
f(x) = 1/x. Then f is continuous on S, but not uniformly continuous.
Indeed, we have

1 1 y- x
f(x) - f(y) = - - - = - .
x y
xy
We can find pairs of points x, y such that the distance Ix - y I is arbitrarily
small but If(x) - f(y)1 is large. For instance, take x = lin and
y = 1/(n + 1) for a large integer n. Then Ix - yl < 21n, but
If(x) - f(y) I = 1.

Theorem 2.3. Let S be compact in a normed vector space E, and let
f:S -. F be a continuous map into a normed vector space F. Then f is
uniformly continuous.

£,

Proof Suppose the assertion of the theorem is false. Then there exists
and for each n there exists a pair of elements x"' y" E S such that

but
There are an infinite subset J 1 of Z + and some v E S such that x" -. v for
n -. 00, n E J 1. There are an infinite subset J 2 of J 1, and w E S, such that
y" -. w for n -. 00 and n E J 2 • Then, taking the limit for n -. 00 and n E J 2 ,
we obtain Iv - wi = 0 and v = w, because

Iv - wi

~

Iv - x,,1 + Ix" - y,,1 + Iy" - wi·

Hence f(v) - f(w) = O. Furthermore,
If(x,,) - f(Y,,) I ~ If(x,,) - f(v) I + If(v) - f(w) I + If(w) - f(Y,,) I·

Again taking the limit as n -.

00

and n E J 2, we conclude that

I f(x,,) - f(Y,,) I
approaches o. This contradicts the fact that

If(x,,) - f(Y,,) I >
and thus our theorem is proved.

£,
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Remark. For every positive number c, the function f such that
~ x ~ 1. It is sometimes possible, in proving theorems about functions or mappings, to consider their restrictions to compact subsets of the set on which they are
defined. Thus a continuous function on R is uniformly continuous on
every compact interval. Furthermore, if f is a continuous map on a set S,
and if f is uniformly continuous on S, then f is uniformly continuous on
every subset of S. Thus a continuous function on R is uniformly continuous
on every bounded interval.

f(x) = l/x is uniformly continuous on the interval c

EXERCISES

1. Show that for every c > 0, the function f(x) = Ijx is uniformly continuous for
x ~ c.

2. Show that the function f(x)

=

e- X is uniformly continuous for x

~

O.

3. Show that the function sin x is uniformly continuous on R.

4. (Continuation of Exercise 1, Chapter 7, §2.) Let E = Rk and let S be a closed subset of Rk. Let v E Rk. Show that there exists a point W E S such that
d(S, v)

=

Iw -

vi .

[Hint : Let B be a closed ball of some suitable radius, centered at v, and consider
the function x I--> Ix - vi for x E B n S.]
5. Let K be a compact set in Rk and let S be a closed subset of Rk. Define
d(K, S) = glb

Ix - YI .

xeK
yeS

Show that there exist elements Xo

E

K and Yo E S such that

d(K, S) = Ixo - Yol .

[Hint : Consider the continuous map x I--> d(S, x) for x E K .]
Note. In Exercise 5, if K is not compact, then the conclusion does not necessarily hold. For instance, consider the two sets S 1 and S 2:
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There is no pair of points xo, Yo whose distance is the distance between the sets,
namely O. (The sets are supposed to approach each other.)
6. Let K be a compact subset of Rn and let f: K - K be a continuous map. Suppose
that f is expanding, in the sense that
If(x) - f(y) I ~

Ix - yl

for all x, y E K.
(a) Show thatfis injective and that the inverse mapf-l:f(K) - K is continuous.
(b) Show that f(K) = K. [Hint: If x is not in the image, consider the sequence
{x n } defined by Xo = x and
x n + 1 = f(x n )

You might use Exercise 5.]
7. Let S be a subset of a normed vector space. Let f:S - F be a map of S into a
normed vector space. Show that f is continuous on S if and only if the restriction
of f to every compact subset of S is continuous. [Hint: Given v E S, consider sequences of elements of S converging to v.]
8. Prove that two norms on Rn are equivalent. [Hint: Use the fact that a continuous
function on a compact set has a minimum. Take a norm to be the function, and let
the compact-set be the unit sphere.]

§3. Algebraic Closure of the Complex Numbers
A polynomial with complex coefficients is simply a complex valued function f of complex numbers which can be written in the form
ai E C.

We call ao, . .. ,an the coefficients of f, and these coefficients are uniquely
determined, just as in the real case. If an '# 0, we call n the degree of f.
A root of f is a complex number Zo such that f(zo) = O. To say that the
complex numbers are algebraically closed is, by definition, to say that every
polynomial of degree ~ 1 has a root in C. We shall now prove that this is the
case.
We write

f(t) = antn + ...

+ ao

with an '# O. For every real number R, the function

tt-+lf(t)1

If I such that

§3. Algebraic Closure of the Complex Numbers

165

is continuous on the closed disc of radius R, which is compact. Hence
this function (real valued!) has a minimum value on this disc. On the
other hand, from the expression

we see that when 1t 1 becomes large, 1 I(t) 1 also becomes large, i.e. given
C > 0, there exists R > 0 such that if 1t 1 > R then 1 I(t) 1 > c. Consequently, there exists a positive number Ro such that, if Zo is a minimum
point of 1lion the closed disc of radius R o, then

for all complex numbers t. In other words,
1I I· We shall prove that I(zo) = O.
We express I in the form

Zo

is an absolute minimum of

with constants Ci' If I(zo)"# 0, then Co = I(zo) "# O. Let z = t - Zo
and let m be the smallest integer > 0 such that Cm "# O. This integer m
exists because I is assumed to have degree ~ 1. Then we can write

for some polynomial g, and some polynomial 11 (obtained from I by changing the variable). Let Zl be a complex number such that

and consider values of z of the type z = AZ 1, where A is real, 0
We have
I(t)

= 11(AZ1) = Co
=

-

~

A ~ 1.

+ Am+1zT+1g(AZ1)
Am + Am+1zT+1co1g(AZ1)].

AmCo

co[l -

There exists a number C > 0 such that for all A with 0

(continuous function on a compact set), and hence

~

A ~ 1 we have
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If we can now prove that for sufficiently small A with 0 < A < 1 we have

o<

1 - Am

+ CAm + 1 <

1,

then for such 2 we get I f1 (AZ 1) I < ICo I, thereby contradicting the hypothesis that I f(zo) I ~ I f(t) I for all complex numbers t. The left-hand inequality is of course obvious since 0 < A < 1. The right-hand inequality
amounts to C2m + 1 < Am, or equivalently C2 < 1, which is certainly satisfield for sufficiently small A. This concludes the proof.
Remark. The idea of the proof is quite simple. We have our polynomial
f1(z) = Co + cmzm + zm+ 19(Z),
and Cm =f. O. If g = 0, we simply adjust cmzm so as to subtract a term in the
same direction as Co, to shrink Co toward the origin. This is done by extracting the suitable m-th root as above. Since g =f. 0 in general, we have
to do a slight amount of juggling to show that the third term is very small
compared to cmzm, and that it does not disturb the general idea of the proof
in an essential way.

§4. Relation with Open Coverings
Theorem 4.1. Let S be a compact set in normed vector space E. Let r
be a number > o. There exist a finite number of open balls of radius r
whose union contains S.
Proof Suppose this is false. Let Xl E S and let B 1 be the open ball of
radius r centered at Xl. Then B1 does not contain S, and there is some
X2 E S, X2 rt B 1 • Proceeding inductively, suppose we have found open
balls B b ... ,Bn of radius r, and points Xl' ... ,xn with Xi E Bi such that
Xk+1 does not lie in B1 u··· U B k • We can then find X n+1 which does not
lie in B1 u ... u Bn and we let Bn+ 1 be the open ball of radius r centered
at Xn + 1. Let v be a point of accumulation of the sequence {x n }. By definition, there exist positive integers m, k with k > m such that
IXk -

r

vi <-2

and

Then IXk - Xm I < r and this contradicts the property of our sequence
{xn} because Xk lies in the ball Bm. This proves the theorem.
Let S be a subset of a normed vector space, and let I be some set. Suppose that for each i E I we are given an open set U i • We denote this association by {U;}ieI and call it a family of open sets. The union of the family is
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the set V consisting of all x E E such that x E Vi for some i E I. We say
that the family covers S if S is contained in this union, that is every XES
is contained in some Vi' We then say that the family {Vil ieI is an open
covering of S. If J is a subset of I, we call the family {Vj}jeJ a subfamily,
and if it covers S also, we call it a subcovering of S. In particular, if

is a finite number of the open sets Vi' we say that it is a finite subcovering
of S if S is contained in the finite union

Theorem 4.2. Let S be a compact subset of a normed vector space, and
let {Vil ieI be an open covering ofS. Then there exists afinite subcovering,
that is a finite number of open sets Vi" . .. ,Vi" whose union covers S.
Proof By Theorem 4.1, for each n there exists a finite number of open
balls of radius lin which cover S. Suppose that there is no finite subcovering of S by the open sets Vi. Then for each n, there exists one of the open
balls Bn from the preceding finite number such that Bn n S is not covered
by any finite number of open sets Vi. Let Zn E Bn n S, and let w be a point
of accumulation of the sequence {zn}. For some index io we have WE Vio.
By definition, Vio contains an open ball B of radius r > 0 centered at w.
Let N be so large that 21N < r. There exists n > N such that

Any point of Bn is then at a distance <21n ;:;:; 21N from w, and hence Bn
is contained in B, and thus contained in Vi". This contradicts the hypothesis made on B n , and proves the theorem.
From Theorem 4.2, we get another proof that a continuous map on a
compact set S is uniformly continuous, as follows. Given E, for each XES
there exists J(x) such that if YES and Iy - xl < J(x), then
If(y) - f(x) I <

E.

Around each XES we consider the open ball Bx of radius J(x). Then certainly the union of these balls Bx for all XES is an open covering of S, and
thus there is a finite number of points Xl' ... ,Xn E S such that

contains S. Let

~ _

u -

. (J(XI)

mm

2

J(X n ))
, ... , 2 .
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Let x, y be any pair of points of S such that Ix - y I < b. Then x is in some
B"k' In fact,

Since

Iy - xl < b ;£ b(Xk)/2, it follows that y E B"k' Hence
If(y) - f(x) I < I!(Y) - f(Xk) I + If(Xk) - f(x) I < 2£.

This proves the uniform continuity.
The property concerning the finite coverings is equivalent to the property of compactness.
Theorem 4.3. Let S be a subset of a normed vector space, and assume
that any open covering of S has a finite subcovering. Then S is compact.
Proof. We must prove that any infinite subset T of S has a point of accumulation in S. Suppose this is not the case. Given XES, there exists
an open set U" containing x but containing only a finite number of the
elements of T. The family {U"},,eS is an open covering of S. Let
{U"l'" .,U"J

be a finite subcovering. We conclude that there is only a finite number of
elements of T lying in the finite union

This is a contradiction, which proves our theorem.
EXERCISE

1. Let {V 1, ... ,Vm} be an open covering of a compact subset S of a normed vector
space. Prove that there exists a number r > 0 such that if x, YES and Ix - Y I < r
then x and yare contained in Vi for some i.

§5. The Stone-Weierstrass Theorem
The Weierstrass theorem asserts that a continuous function on a closed
interval can be uniformly approximated by polynomials. We shall show,
in Chapter 11, how this can be proved in a simple way using integrals.
Here, we prove a general theorem on compact sets which includes the
Weierstrass theorem as a special case.

§5. The Stone-Weierstrass Theorem
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Let S be a non-empty set. By an algebra of functions on S we shall mean
a set of functions, say denoted by A, such that if f, g E A then f + g and
fg E A, and if c is a number then cf EA. We also assume A to be nonempty. We consider both real valued and complex valued algebras. In
the first case, the number c mentioned above is taken to be a real number.
Example 1. The set of all real functions on S is an algebra.
Example 2. Let S be a subset of a normed vector space. The set of
continuous functions on S is an algebra, denoted by CO(S).
Example 3. Let S be an open interval. The set of differentiable functions
on S is an algebra.
Example 4. Let S be the interval [0, 1]. The polynomial functions on S
form an algebra. The polynomial functions are those which can be written
in the form

with constants ao, ... ,an. We need not restrict ourselves to S being [0, 1];
for any (non-empty) subset of R, the polynomial functions form an algebra.
Example 5. Let S be a subset of Rk. Again, the polynomial functions
on S form an algebra. Here the polynomials are those in several variables,
i.e. those which can be written in the form

with constants ail ... ik. The sum is taken over a finite number of k-tuples
of indices (i 1, ••• ,ik)' which are integers ~ 0.
Example 6. Let cP be a function on a set S. Then the set of all functions
which can be written in the form

is an algebra, which is said to be generated by cP, and which is called the
algebra of polynomials in cpo Note that Example 4 is a special case, with
cp(x) = x.
Example 7. We can generalize Example 5 to the case of several functions. Let CPt> • •• ,CPm be functions on a set S. Let A be the set of all functions on S which can be written in the form
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the sum being taken over a finite number of m-tuples of indices (i1, .. . ,im).
Then A is an algebra. Again, Example 5 is a special case, with

We say that A is generated by 'P1' ... ,'Pm and that 'Ph . .. ,'Pm are generators
for the algebra, which is called the algebra of polynomials in 'Ph·· . ,'Pm.
In Examples 6 and 7, if we need to specify whether the algebra is over
Cor R, then we say that 'P1' ... ,'Pm generate the algebra over C or over R
according as we allow the constants ail ... im to be complex or only real.
Example 8. This is a special case of Example 7. We take S to be the
interval [0,2n] and we take the algebra of functions on S generated by the
functions sin x and cos x. It is called the algebra of trigonometric polynomials. Over the complex numbers, it is a simple matter to show that this
algebra is also generated by the functions eix and e- ix•
Example 9. Let S be the interval [0,2n]. Let A be the set of all functions on S which can be written in the form
f(x) = ao

n

+L

k=l

(a k cos kx

+ b,. sin kx)

with numbers ak, bk • Then it is easily proved that A is an algebra, using the
addition theorem for sine and cosine. Furthermore, it is the same algebra
as that of Example 8. Again, this is left as an exercise.
In all the preceding examples, we observe that the algebra contains
the constant functions.
Let S be a compact set in some normed vector space. Let A be an
algebra of continuous functions on S. Every function in A is bounded because S is compact, and consequently we have the usual sup norm on A,
namely for f E A,
Ilfll = suplf(x)l·
xeS

Thus A is contained in the normed vector space of all bounded functions
on S. We are interested in determining the closure of A. Since CO(S) is
closed, the closure of A will be contained in CO(S). We shall find conditions under which it is equal to CO(S). In other words, we shall find conditions under which every continuous function on S can be uniformly
approximated by elements of A.
We shall say that A separates points of S if given points x, YES, and
x =P y, there exists a function f E A such that f(x) =P f(y). The ordinary
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algebra of polynomial function obviously separates points, since the functionf(x) = x already does so.
Theorem 5.1 (Stone-Weierstrass). Let S be a compact set, and let A be an
algebra of real valued continuous functions on S. Assume that A separates points and contains the constant functions. Then the uniform closure
of A is equal to the algebra of all real continuous functions on S.
We shall first prove the theorem under an extra assumption. We shall
get rid of the extra assumption afterwards.

Lemma 5.2. In addition to the hypotheses of the theorem, assume also that
if f, 9 E A then max(f, g)
of the theorem holds.

E

A, and min(f, g) EA. Then the conclusion

Proof We give the proof in three steps. First, we prove that given
Xl> X2 E S and Xl "# X2, and given real numbers IX, p, there exists hE A
such that h(xl) = IX and h(x2) = p. By hypothesis, there exists cP E A
such that CP(Xl) "# CP(X2)' Let

Then h satisfies our requirements.
Next we are given a continuous function
wish to find a function 9 E A such that
f(y) -

E

f

< g(y) < f(y)

on S and also given

E.

We

+E

for all YEA. This will prove what we want. We shall satisfy these inequalities one after the other. For each pair of points x, YES there exists
a function hx, yEA such that

hx,y(x)

= f(x)

and

hx,y(Y)

= f(y)·

If X = y, this is trivial. If x "# y, this is what we proved in the first step.
We now fix x for the moment. For each YES there exists an open ball U y
centered at y such that for all Z E U y we have
hx,y(z) < f(z)

+ E.

This is simply the continuity of f - hx, y at y. The open sets U y cover S,
and since S is compact, there exists a finite number of points Yl"" 'YII
such that U yl ,'" ,UYn already cover S. Let
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Then hx lies in A according to the additional hypothesis of the lemma (and
induction). Furthermore, we have for all z E S:

hiz) < fez)

+ E,

and hix) = f(x), that is (h x - f)(x) = O.
Now for each XES we find an open ball Vx centered at x such that, by
continuity, for each z E Vx we have (h x - f)(z) > -E, or in other words,

fez) -

E

< hx(z).

By compactness, we can find a finite number of points
VXI ' ••• ,v"m cover S. Finally, let

Xl> •••

,xm such that

Then g lies in A, and we have for all z E S:

fez) -

E

< g(z) < fez) + E,

thereby proving the lemma.
The theorem is an easy consequence of the lemma, and will follow if we
can prove that whenever f, g E A then max(f, g) and min(f, g) lie in the
closure of A. To prove this, we note first that we can write
max(f )
,g

= f + g + If - gl

min(f ) = f
,g

2

+g_
2

2'

If - g I
2·

Consequently it will suffice to prove that if f E A then IfiE A.
Since f is bounded, there exists a number c > 0 such that -c ~f(x) ~ c
for all XES. The absolute value function can be uniformly approximated
by ordinary polynomials on the interval [ - c, c] by Exercises 2 or 3, which
are very simple ad hoc proofs. The fact will also be reproved later by convolutions. Given E, let P be a polynomial such that
IP(t) -

Itll <

E

for - c ~ t ~ c. Then

IP(f(x») - If(x)11 <

E,
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and hence If I can be approximated by P 0 f. Explicitly, if

then

i.e.
p(f(x»)

= a"f(x)" + ... + ao·

This concludes the proof of the Stone-Weierstrass theorem.
Corollary 5.3. Let S be a compact set in R". Any real continuous function
on S can be uniformly approximated by polynomial functions in k variables.
Proof. The set of polynomials contains the constants, and obviously
separates points of R" since the coordinate functions Xl"" ,X" already
do this. So the theorem applies.

There is a complex version of the Weierstrass-Stone theorem. Let A
be an algebra of complex valued functions on the set S. If f E A, we have
its complex conjugate I defined by
lex) = f(x).

For instance, if f(x) = e ix then lex) = e- ix• If A is an algebra over C of
complex valued functions, we say that A is self conjugate if whenever f E A
the conjugate functions I is also in A.
Complex S-W theorem. Let S be a compact set and A an algebra (over C)
of complex valued continuous functions on S. Assume that A separates
points, contains the constants, and is self conjugate. Then the uniform
closure of A is equal to the algebra of all complex valued continuous
functions on S.
Proof. Let AR be the set of all functions in A which are real valued. We
contend that AR is an algebra over R which satisfies the hypotheses of the
preceding theorem. It is obviously an algebra over R. If Xl =F X2 are points
of S, there exists f E A such that f(XI) = 0 and f(X2) = 1. (The proof
of the first step of Lemma 5.2 shows this.) Let g = f + f. Then g(XI) = 0
and g(X2) = 2, and 9 is real valued, so AR separates points. It obviously
contains the real constants, and so the real S-W theorem applies to it.
Given a complex continuous function qJ on S, we write qJ = u + iv, where
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are real valued. Since u, v are continuous and u, v can be approximated uniformly by elements of AR, say j, gEAR such that Ilu - !II < E
and II v - gil < E. Then j + ig approximates u + iv = cp, thereby concluding the proof.
U, V

EXERCISES

'*

1. (a) Show that the set of Example 9 is an algebra, and that it is the same algebra
as that of Example 8. (b) If an or bn 0 define the trigonometric degree of f to
be n. Prove that
trig deg(fg) = trig degf + trig deg g.
2. Give a Taylor formula type proof that the absolute value can be approximated
uniformly by polynomials. First, reduce it to the interval [ -1,1] by multiplying
the variable by c or c - 1 as the case may be. Then write

It I =Jf.
Select tJ small, 0 < tJ < 1. If we can approximate (t 2 + tJ)1/2, then we can approximate Jf. Now to get (t 2 + tJ)1/2 either use the Taylor series approximation for
the square root function, or if you don't like the binomial expaI1sion, first approximate

by a polynomial P. This works because the Taylor formula for the log converges
uniformly for c ;;:i! u ;;:i! c + 1. Then take a sufficiently large number of terms from
the Taylor formula for the exponential function, say a polynomial Q, and use Q P
to solve your problems.
0

3. Give another proof for the preceding fact, by using the sequence of polynomials
{P n}, starting with poet) = 0 and letting

Show that {P n } tends to Jt uniformly on [0, 1], showing by induction that

r.

O;;:i!yt-Pn(t);;:i!

2Jt
r.'
2 + nyt

whence 0 ;;:i! Jt - Pn(t) ;;:i! 2/n.
4. Let S be a compact set and let R be the algebra of continuous real valued functions
on S. Let I be a subset of R containing 0, and having the following properties:
(i) Iff, gEl, then f + gEl.
(ii) Iff E I and hER, then hf E I.
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Such a subset is called an ideal of R. Let Z be the set of points xeS such that
f(x) = 0 for all f e I. We call Z the set of zeros of I.
(a) Prove that Z is closed, expressing Z as an intersection of closed sets.
(b) Let feR be a function which vanishes on Z, i.e. f(x) = 0 for all x e Z.
Show that f can be uniformly approximated by elements of I. [Hint: Given £,
let C be the closed set of elements xeS such that I f(x) I ~ £. For each x e C, there
exists gel such that g(x) #- 0 in a neighborhood of C. Cover C with a finite
number of them, corresponding to functions gl' ... ,gr' Let g = g1 + ... + g;.
Then gEl. Furthermore, g has a minimum on C, and for n large, the function

f~
1 + ng
is close to f on C, and its absolute value is < £ on the complement of C in S. Justify
all the details of this proof.]
5. (a) Let E be a normed vector space, let 0 < 'I < '2' Let VEE. Show that there
exists a continuous function g on E such that g(x) = 1 if x is in the ball of radius
'1 centered at v, and g(x) = 0 if x is outside the ball of radius '2 centered at v, and
such that 0 ~ g(x) ~ 1 for all x.
(b) Let SI' S2 be compact sets in normed vector spaces. Let f: SI x S2 -+ R be a
continuous function. Show that given £, there exist continuous functions gl' ... ,g.
on SI and hi, ... ,h. on S2 such that

for all x E SI and Y E S2' [Hint: Apply the Stone-Weierstrass theorem to the
algebra of functions generated by the functions on each factor.]

§6. Application to Trigonometric Polynomials
We consider here a special case of the Weierstrass-Stone theorem having
to do with trigonometric polynomials.

Theorem 6.1. Let T be the circle of radius 1 centered at the origin in the
complex numbers (i.e. all complex numbers of absolute value 1). Every
complex continuous function on T can be approximately uniformly by
polynomials of the form
II

f(z) =

L

k=

CkZk,

-II

Proof. We let A be the algebra of complex continuous functions generated over C by the functions z and z (that is the functions qJ and ip such
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that qJ(z) = Z and cp(z) = z). Then obviously A separates points, contains
the constants, and we can apply the complex Stone-Weierstrass theorem to
it. On the other hand, observe that

if Izl = 1, and hence any product znZ'" can be written in the form

Thus polynomials in z, z can be written as in the statement of Theorem 6.1.
It is customary to represent points on the unit circle in terms of their
polar coordinate, namely z = e ifJ with () real. The real number () is
uniquely determined up to an additive integral mUltiple of 2n. The sums of
Theorem 6.1 can then be written
n

l(e ifJ)

=

L
-n

Ck eikfJ•

Let S be the interval [0,2n]. For every z E T there exists exactly one
() such that 0 ~ () < 2n and z = e ifJ • Furthermore, we have the map S -+ T
given by () 1-+ e ifJ , which takes on the same value at the end points.
Let ~2n(S) be the set of bounded functions I on S (say real valued)
such that f(O) = f(2n). Then 1A 2n(S) is a subspace of the normal vector
space of all bounded functions on S, and is immediately verified to be a
closed subspace. Let ~(T) be the normed vector space of all real bounded
functions on T. We have a map

which we denote by

such that if I

E ~ 2n(S)

then

This map is obviously linear and preserves norms, that is

11/11 =IIPII.
Furthermore, if 9 E ~(T), and we define g# on S by
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then the map g ~ g# is a linear map which is the inverse of the preceding
one. Thus fA 211(S) and fA(T) are essentially the same thing, and a bounded
function f on S such that f(O) = f(2n) is then viewed as a bounded function on the circle. Furthermore, it is clear that a function f E fA 21t(S) is
continuous if and only if l is continuous on T.
Finally, the functions of fA 2 iS) are nothing but the functions on R which
are bounded and periodic of period 2n. Indeed, any such function on R
gives rise to a function in fA 211(S), On the other hand, suppose given a
function g on the interval 0 ~ x < 2n. For any x E R there exists a unique
integer n such that 2nn ~ x < 2n(n + 1). Then

o~ x

- 2nn < 2n.

We define g(x) to be g(x - 2nn). Then g is defined on all of R and is
periodic. Suppose that g was continuous on 0 ~ x < 2n and that
lim g(x)
x-+21t

exists. Then the extension of g to R will be continuous if and only if this
limit is equal to g(O). If that is the case, we see that g is defined on the
circle, and is continuous on the circle.
One could pick any other interval of length 2n and apply the preceding
remarks. Usually, the convenient intervals are either [0,2n] or [ -n, n].
The extension of the function x 2 on the interval 0 ~ x < 2n is shown in
the following picture.

In any case, we may now formulate Theorem 6.1 in an alternate way.

Theorem 6.2. Let f be a continuous periodic function of e, of period
2n. Then f(e) can be uniformly approximated by trigonometric polynomials
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Alternatively, f(O) can be uniformly approximated by sums
n

n

"=0

"=1

L a" cos klJ + L h" sin klJ.

Proof. The first assertion is merely a special case of Theorem 6.1, applied
to the algebra generated by the functions
and
when k ranges over the integers. This algebra is self conjugate. On the
other hand, writing

ei"9 = cos klJ + i sin klJ
yields the alternate version as stated.

Remark. Suppose that f(lJ) is a real valued function. In the expression
with a" cos klJ and h" sin klJ, the constants a" and h" are a priori complex.
But if f is real, one can replace the imaginary part by 0 thereby getting an
even better approximation, so the constants may be taken to be real. Thus
we obtain the uniform approximation in terms of real sums as in the
theorem. Of course, the proof given here tells us nothing about the nature
of the coefficients a", h". In Chapter 12, we shall find an explicit method of
computing the approximating polynomials.

CHAPTER 9

Series

§1. Basic Definitions
Let E be a normed vector space. Let {v n } be a sequence in E. The expression

is called the series associated with the sequence, or simply a series. We call
Sn

=

n

L

k=1

Vk

=

V1

+ ... + Vn

its n-th partial sum. If
n ....

00

exists, we say that the series converges, and in that case, the limit is called
the sum of the series. Thus the sum of the series, if it exists, is defined as a
limit of a certain sequence, and consequently, the theorems concerning
limits of sequences apply to series. Notably, we have:
If

and
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are two series in E, and if both converge, then
00

00

00

L (v n + wn) = n=l
L Vn + n=l
L Wn•
n=l
If c is a number, and if

00

L Vn converges, then

n=l

00

c

00

L Vn = n=l
L CVn •
n=l

If E, F, G are normed vector spaces, and E x F
00

00

n= 1

n= 1

~ G is

a product, and if

L Vn and L Wn are convergent series in E and F respectively, then

where

and

Note that sntn = L ViWj the sum being taken for i,j = 1, ... ,no The whole
point of this chapter is to determine criteria for the convergence of series.
As a matter of notation, one sometimes writes

omitting the n = 1 and 00 if the context makes it clear. Of course, if a
sequence is given for integers n ~ 0, we can write the sum of a series as

Similarly, we let
00

L Vn =

n=k

whenever it exists.

lim
n ...... 00

(Vk

+ Vk+ 1 + ... + Vn)
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The convergence of a series

L

Vn

for k large. Indeed, if for some k

depends only on

~

I the preceding series converges, then

converges also, as one sees at once by the theorem concerning limits of
sums. Thus we may say that the convergence of the given series depends
only on the behavior of Vn for n sufficiently large.
For the same reason, if we have two series L Vn and L v~ such that
Vn = v~ for all but a finite number of n, then one series converges if and
only if the other converges. Indeed, if Vn = v~ for all n ~ N, we can express
the partial sums Sn and s~ for n ~ N in the form
Sn

= VI

s~ = v~

+ ... + Vn

= VI

+ ... + VN +

+ ... + v~ = v'n + ... + v:V +

n

L

Vk'

k=N+ I
n

L

Vk ·

k=N+l

The last sums from N + I to n on the right are equal to each other. Hence
{sn} has a limit if and only if {s~} has a limit, as n --+ 00.
Finally, we observe that if L Vn converges, then
lim

Vn

=

0,

because in particular ISn + I - Sn I = IVn +11 must be less than f for n sufficiently large. However, there are plenty of series whose n-th term approaches which do not converge, e.g. L lin, as we shall see in a moment.

°

§2. Series of Positive Numbers
We consider first the simplest case of series, that is senes of positive
numbers.

Theorem 2.1. Let {an} be a sequence of numbers ~ 0. The series

converge if and only if the partial sums are bounded.
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Proof Let
Sll

= a1 + ... + all

be the n-th partial sum. Then {Sll} is an increasing sequence of numbers.
If it is not bounded, then certainly the series does not converge. If it is
bounded, then its least upper bound is a limit, and hence the series converges, as was to be shown.
In dealing with series of numbers ~ 0, one sometimes says that the
series diverges if the partial sums are not bounded.

Theorem 2.2. Let L all and L bn be series of numbers with an, bn ~ 0
for all n. Assume that L bn converges, and that there is a number C > 0
such that 0 ~ an ~ Cbn for all sufficiently large n. Then L an converges.
Proof Replacing a finite number of the terms an by 0, we may assume
that an ~ Cbll for all n. Then
a1

+ ... + an

~ C(b 1 +

... + bn) ~

00

C L bk •
k=l

This is true for all n. Hence the partial sums of the series L an are bounded,
and this series converges by Theorem 2.1, as was to be shown
Theorem 2.2 is called the comparison test. It is the test used most frequently to prove that a series converges. Most are compared for convergence either with the geometric series

L cn,
00

n=l

where 0 < c < 1, or with the series
1

00

L n1+l'

11=

1

The geometric series converges because

1
cn + 1
1 +c+ .. ·+cn = - - - - 1-c 1-c
and taking the limit as n -+ 00, we find that its sum is 1/(1 - c). The other
series will later be proved to converge.

Theorem 2.3. Let L all be a series of numbers ~ 0, and let c be a number,
1, such that an+ 1 ~ can for all n sufficiently large. Then Lan
converges.

o< c <
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Proof. We shall compare the series with the geometric series. Let N
be such that an+ 1 ~ can for all n ;;; N. We have

and in general by induction,

Hence
m

L aN+k ~ aN(l + c + ... + cm),

k=l

and our series converges, by comparison with the geometric series.
Theorem 2.3 is known as the ratio test. The next theorem, known as the
integral test concludes the list of criteria for the convergence of series with
tenns ;;; O.

Theorem 2.4. Let f be afunction definedfor all numbers;;; 1. Assume that
f(x) ;;; 0 for all x, that f is decreasing, and that

roo f(x) dx =

J1

lim
B-+ 00

r f(x) dx
J
B

1

exists. Then the series

L
00

f(n)

n=l

converges. If the integral diverges, then the series diverges.
Proof. For all n ;;; 2 we have
f(n)

~ 1"-1 f(x) dx.

2

3
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Hence if the integral converges,
f(2)

f

+ ... + fen) ~

f(x) dx

~ f~) f(x) dx.

Hence the partial sums of the series are bounded, and the series converges.
Suppose conversely that the integral diverges. Then for n ~ 1 we have

i

"+1

fen) ~"

f(x) dx,

and consequently
f(l)

+ ... + fen)

~

["+1

J1

f(x) dx

and the right-hand side becomes arbitrarily large as n ~
the series diverges, and our theorem is proved.

00.

The integral test shows us immediately that the series
because we compare it with the integral

f

cc

1

Consequently

L lin diverges,

1

-dx

x

which diverges. Indeed,

i"l
1

-dx
x

= log n,

which tends to infinity as n ~ 00.
Observe that the integral test is essentially a comparison test. We compare the series with another series whose terms are the integrals of f from

n-1ton.

Using the integral test, we can now prove the convergence of
1

cc

L n1+,·
"=1
We compare this series with the integral

i

cc

1

1

1+. dx .

x
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We have

Here of course, the €. is fixed. Taking the limit as B -+ 00, we see that the
first term on the right approaches 0, and so our integral approaches II€.;
so it converges.
For instance,

converges. Note that the ratio test does not apply to the series

Indeed,

and this ratio approaches 1 as n -+ 00. Thus the ratio test does not yield
anything.
We can compare other series with L 1/ns for s> 1 to prove convergence by means of a standard trick, as follows. We wish to show that

converges for s > 1. Write s = 1 + €.
large,

+ ~ with ~ > O.

For all n sufficiently

lo~ n ~ 1,
n

and so the comparison works, with the series L 1/n1+'.
EXERCISES

1. Prove the convergence of the series I l/n(log n)I+< for every (> O.
2. Let I a. be a series of terms;;;; O. Assume that there exist infinitely many integers
n such that a. > l/n. Assume that the sequence {a.} is decreasing. Show that I a.
diverges.
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I

3. Let
an be a convergent series of numbers ~ 0, and let {bl' b2, b3 , ••. } be a
bounded sequence of numbers. Show that anbn converges.

I

I

4. Show that
(Jog n)ln 2 converges. If S > 1, does
a positive integer d, does (Jog n)dln' converge?

I

I

(Jog n3 )ln' converge? Given

5. (a) Let n! = n(n - l)(n - 2)·· . 1 be the product of the first n integers. Using
the ratio test, show that L lin! converges.
(b) Show that I linn converges. For any number x, show that I xnln! converges,
and so does xnlnn.

L

6. Let k be a integer

~

2. Show that
GO

L 1/n 2 <

1/(k - 1).

n=k

7. Let I a; and I b; converge, assuming an ~ 0 and bn ~ 0 for all n. Show that
a.bn converges. [Hint: Use the Schwarz inequality.]

L

8. Let {an} be a sequence of numbers ~ 0, and assume that the series
verges for some number S

= so.

Show that the series converges for s

9. Let {an} be a sequence of numbers ~ 0 such that
(a)

I

(b) "L...

L an diverges.

I

~

a./n' conso.

Show that:

~ diverges.
1 + an

an 2 converges.
1 + nan

(c)

I_a_n_

(d)

a
I--n-2
sometimes converges and sometimes diverges.

1 + nan

sometimes converges and sometimes diverges.

1 + an

10. Let {an} be a sequence of real numbers

TI (1 + ak) =

(1

~

0 and assume that lim an = O. Let

+ al)(l + a2) .. ·(1 + an)·

k=1

We say that the product converges as n --+
exists, in which case it is denoted by

00

if the limit of the preceding product

GO

L

Assume that an converges. Show that the product converges. [Hint: Take the
log of the finite product, and compare 10g(1 + ak) with ak' Then take exp.]
11. Recall that if f, g are two functions defined say for x ~ 0 and both such that f(x),
g(x) ~ 0, we say that f -< g if there exists a function h such that h(x) ~ 0 all x,
lim h(x)
X~GO

andg

= fh.

= 00
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Let f be positive, continuous for x G; O. Define for x G; 1:
F(x) =

f

f(t) dt.

We say that f is much smaller than its integral if f -< F.
(a) Iff, 9 are positive, and f is decreasing; if 9 is much smaller than its integral,
then fg is much smaller than its integral.
(b) If f, 9 are positive, increasing, and g(2x) ~ Cg(x) for some number C > 0
and all x, and if f is much smaller than its integral, then fg is much smaller than
its integral.
(c) Assume that f, 9 are positive, that f(x) -> 00 and g(x) -> 0 as x -> 00. Show
that

f -< ff'
fg

for x

-> 00.

(d) Prove that if f is monotone (increasing or decreasing) and is much smaller
than its integral, then f1/2 is much smaller than its integral. Hint: Compare the
integral and the sums

r

N

N-1

n=2

"=1

L f(n),

f(t)dt,

L

f(n).

12. Let S be a subset of R. We say that S has measure zero if given
sequence of intervals {J.} such that

£

there exists a

00

L length(J.) < £,

"=1

and such that S is contained in the union of these intervals.

(a) If Sand T are sets of measure 0, show that their union has measure O.
(b) If Sl' S2"" is a sequence of sets of measure 0, show that union of all
Si (i = 1,2, ... )

has measure O.
13. Let E be the set of all sequences

x=

(Xl' X2""

,x., ... )

such that

converges. Show that E is a vector space. Using Exercise 7, show that one can
define a product between two elements X and Y = (Y1' Y2"") by
00

(X, Y) =

L X.Y.·

n=!

188

9. Series

Show that this product satisfies all the conditions of a positive definite scalar
product, whose associated norm is given by

14. Let S be the set of elements en in the space E of Exercise 13 such that en has component 1 in the n-th coordinate and 0 for all other coordinates. Show that S is a
bounded set in E but is not compact.
15. Let E be the set of all sequences X = {xn} sqch that
00

L IXnl

n=l

converges. Define IX I to be the limit of this series. Show that E is a vector space
and that this defines a norm on E. Show that E is complete.
16. Let {an} be a sequence of positive numbers such that L an converges. Let {O'n}
be a sequence of seminorms on a vector space E. Assume that for each x E E
there exists C(x) > 0 such that O'n(x) ~ C(x) for all n. Show that L anO'n defines
a seminorm on E.
17. (Khintchine) Let f be a positive function, and assume that
00

L

f(q)

q=l

converges. Let S be the set of numbers x such that 0
exist infinitely many integers q, p > 0 such that

Show that S has measure O. [Hint: Given

L

€,

~

x

~

1, and such that there

let qo be such that

f(q) < (.

q~qo

Around each fraction O/q, I/q, ... , q/q consider the interval of length f(q)/q. For
q ~ qo, the set S is contained in the union of such intervals ....J
18. Let a. be a real number. Assume that there is a number C > 0 such that for all
integers q > 0 and integers p we have

Let !/J be a positive decreasing function such that the sum

00

L !/J(n)
n=l

converges.

189

§3. Non-Absolute Convergence

Show that the inequality

has only a finite number of solutions. [Hint: Otherwise, ljJ(q) > Cjq for infinitely
many q. Cf. Exercise 2.]
19. (Schannel) Prove the converse of Exercise 14. That is, let rx be a real number.
Assume that for every positive decreasing function IjJ with convergent sum L: ljJ(n),
the inequality j rx - p/q j < ljJ(q) has only a finite number of solutions. Show that
there is a number C > 0 such that jrx - p/qj > Cjq for all integers p, q, with q > O.
[Hint: If not, there exists a sequence 1 < ql < q2 < ... such that

Let
ljJ(t) =

L:
00

i=1

e e- t / qi •]
2 qi

-i-

20. Let rx be a real number> O. Let
an

=

rx(rx

+ 1)··· (rx + n)
n!n'

Show that {an} is monotonically decreasing for sufficiently large values of n, and
hence approaches a limit.

§3. Non-Absolute Convergence
We first consider alternating series.

Theorem 3.1. Let

L an be a series of numbers such that
lim an = 0,
n-+

00

such that the terms an are alternatively positive and negative, and such
that lan+tI ~ lanl for n ~ 1. Then the series converges, and
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Proof. Let us assume say that al > 0, so that we can write the series in
the form

Then

Since

°

~ bn + 1 ~ en,

it follows that Sn + 1 ~

Sn

and thus

and similarly,

i.e. the Sn form a decreasing sequence, and the tn form an increasing sequence. Since tn = Sn - en and en ~ 0, it follows that tn ~ Sn so that we
have the following inequalities:

Given

E,

and if m

there exists N such that if n

~

~

N then

N also, and say m ~ n, then

Hence the series converges, the limit being viewed as either the greatest
lower bound of the sequence {sn}, or the least upper bound of the sequence
{t n}. Finally, observe that this limit lies between S1 and

This proves our last assertion. The case when a1 < 0 can be dealt with by
considering the series formed with the terms - an for all n.
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Example. The series L (-l)nln converges, by a direct application of
lin does not converge, as we saw
Theorem 3.1. However, the series
from the integral test.

L

Remark. The final statement in Theorem 3.1 allows us to estimate the
tail end of an alternating series. Indeed, if we take the sum starting with
the k-th term, then all the hypotheses are still satisfied. Thus

The proof of Theorem 3.1 also shows that for positive integers k
have

~

m we

This gives a useful estimate in certain applications, when it is necessary
to estimate certain tail ends uniformly and accurately.
There is a more general theorem than Theorem 3.1 which is not harder
to prove, and does not require a strict alternation of signs.
Theorem 3.2. Let {an} be a decreasing sequence of numbers ~ 0, whose
limit is 0 as n -+ 00. Let {b n} be a sequence of numbers (not necessarily
positive) and assume that there is some number C > 0 such that for all n,

(i.e. the partial sums of the series
L anbn converges, and infact

L bn are

bounded). Then the series

Proof. We shall first prove by induction on n that if

for m ~ n, then

192

9. Series

The statement is obvious for n = 1. Assume it for n - 1. If an-l = 0,
then an = 0 also, and our assertion follows by induction. If an- 1 =F 0, we
write

Let A = a,,/an-l. Induction reduces our proof to showing that

But 0 ~ A ~ 1. If x, yare any numbers, then x + AY lies between x and
x + y. Consequently Ix + AY I ~ max( Ix I, Ix + y I). Letting

x = bl

+ ... + bn - l

and y = bn yields what we want. We have therefore proved the last assertion of the theorem.
As to the first, observe that for m ~ n we have

Let Sn = alb l + ... + anb n be the partial sum. Applying the first part
of the proof to the series obtained by starting the summation with m, we
find

Since am -+ 0 as m -+ 00 by assumption, we conclude that the sequence
of partial sums is a Cauchy sequence, and hence converges, thereby proving Theorem 3.2.

Corollary 3.3. We have for all integers m
and

~

1, and m

~

n,
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Proof. Fixing m, we let n tend to infinity and use the inequality theorem
for limits to prove what we want.

We can apply Theorem 3.2 to prove Theorem 3.1 by letting bn = (_1)n.
The partial sums
-1

+1-

1+

... + ( _1)n

have the value -1,0, or 1 and consequently are bounded. If {an} is a decreasing sequence of numbers ~ 0, approaching 0, then
00

L(-1)"an
n= 1

converges, and is an alternating series of the type considered in Theorem
3.1.
There is another method for evaluating sums of the type
n

L f(k)g(k),

k= 1

where f, 9 are suitable maps. It is based on the following lemma, called the
lemma of summation by parts.

Lemma 3.4. Assume that f(n

+ 1) = O.

G(k) = g(1)

Let

+ ... + g(k).

Then
n

n

k= 1

k'" 1

L f(k)g(k) = L (f(k) -

f(k

+ 1»)G(k).

Proof. We define G(O) = O. We have:
n

n

k= 1

k= 1

L f(k)g(k) = L f(k)(G(k) =

G(k - 1»)

n

n

k= 1

k= 1

L f(k)G(k) - L f(k)G(k -

1).
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We change the summation index of the sum on the right, letting m = k - 1,
k = m + 1 so that the sum with respect to m goes from 0 to n - 1. However, f(I)G(O) = 0 = f(n + I)G(n) by assumption. Thus we find that our
expressions are
=

n

n

k= 1

m= 1

L f(k)G(k) - L f(m + I)G(m)
n

=

L (f(k) -

f(k

k=l

+ 1))G(k)

as was to be shown.
The argument is valid for any pair of maps f, g into vector spaces having
a product satisfying associativity and distributivity. Thus we can apply
the formula to real numbers, complex numbers, functions, etc.

In case the product satisfies the standard norm inequality, we suppose
that there is some number C > 0 such that IG(k) I ~ C for k = 1, ... ,no
Then we have the estimate

I

ktl f(k)g(k)

I= I

ktl (f(k)

- f(k

n

~

L If(k) -

f(k

k=l

+ 1) )G(k) I

+ 1)IC.

In particular, if we let f(k) = ak for k = 1, ... ,n and define f(n + 1) = 0
in Theorem 3.2, we note that each term f(k) - f(k + 1) is ~ 0 and thus
that the absolute value signs can be omitted. In that case, all the terms
except f(l) cancel, namely
f(l) - f(2)

+ f(2)

- f(3)

+ f(n

+ ...

- 1) - f(n)

+ f(n)

- f(n

+ 1) = f(1).

The estimate of Theorem 3.2 follows.
For the tail end of the series, we estimate
n

n

k=m

k=m

L f(k)g(k) = L (f(k) -

f(k

+ 1))Gm(k),

where Gm(k) = g(m) + ... + g(k). This is merely a change of notation in
the summation.
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One last word on series of the type L akbk' Exercise 7 of §2 gives one
method of proving convergence. Summation by parts gives another
method which covers all cases in this section. These are the two standard
methods which one tries in any given situation.

EXERCISES

1. Let an ~ 0 for all

n.

Assume that

2. Show that for x real, 0 < x < 2n,

L an converges.

Show that L

L einxjn converges.

faJn converges.

Conclude that

and
converge in the same interval.

L

L

an is said to converge absolutely if
Ian I converges. Determine which of the following series converge absolutely, and which just converge.

3. A series of numbers

( _1)n

(b)

L (_1)n Ism nl

L (- 1)n -'....J_n_+_1_----'Jnc-n

(d)

L~

(e)

n
L-sin-

(f)

L (_1)n 2n3 + n _

(g)

L3

(h)

L:

(a)

L nl+l/n

(c)

n

2n 2 -

2n

n

+1

n -

4

1
(i) L(-1)nlog n

n

n2

n5

n cos n
-

n3

+

-

4n

5

1

(j) L(-1)n (1 1 )2
n og n

4. For which values of x does the following series converge?
xn

L-znx - 1

L

5. Let {an} be a sequence of real numbers such that
an converges. Let {bn} be a
sequence of real numbers which converges monotonically to infinity. (This means
that {bn} is an unbounded sequence such that bn+ 1 ~ bn for all n.) Show that
1

lim
N-+oo

b

N

L anbn = O.

N n=l

Does this conclusion still hold if we only assume that the partial sums of
bounded?

L an are

9. Series
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6. The Cantor set. Let K be the subset of [0, 1] consisting of all numbers having a
trecimal expansion

a'

I,=1 3'
00

where a, = 0 or a, = 2. This set is called the Cantor set. Show that K is closed
and compact. Show that the numbers a, in the trecimal expansion of a given number are uniquely determined.
7. Peano curve. Let K be the Cantor set. Let S = [0, 1] x [0, 1] be the unit square.
Let f: K -+ S be the map which to each element I a.J3' of the Cantor set assigns the
pair of numbers
( '\' b2, + 1 '\' b2,)
L.. 2' ' L.. 2'
where brn = a..J2. Show that f is continuous, and is surjective. [It is then possible
to extend f to a continuous map of the interval [0, 1] onto the square. This is
called a Peano curve. Note that the interval has dimension 1 whereas its image
under the continuous map f has dimension 2. This caused quite a sensation at the
end of the nineteenth century when it was discovered by Peano.]

§4. Absolute Convergence in Vector Spaces
Let E be a complete normed vector space. Let
we can form the series

I

Vn be a series in E. Then

00

I Ivnl
n=1
of the norms of each term. Letting an = IVn I, we see that I an is a series
of numbers;;;; 0, to which we can apply the criteria developed in §1.
Theorem 4.1. If I

IVn I converges, then I Vn converges also.

This is easily seen, for if
n

Sn

is the partial sum, then for m

~

=

I

k=1

Vn

n we have
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Given £, there exists N such that if m, n ~ N and say m ~ n then the expression on the right is < £. Thus {sn} is a Cauchy sequence, and converges
since E is assumed complete.
Whenever the series Llvnl converges, we say that L Vn converges absolutely. We have just seen that absolute convergence implies convergence,
whence the terminology is justified.
In defining the value of a series
Vn , we take the limit of the partial
sums

L

It is thus important to consider the order in which the terms Vn occur.
For instance, if we consider the series L (-1)" and try to sum it by
putting parentheses this way:
(-1

+ 1) + (-1 + 1) + ...

we obtain the value O. On the other hand, putting the parentheses this way
-1

+ (1

- 1)

+ (1

- 1)

+ ...

we obtain the value -1. The partial sums actually oscillate between -1
and 1, and the series does not converge.
We known that the series L (-I)"(I/n) converges. However, by reordering the terms, we can obtain a series which does not converge. For
instance, consider the following ordering:
-1

11111
2 4 3 6 8

+ - + - - - + - + - + ... + -

11

2nl

+'

--

5

1
2nl

+2

1

1
7

+ ... +---+ ...
2n2

We select the sequence nl < n2 < n3 < ... as follows. Having chosen
some nk, we pick nk+ 1 such that the sum

1

1

---+ ... +-2nk + 2
2nk+l
is greater than 2, say. When we subtract the odd term immediately afterwards, what remains is still > 1. Thus the partial sums become arbitrarily
large.
The preceding phenomena are due to the presence of negative terms in
the series, as shown by the next theorem.
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I

Theorem 4.2. Let E be a complete normed vector space, and let
Vn be an
absolutely convergent series in E. Then the series obtained by any rearrangement of the terms also converges absolutely, to the same limit.
Proof The rearrangement of the series is determined by a permutation
of the positive integers Z + . That is, there exists a bijective mapping
a:Z+ -+ Z+ such that the rearranged series can be written in the form
co

I Va(n)'
n=1
Given

£,

there exists N such that if m, n > N and say m ~ n then

(1)

Select N 1 > N so large that if n > N 1 then a(n) > N. This can be done
because a is injective, and there is only a finite number of integers n such
that a(n) ~ N. Then if k, I > N 1 we have
(2)

because the terms in this sum are among the terms in the sum (1). This
proves that the partial sums of the series I IVa(n) I form a Cauchy sequence,
and hence that the rearranged series is also absolutely convergent. We
must see that it has the same limit.

We want to estimate
m

(3)

00

N

m

I Va(k) - n=1
I Vn = k=1
I Va(k) - n=1
I Vn k=1

00

I Vn
n=N+l

for m sufficiently large. Select M > N such that every integer 1'1 with
1 ~ n ~ N can be written in the form a(k) for some k ~ M. Such M exists
because a is surjective. Consider those m > M. Then by (1),

because the difference on the left contains only terms

Vn

n~N+1.

Consequently we obtain the estimate for (3), namely

If

k=1

Va(k) -

f I < 2£.
Vn

n=1

such that
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This proves that the limit of the rearranged series is the same as the limit of
the original series, as desired.

§5. Absolute and Uniform Convergence
We can apply the preceding results to sequences of functions. Let S be a
set, and let Un} be a sequence of functions on S. We form the partial sums
Sn

so that

Sn

= 11 + ... + In

is a function,

We shall say that the series
if the series

Ifn (also written I In(x)) converges absolutely

converges for each XES. We shall say that the series I In converges uniformly if the sequence of functions {sn} converges uniformly.
In most instances, the functions In are bounded. In this case, we can
use the sup norm, and uniform, absolute convergence on S is the same as
the convergence of the series I IIInll. This is but a special case of that discussed in the preceding section.
We see that the convergence of a series of functions is determined by
the convergence of series of numbers, except that estimates now depend
on x, and to prove uniform convergence, we must show that these estimates
can be made in such a way that they do not depend on x.
Example 1. The series I (-l)n(x + n)/n 2 converge uniformly for
every interval - C ~ x ~ C. Indeed, for all n sufficiently large, (x + n)/n 2
is positive, and for such n,

C
1 2
o ~ -x+n
- 2 - ~ 2: + - ~ -.
n
n
n n
Let
Sn

~ (- 1)k(X
(x ) -_ L.
k2
k= 1

+ k)

•
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Using either Theorem 3.1 or 3.2, we conclude that for m, n large, we have
lis" - smll < £, whence the convergence is uniform. However, the convergence is not absolute, because we can compare the series with L lin
from below to see that L (x + n)ln 2 diverges.
In the absolutely convergent case, we have a standard test called the
Weierstrass test.
Theorem 5.1. Let {In} be a sequence of bounded functions such that
Illnll ~ M" for suitable numbers M", and assume that L M" converges.
Then L J,. converges uniformly and absolutely. If each f" is continuous
on some set S, then L J,. is continuous.
Proof Immediate from the definitions, the comparison test, and
Theorem 3.2 of Chapter 7, for the continuity statement.
Example 2. The series

is uniformly and absolutely convergent for all x because

and we know that
function f(x).

L 1/n

2

converges. Thus the series defines a continuous

EXERCISES

1. Show that the following series converge uniformly and absolutely in the stated

interval for x.

1

(a)

L-2--2
for 0 ~ x
n +x

(c)

L x"e-"

JC

(b)

sin nx
L--r[2
for all x
n

on every bounded interval 0 ~ x ~ C.

2. Show that the series

x"

L 1 + x"
converges uniformly and absolutely for 0 ~ Ixl ~ C, where C is any number with
C < 1. Show that the convergence is not uniform in 0 ~ x < 1.

o<
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3. Let
00

I

f(x) =

--2-'

n= 1

1+n x

Show that the series converges uniformly for x ~ C > O. Determine all points x
where f is defined, and also where f is continuous.
4. Show that the series
1
n2 _ x2

I

converges absolutely and uniformly on any closed interval which does not contain
an integer.
5. (a) Show that

converges uniformly on any interval [0, C] with C > O.
(b) Show that the series
x2 + n
(-1)"-2-

I

00

n

n= 1

converges uniformly in every bounded interval, but does not converge absolutely
for any value of x.
6. Show that the series
for every b such that

I

einX/n is uniformly convergent in every interval [(j,2n - (j]
0< b < n.

Conclude the same for I (sin nx)/n and I (cos nx)/n.
7. (a) Let

[I

be the set of sequences 0(

=

{an}, an E R, such that
00

Ilanl

n=1

converges. Define addition of sequences componentwise, and also multiplication
of sequences by numbers. Thus if f3 = {b n}, then 0( + f3 = {an + bn} and cO( = {can}
for any number c. Show that [I is a vector space. Define
00

Ilani.

110(11 =

n=1

Show that this is a norm on

[I

and that

[I

is a complete normed vector space.
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(b) Show that the closed ball of radius 1 in [1 is not compact.
(c) Let a = {an} be an element of 11, and let A be the set of all sequences p = {b n}
in 11 such that Ibnl ~ lanl for all n. Show that every sequence of elements of A has
a point of accumulation in A, and hence that A is compact.
8. Let F be the complete normed vector space of continuous functions on [0,2n]
with the sup norm. Let a = {an} e 11, and let
<Xl

L(a) =

L an cos nx.

n=l

Show that L is a continuous linear map of 11 into F, and that II L(a) II ~

aetl.

Iiall

for all

§6. Power Series
Perhaps the most important series are power series, namely

where an E R. (One can also consider power series with an E C. We leave
this to the reader.) The numbers an are called the coefficients of the series.
We are interested in criteria for the absolute convergence of the series.
Lemma 6.1. Let {an} be numbers ~ 0 and let r be a number> 0 such that

the series

converges. Then the series converges also for all numbers x such that

0;;;; x;;;; r.

Proof. Obvious, from the comparison test.

L

Corollary 6.2. If {an} is a sequence of numbers, and lanlrn converges,
then anxn converges absolutely and uniformly for Ix I ;;;; r.

L

Proof. By definition.

Example 1. For any r > 0 the series
parison test:

n! r
-=-,
1)! rn
n

rn+ 1
(n

+

L rnjn!

converges, by the com-
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which goes to 0 as n --. 00, so the comparison test works. This implies
that the series L x"/n! converges absolutely for all x, and uniformly for
Ixl ~ r. Similarly, the series

and

converge absolutely for all x, and uniformly for Ix I ~ r.

L

Theorem 6.3. Let a"x" be a power series. If it does not converge absolutely for all x, then there exists a number s such that the series conconverges absolutely for Ix I < s and does not converge absolutely for

Ixl > s.

Proof. Suppose the series does not converge absolutely for all x. Let
s be the least upper bound of those numbers r ~ 0 such that

converges. Then L Ia,,11 x I" diverges if Ix I > s and converges if Ix I <
by Theorem 6.2, so our assertion is obvious.

S

The number s in Theorem 6.3 is called the radius of convergence of the
power series. If the power series converges absolutely for all x, then we
say that its radius of convergence is infinity. When the radius of convergence is 0, then the series converges absolutely only for x = o.
Theorem 6.4. Let {a,,} be a sequence of real numbers

°°
°< <

~

O. Assume that

(we allow s to be 00). If s is a number ¥- 0, then the radius of convergence
of the series
a"x" is l/s. If s = or s = 00 then this assertion still
holds provided we interpret l/s as 00 or respectively.

L

Proof. Suppose first s ¥- 0, and let ~ r l/s. For small €, the numbers a~/"r approach sr and hence are 1 - € for all n sufficiently large.
a"r" converges by comparison with the geometric
Hence the series
series. If on the other hand r > l/s, then a~/"r approaches sr > 1, and

L
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hence we have a!/nr ~ 1 + (. for all n sufficiently large. Comparison from
below shows that the series L anr" diverges. We leave the cases of s = 0
or s = 00 to the reader.
Observe that our results apply to complex series, because they involve
only taking absolute values and using the standard properties of absolute
values. The discussion of absolute convergence in normed vector spaces
applies in this case, and the comparison is always with series having real
terms ~ O. The next lemma is for the next section.

Lemma 6.5. Let s be the radius of convergence of the power series L anxn.
Then the derived series L nanxn- I converges absolutely for Ixl < s.
Proof. Recall that lim nl/n = 1 as n -. 00. Without loss of generality,
we may assume that an ~ O. Let 0 < c < s and let C < CI < s. We know
that L anc'I converges. For all n sufficiently large, nl/nc < CI and hence

L nancn = L ainl/nc)n
converges. This proves that the derived series converges absolutely for
Ix I ~ c. This is true for every c such that 0 < c < s, and consequently
the derived series converges absolutely for Ix I < s, as was to be shown.
Of course, the integrated series

also converges absolutely for Ix I < s, but this is even more trivial since
its terms are bounded in absolute value by the terms of the original series,
and thus the integrated series can be compared with the original one.
In the next section, we shall prove that the term-by-term derivative of
the series actually yields the derivative of the function represented by the
series.
EXERCISES

1. Determine the radii of convergence of the following power series.
(a)

I

(d)

I x"

(g)

I (n

nx"

n"
x"
2

+ 2n)

(b)

I

n2 x"

(c)

x"
In

(e)

I2"x"

(f)

I ~:

(h)

I (sin mr)x"
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2. Determine the radii of convergence of the following series.
(a)

L (log n)xR

(c)

L nIOIR X

(e)

L (4n _

1

R

(b)

L log n ~

(d)

L n(log1 n)2 x

(f)

L (2n + 7)! x·

x·
I)!

n

R

2"

3. Let faR} be a sequence of real numbers

~

0 and let

lim sup a~/· = s.
(If {a~/·} is unbounded, then we define s = 00. If a~/· is bounded, we define the
lim sup as the least upper bound of all accumulation points of the sequence.) Show
that the radius of convergence of the power series a.~ is equal to l/s, with the
usual interpretation

L

1/0 = 00

and

1/00

= O.

§7. Differentiation and Integration of Series
We first deal with sequences.

Theorem 7.1. Let UII} be a sequence of continuous functions on an interval [a, b], converging uniformly to a function f (necessarily continuous).
Then

Proof. We have

Given l, we select n so large that

IIIn - !II <

l/(b - a)

to conclude the proof.

Theorem 7.2. Let {In} be a sequence of differentiable functions on an
interval [a, b] with a < b. Assume that each f~ is continuous, and that

206

9. Series

the sequence {f~} converges uniformly to a function g. Assume also that
there exists one point Xo E [a, b] such that the sequence of {fn(XO)} converges. Then the sequence {fn} converges uniformly to a function f, which
is differentiable, and f' = g.
Proof For each n there exists a number Cn such that
all x

E

[a, b].

Let x = Xo. Taking the limit as n ~ 00 shows that the sequence of numbers
{cn } converges, say to a number c. For an arbitrary x, we take the limit
as n ~ 00 and apply Theorem 7.1. We see that the sequence {J,,} converges pointwise to a function f such that

f(x) =

[g +

c.

On the other hand, this convergence is uniform, because

I fix) - f(x) I = I[f~ - [g I = I[(f~

- g) I~ (b - a)llf~ - gil·

This proves our theorem.
Note. The essential assumption in Theorem 7.2 is the uniform convergence of the derived sequence {f~}. As an incidental assumption, one
needs a pointwise convergence for the sequence {fn}, and it turns out that
pointwise convergence at one point is enough to make the argument go
through, although in practice, the pointwise convergence is usually obvious for all x E [a, b].
We obtain the theorem for differentiation of series as corollary.

L

CoroUary 7.3. Let In be a series of differentiable functions with continuous derivatives on the interval [a, b], a < b. Assume that the derived
series L f~ converges uniformly on [a, b], and that L fn converges pointwise for one point. Let f =
Then f is differentiable, and

Lin.
f'

= Lf~.

Proof Apply Theorem 7.2 to the sequence of partial sums of the series.
The corollary states that under the given hypotheses, we can differentiate
a series term by term. Again, we emphasize that the uniform convergence
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of the derived series is essential. For instance, the function
•

2

f(x) = " sm n x
L.

n2

is a continuous function. If we try to differentiate term by term, we obtain
the series cos n2 x. It is at first not obvious if this series converges. It
can be shown that it does not (this is not too difficult).

L

L

Corollary 7.4. Let anxn be a power series with radius of convergence
s > O. Let f(x) = L anxn. Then

f'(x) =

L nanx"-1

for Ixl < s.
Proof. Let 0 < c < s. Then the power series converges uniformly for

Ix I ~ c, and so does the derived series by the lemma of the preceding section. Hence f'(x) = L nanx n- 1 for Ix I < c. This is true for every c such
that 0 < c < s, and hence our result holds for Ix I < s.
Corollary 7.1 shows that even though a series may not converge uniformly on a certain domain, nevertheless this domain may be the union of
subintervals on which the series does converge uniformly. Thus on each
such interval we can differentiate the series term by term. The result is
then valid over the whole domain. In particular, uniform convergence is
usually easier to determine on compact subsets, as we did in Corollary 2.4,
selecting c such that 0 < c < s and investigating the convergence on
0< Ixl ~ c.
Corollary 7.5. Let L anxn have radius of convergence s, and let

f(x) =

L anxn

for Ixl < s.

Let
n+1

F(x)=L~'
n+1
Then F'(x) = f(x).
Proof. Differentiate the series for F term by term and apply Corollary
7.4.

208

9. Series

We have now derived the theorems giving a proof of the existence of
functions f, g such that

=g

and

g'

f(O) = 0

and

g(O)

f'

=-f
= 1.

Indeed, we put
X2n-1

co

f(x) = n~1 (_1)n-1 (2n - I)!'

This fills in the missing existence of Chapter 4, §3 for the sine and cosine.
Similarly, we have proved the existence of a function f(x) such that

f(O)

and

f'(x) = f(x)

= 1,

namely

xn

L,·
n.

f(x) =

This fills in the missing existence of Chapter 4, §1 for the exponential function.

EXERCISES

1. Show that if f(x) =

I

1/(n 2

+ x 2)

then f'(x) can be obtained by differentiating

this series term by term.
2. Same problem if f(x) =

I

1/(n2

-

x 2 ), defined when x is not equal to an integer.

3. Let F be the vector space of continuous functions on [0, 2n] with the sup norm.
On F define the scalar product

f

2n

<f, g) =

0

f(x)g(x) dx.

Two functions f, g are called orthogonal if <f, g) = O. Let
qJ.(x) = cos nx

and

t/I.(x) = sin nx.

209

§7. Differentiation and Integration of Series

(Take n ~ 1 except for CPo = 1.) Show that the functions CPo, CPft' t/lm are pairwise
orthogonal. [Hint: Use the formula
sin nx cos mx = t[sin(n

+ m)x + sin(n -

m)x]

and similar ones.] Find the norms of CP., CPo, t/lm.

4. Let {an} be a sequence of numbers such that
that the series
I(x) =

L aft converges absolutely.

Prove

L aft cos nx

converges uniformly. Show that

<I, CPo> =

0,

<I, t/lm> = 0

for all m,

5. Let {aft} be a sequence of numbers. Show that there exists an infinitely differentiable function 9 defined on some open interval containing 0 such that

[Hint: The following procedure was shown to me by Tate. Given n
there exists a function 1 = /., < which is C'" on -1 < x < 1 such that:
(1) 1(0) = 1'(0) = ... = 1(·-1)(0) = 0 and J<")(O)
(2) If(k)(X) I ;;;; f for k = 0, ... ,n - 1 and Ixl ;;;; 1.

=

~

0 and

f,

1.

Indeed, let cP be a COO function on (-1, 1) such that
cp(x)

0;;;;

=1

if Ixl;;;; f/2,

cp(x) ;;;; 1 if f/2;;;; Ixl ;;;; f,
cp(x) = 0 if f;;;; Ixl ~ 1.

Integrate cp from 0 to x, n times to get I(x). Then let fft be chosen so that L laftlf.
converges. Put
00

g(x) =

For k

~

L aJ.,<n(x).

ft=O

0 the series

converges uniformly on Ix I ;;;; 1, as one sees by decomposition the sum from 0 to k
and from k + 1 to 00, because for n > k we have

6. Given a COO function g:[a, b] -+ R from a closed interval, show that 9 can be extended to a Coo function defined on an open interval containing [a, b].
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7. Let n ~ 0 be an integer. Show that the series

converges for all x. Prove that y = J.(x) is a solution to Bessel's equation

n2)

1
( l--y=O.
y"+-y'+
x
x2

CHAPTER 10

The Integral in One Variable

Let F be a subspace of a normed vector space. It occurs in many contexts
in mathematics that one is given a linear map L: F -+ G which one wants to
extend to the closure of F. It occurs especially in the context of integration
theory, which we study in this chapter. We begin by systematizing the
general framework.

§1. Extension Theorem for Linear Maps
Let E, G be normed vector spaces, and L: E -+ G a linear map. We contend that the following two conditions are equivalent:
L is continuous.
There exists a number C > 0 such that IL(x) I ~

Clxl for all XEE.

Assume the first, and even assume that L is continuous only at 0. Given 1,
there exists b such that whenever x E E and Ix I < b we have IL(x) I < 1.
Now given an arbitrary x E E, x =I- 0, we have Ibxl21 x II < b, whence
L(bx121 x I) < 1. Taking the numbers out of L yields

2

IL(x) I < -;5l x l.
We take C
let D = fie.

=

21b. Conversely, assume the second condition. Given

Iflx - yl < D, then

IL(x - y)1 = IL(x) - L(y) I ~

Clx - yl <

f,

whence L is not only continuous but uniformly continuous.

f,
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A number C as above is called a bound for L. If B is the unit ball centered at the origin in E, then we see that L(B) is bounded by C, whence
the name for C. In view of the linearity it is clear that there cannot be a
number C 1 such that IL(x) I ~ C 1 for all x E E unless L = O. Hence in
the case of linear maps, we say that a linear map L is bounded if it is continuous. We mean by this that it takes bounded values on bounded sets.
There is of course some impropriety in this usage in view of the general
definition of bounded mappings, but it is standard usage and the reader
will find no genuine trouble arising from it.

Proposition 1.1. Let E be a normed vector space, and let F be a subspace.
Then the closure oj Fin E is a subspace oj E.
This is nothing but an exercise: If F denotes the closure of F, and v E F,
then v = lim Xn for some sequence of elements Xn E F. If w = lim Yn with
Yn E F, then v + w = lim(xn + Yn) also lies in F. Furthermore,
cv = c lim Xn = lime cXn)

lies in F, so F is a subspace.
Suppose that we are given a linear map L: F -+ G instead of being given
a linear map on E, and assume that L is continuous. We wish to extend L
by continuity to the closure of F. This can be done in the following case.
Theorem 1.2. Let E be a normed vector space, and let F be a subspace.
Let L: F -+ G be a continuous linear map oj F into a normed vector space
G, and assume that G is complete. Then L has a unique extension to a
continuous linear map

L:F-+G
oj the closure oj F into G. IJ C is a bound Jor L, then C is also a bound
Jor L.
ProoJ. Let v E F and let v = lim Xn with Xn E F. We contend that the
sequence {L(x n)} in G is a Cauchy sequence. Given f, there exists N such
that if m, n ~ N then
f

Ixn - vi <C'
Then

IX n

-

xml ~

IX n

-

vi + Iv -

thus proving our contention.

xml < 2f/C. Consequently
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Since G is assumed complete, the Cauchy sequence {L(xnn converges
to an element w in G. Suppose {x~} is another sequence of elements of F
converging to v, and let {L(x~n converge to Wi in G. Then

Furthermore, 1L(xn) - L(x~) 1 ~ c 1Xn - x~ I. From the definition of convergence, it is then clear that for all n sufficiently large, 1 w - Wi 1 < 3£.
This is true for every f, and hence 1w - Wi 1 = 0, w = Wi. This means that
the limit of {L(xn)} is independent of the choice of sequence {xn} in F
approaching v.
We define L(v) = lim L(xn). If v happens to be in F, then L(v) = L(v)
because, for instance, we can take Xn = v for all n.
If v = lim Xn and Vi = lim x~ with Xn, x~ E F, then
v

+ Vi

=

lim(x n + x~).

Hence
L(v

+ Vi)

=

lim L(x n + x~) = lim(L(xn)

=

lim L(xn)

+ lim L(x~)

=

+ L(x~»
L(v) + L(v' ).

Also,
L(ev) = lim eXn = e lim Xn = eL(v).

Hence L is linear.
Finally, C is also a bound for L, because

Since 1L(xn) 1 ~ C 1Xn I, it follows from the theorem on inequalities of
limits that 1L(v) 1~ CI vi, as desired.

§2. Integral of Step Maps
We now wish to develop systematically the theory of the elementary Riemann integral. In practice, one needs first the integral both of real valued
and complex valued functions. Of course, a complex valued function can
be written f1 + if2 where f1' f2 are real valued, so the integral can be
reduced to coordinate functions which are real valued. Next, one needs
also to consider the integral of maps of an interval into some Euclidean
space Rk. Such maps are curves. It is however bothersome to write such a
map always in terms- of coordinate functions, and we may think of Rk
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merely as a vector space, with a norm, and complete. It turns out that the
theory actually is valid in this generality. In first reading, the reader may
think of functions only. We denote the space where our maps take values
by a neutral letter G, to cover both the real and complex case, and the case
or vector spaces if the reader wants it so. This latter case is in fact useful
later when we consider the calculus of maps from one space into another.
Of course, some statements concerning the integral are related to the
ordering of the real numbers: if a function is positive, then its integral is
positive. In such cases, we always specify that the function is real valued.
Let a, b be numbers, a ~ b. By a partition P of the interval [a, b] we
shall mean a finite sequence of numbers (ao, ... ,an) such that

Let f: [a, b] - G be a map (function). We shall say that f is a step map with
respect to the partition P if there exist elements Wi' . " ,Wn E G such that
f(t)

=

if aj-i < t < aj,

Wj

i = 1, ... ,no

Thus f has constant value on each open interval determined by the partition. We don't care what value f has at the end points of each interval
[aj_ 10 aa. If aj = aj-i, we let

We say that f is a step map on [a, b] if it is a step map with respect to
some partition. Let f be a step map with respect to the partition P as
above. We define

=

n

L (aj -

aj-i)Wj

j=i

and call this value the integral of f with respect to the partition P.
If f is real valued, then the graph of f has the usual shape shown on the
next figure, and the integral is the naive sum of the areas of the rectangles,

~
I
I
I

I
I

I

I

I

a

= ao

r----1

~

al

I
I

:a2
I
I
I

I
I

I

I
I

I
I

II
I

I
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with a plus or minus sign according as the constant value of J over an
interval is positive or negative.
Suppose that J is a step map with respect to another partition Q oj [a, b].
We contend that Ip(!) = IQ(!)'

To prove this, consider first the partition obtained from P by inserting
one more point c between the points of P:

with

We observe that if ak < t < ak+l and J(t) = Wk+1> then J has this same
constant value on each of the intervals
and

c < t < ak+1>

if ak < c or c < ak+ l' Consequently, the integral of J with respect to the

partition Pc is equal to
(*)

(al - aO)wl + ... + (c - ak)Wk+ 1

+ (ak+l

- C)Wk+l

+ ... + (all

- a,,_l)WII '

This sum differs from the sum for I p(f) only in that the one term
(ak+ 1 - at)Wk+ 1 is replaced by the two terms as shown. However

and this shows that Ip.(f) = IP(!).
A partition R is said to be a refinement of P if every point of the partition
P is also a point of the partition R. Inserting a finite number of points
and using induction, we conclude that if R is a refinement of P, then
I R(f) = I p(!).

If Q is another partition, then P and Q have a common refinement.
Indeed, if Q = (b o , .•. ,b..,), then we can insert inductively bo, •.. ,bm to
obtain this refinement, which we denote by R. Then

This shows that our integral does not depend on the partition. We shall
therefore denote the integral of J by I(!).
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It is clear that a step map f is bounded, because f takes on only a finite
number of values, and the maximum of the norms of these values is a
bound for f. We have also an obvious bound for l(f). Preserving the
preceding notations, we find:
n

IIU)I;£

L la; i=1

ai-d Iw;I ;£

n

L (ai i= 1

;£ (b -

ai-l)llfll

a)llfll.

Except for showing that step maps form a vector space, we have proved:
Lemma 2.1. The set of step maps of [a, b] into G is a subspace of the
space of all bounded maps of [a, b] into G. Denote it by St([a, b], G).
The map
1: St([a, b], G)

--t

G

is a linear map with bound b - a, that is
IIU)I ;£ (b - a)llfll.

Proof. Let f, g be step maps. Suppose that f is a step map with respect
to the partition P and g is a step map with respect to the partition Q. Let
R be a common refinement of P and Q. Then both f and g are step maps
with respect to R. Let R = (co, ... ,cr ) and suppose that f has a constant
value Wj+ 1 on Cj < t < Cj+ 1 and g has a constant value Vj+ 1 on

Then f + g has a constant value vj + 1 + W j + 1 on this open interval. If d
is a number, then df has a constant value dWj+ 1 on this interval. Hence
the set of all step maps is a vector space. Combined with the preceding
results, this proves the lemma.
Let E be the space of all bounded maps from [a, b] into G. Let F be the
subspace of step maps. We can apply the linear extension theorem to 1
and thus we know that there is a unique linear map on F with values in G
which extends 1. We shall denote this linear map again by 1, and call it the
integral. We see that the integral is defined on all bounded maps which are
uniform limits of step maps. To emphasize the dependence of 1 on the
interval [a, b] we also write lU) = l~(f), or also

217

§3. Approximation by Step Maps

Lemma 2.2. Let f be a step map on [a, b]. Let a
step map on [a, c] and on [c, b], and
I~(f)

=

I~(f)

~

c ~ b. Then f is a

+ I~(f).

Proof. Let P be a partition of [a, b] with respect to which f is a step
map. Let Pc be the refinement of P obtained by inserting c in P. The statement of Lemma 2.2 is then clear from the sum (*).
Lemma 2.3. Let G = R be the real numbers. If f is a step function on
[a, b] such that f ~ 0 (that is f(t) ~ 0 for all t) then I~(f) ~ O. If f, g
are step functions on [a, b] such that f ~ g, then
I~(f) ~ I~(g).

Proof. If f(t) ~ 0 for all t, and P is a partition with respect to which f
is a step function, then
n

I~(f) =

L (ai -

i= 1

ai-l)w i

and Wi ~ 0 for all i. Thus the integral is a sum of terms each of which is
~ 0, and is consequently ~ O. If f ~ g, we apply what we have just proved
to g - f ~ 0 and use the linearity of the integral,
I~(g) - I~(f) = I~(g - f) ~

O.

§3. Approximation by Step Maps
To get the integral defined on continuous maps, it suffices to show that
these are contained in the closure of the space of step maps.
Theorem 3.1. Every continuous map of [a, b] into G can be uniformly
approximated by step maps. The closure of St([a, b], G) contains

COCCa, b], G).
Proof. By Theorem 2.3 of Chapter 8, we know that a continuous map f
on [a, b] is uniformly continuous. Given f., choose ~ such that if

x, yE [a,b]
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and Ix - yl < c5 then If(x) - f(y)1 < £. Let P = (ao, ... ,an) be the partition of [a, b] such that each interval [aj _ 1, aa has length (b - a)/n, and
choose n so large that (b - a)/n < c5. If aj-l ~ t < aj, define
g(t) = f(aj-l)'
Then for all t in [a, b] we have
Ig(t) - f(t) I <

£,

and g is a step map, thus proving Theorem 3.1.
Note. The proof of Theorem 2.3, Chapter 8 is self-contained and very
simple, based on nothing else than the Weierstrass-Bolzano theorem.
Thus the present theorem can be proved immediately after the WeierstrassBolzano theorem, and the theory of integration can thus be developed very
early in the game.

The closure of the space of step maps contains a slightly wider class of
functions which are useful in practice, for instance in the study of Fourier
series. It is the class of piecewist ~tinuous maps. A map f: [a, b] -+ G
is said to be piecewise continuous if there exists a partition
P

= (ao, ... ,an) of [a, b]

and for each i = 1, ... ,n a continuous map

such that we have

The graph of a piecewise continuous function looks like this:

•
a

Essentially the same argument which was used to prove Theorem 3.1 can
be used to prove that a piecewise continuous map can be uniformly approximated by step maps.
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Note that instead of saying that there exists a continuous map fi having
the property stated above, we can say equivalently that f should be continuous on any open subinterval ai-l < t < aj, and that the limits
lim f(t)

lim f(t)

and

t-..at-l

t-+Qt

I>al-l

I<al

should exist. These limits are usually denoted by
lim f(t)
t-+Qi-l

lim f(t).

and

+

t-+Qt-

We leave it as an exercise for the reader to prove that the piecewise continuous maps form a subspace of the space of bounded maps.
It will be convenient to have a name for the closure of the space of step
maps in the space of bounded maps. We shall call it the space of regulated
maps. Thus a map is regulated if and only if it can be uniformly approximated by step maps. We denote the space of regulated maps by
or

Reg([a, b], G),

St([a, b], G).

EXERCISES

1. If I is a continuous real valued function on [a, b], show that one can approximate

I

uniformly by step functions whose values are less than or equal to those of I,
and also by step functions whose values are greater than or equal to those of f.
The integrals ofthese step functions are then the standard lower and upper Riemann
sums.

2. Show that the product of two regulated maps is regulated. The product of two
piecewise continuous maps is piecewise continuous.
3. On the space of regulated maps
define

I:

[a, b]

11/111

=

--+

C, show that

II I is regulated, and

fill.
a

Show that this is a seminorm (all properties of a norm except that
I fill may be 0 without I itself being 0).

IIf11l

~

0 but

4. Let F be the vector space of real valued regulated functions on an interval [a, b].
We have the sup norm on F. We have the seminorm of Exercise 3. It is called the
L I-seminorm. Prove that the continuous functions are dense in F, for the L I-seminorm. In other words, prove that given IE F, there exists a continuous function g
on [a, b] such that I I - gill < E. [Hint: First approximate I by a step function.
Then approximate a step function by a continuous function obtained by changing
a step function only near its discontinuities.]
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5. On the space of regulated functions as in Exercise 4, define the scalar product

<I, g) =

f

f(x)g(x) dx.

The seminorrn associated with this scalar product is called the L 2-seminorm. (Cf.
Exercise 11 of Chapter 6, §2.) Show that the continuous functions are dense in F
for the L 2-seminorm.
6. The space F still being as in Exercise 4 or 5, show that the step functions are dense
in F for the L I-seminorrn and the L 2 -seminorm.

§4. Properties of the Integral
The integral being defined as a limit, we can immediately formulate the
properties stated in §2 for the integral applied to limits of step maps.
We consider regulated maps from [a, b] into the complete normed
vector space E. From §1, we conclude:

Theorem 4.1. If {fn} is a uniformly convergent sequence of regulated
maps converging to f, then

lim
n~

aJ

Jb in = Jb lim i" = Jb f.
a

a

11-+ 00

a

Let f be regulated on an interval J. If a < b are numbers of this interval,
we defin~

Theorem 4.2. For any three numbers a, b, c in J, we then have

Proof. Suppose first that a ~ c ~ b. If {f,,} is a sequence of step maps
on [a, b] converging to f uniformly on [a, b], then it also converges to f
uniformly on [a, c] and on [c, b]. From the basic properties of limits,
and Lemma 2 of §3, we conclude that our relation is valid. Say now that
a < b < c. Then

and hence

f= f- f·
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Our formula follows from the definitions.

Theorem 4.3. The integral is linear, that is

if f,

g are regulated on [a, bJ

then
and
for any number K.

This follows by the fact that the extension theorem yields a linear map.
(It is an exercise to verify the last property when E = C and K is complex.)

Theorem 4.4. Let f, g be regulated real valued functions on [a, b]. If
f ~ 0, then

If f

~

g, then

The first statement follows from the fact that we can find a convergent
sequence of step functions Un} converging to f such that fn ~ 0 for all n.
The second follows from the first by considering the integral of g - f.

Theorem 4.5. Let f be regulated on [a, b]. Let c E [a, b]. Then for
x E [a, bJ we have

IffI~

The map x H

IX f

Ix - c Illf II·

is continuous.

Proof. To prove the inequality if x < c we reverse the limits of integration. Otherwise, the inequality follows by the limiting process from the
integral of step maps. As for the continuity statement, it is clear, because
if we let
F(x) =

ff

222

10. The Integral in One Variable

then
IF(x

+

h) - F(x) I ;£

Ihillfll,

and this goes to 0 as h --+ O.

Theorem 4.6. Let J be a regulated real valued Junction on [a, b] and
assume a < b. Let a ;£ c ;£ b. Assume that J is continuous at c and that
J(c) > 0, and also that J(t) ~ 0 Jor all t E [a, b]. Then

ProoJ. Given J(c), there exists some () such that J(t) > J(c)/2 if
< () and t E [a, b]. If c i= a, let 0 < A < () be such that the interval
[c - A, c] is contained in [a, b]. Then
It - cl

thereby proving our assertion. If c
and argue in a similar way.

=

a, we take a small interval [a, a

+ A]

Consider now the special case when J takes its values in k-space Rk.
Then J can be represented by coordinate functions,
J(t)

=

(J1(t), ... Jk(t»).

It is easily verified that J is a step map if and only if each Ji is a step function, and that if J is a step map, then

In other words, the integral can be taken componentwise. Thus by taking
limits of step maps, we obtain the same statement for integrals of regulated
maps:

Theorem 4.7. IJ J: [a, b]

--+ Rk is regulated, then each coordinate Junction Jl, ... ,Jk oj J is regulated, and
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Thus the integral of a map into Rk can be viewed as a k-tuple of integrals
of functions. However, it is useful not to break up a vector into its components for three reasons. One, the geometry of k-space can be easily
visualized without components, and the formalism of analysis should
follow this geometrical intuition. Second, it is sometimes necessary to
take values of f into some space where coordinates have not yet been
chosen, and not to introduce irrelevant coordinates, since the pattern of
proofs if we don't introduce the coordinates follows the pattern of proofs
in the case of functions. Third, in more advanced applications, one has to
integrate maps whose values are in function spaces, where there is no question of introducing coordinates, at least in the above form. However, in
some computational questions, it is useful to have the coordinates, so
one must also know Theorem 4.7.
Note that in the case of the complex numbers, if f is a complex valued
function, f = cp + il/! where cp, I/! are real, then

EXERCISES

1. Let a

~

t

~

b be a closed interval and let

P = {a = to

~

t1

~

...

~

t.}

be a partition of this interval. By the size of P we mean
size P = max(tH

1 -

tk).

k

Let f be a continuous function on [a, b], or even a regulated function. Given numbers Ck with

form the Riemann sum
.-1

S(P, c, f) =

L f(Ck)(t H 1 -

tk)·

k=O

Let

L=
Show that given

f

s:

f(t) dt.

> 0, there exists {) such that if size(T) < {) then
IS(P,c,f) -

LI <

f.
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2. The Stieltjes integral. Let f be a continuous function on an interval a ~ t ~ b.
Let h be an increasing function on this interval, and assume that h is bounded.
Given a partition

= to

~

t1 ~ ... ~

of the interval, let Ck be a number, tk
sum relative to h to be

~

Ck ~ tk+ 1, and define the Riemann-Stieltjes

P

=

{a

S(P, c,!) =

tn

= b}

n-1

I

k=O

f(Ck)[h(tk+ 1) - h(t k)].

Prove that the limit
L = lim S(P, c,!)
P,e

exists as the size of the partition approaches O. This means that there exists a number L having the following property. Given f there exists b such that for any partition P of size < b we have
IS(P, c,!) -

LI <

f.

[Hint: Selecting values for Ck such that f(Ck) is a maximum (resp. minimum) on
the interval [tk' tk+ 1]' use upper and lower sums, and show that the difference is
small when the size of the partition is smalL] The above limit is usually denoted
by
L= {fdh.
a

3. Suppose that h is of class C 1 on [a, b], that is h has a derivative which is continuous.
Show that

f

f dh

f

=

f(t)h'(t) dt.

4. The total variation. Let
f:[a,b]-+C
be a complex valued function. Let P
[a, b]. Define the variation VP(!) to be

= {to

n-1

VP(!)

=. I

k=O

1fCtk+

~

= sup Vp(f),
p

~

...

1) - J(t k) I·

Define the variation

V(f)

t1

~

tn} be a partition of
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where the sup (least upper bound if it exists, otherwise OC!) is taken over all partitions. If V(f) is finite, then f is called of bounded variation.
(a) Show that if f is real valued, increasing and bounded on [a, b] then f is of
bounded variation, in fact bounded by f(b) - f(a).
(b) Show that if f is differentiable on [a, b] and f' is bounded, then f is of bounded
variation. This is so in particular if f has a continuous derivative.
(c) Show that the set offunctions of bounded variations on [a, b] is a vector space,
and that if f, 9 are of bounded variation, so is the product fg.
The notation for the variation really should include the interval, and we should
write

V(f, a, b).

Define
V,(x) = V(f, a, x),
so Vf is a function of x, called the variation function off
5. (a) Show that V, is an increasing function.
(b) If a ~ x ~ Y ~ b show that

V(f, a, y) = V(f, a, x)

+ V(f, x, y).

All the above statements are quite easy to prove. The next theorem is a little more
tricky. Prove:
6. Theorem. If f is continuous, then Vf is continuous.

Sketch of proof: By 5(b), it suffices to prove (say for continuity on the right)
that
lim V(f, x, y) = O.

If the limit is not 0 (or does not exist) then there exists 0 > 0 such that

V(f, x, y) > 0
for y arbitrarily close to x, and hence by 5(b), such that

V(f,x,y) > 0
for all y with x < y ~ Yl with some fixed Yl' Let
p

= {xo = x <

o.

Xl

< ... < x. = Yl}

be a partition such that V,.(f) >
By continuity of f at x, we can select Y2 such
that x < Y2 < Xl and such that f(Y2) is very close to f(x). Replace the term
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in the sum expressing VP(!). Then we have found Y2 such that V(f, Y2, YI) > 8.
Now repeat this procedure, with a descending sequence

... < Yn < Yn-I < ... < YI'
Using 5(b), we find that
V(f, x, YI) ~ V(f, Yn, Yn-I)
~

+ V(f, Yn-I, Yn-2) + ... V(f, Y2, YI)

(n - 1)8.

This is a contradiction for n sufficiently large, thus concluding the proof.]
Remark. In all the preceding properties of functions of bounded variations,
your proofs should be valid for maps f: [a, b] --+ E into an arbitrary Banach space.
7. Prove the following theorem.
Theorem. Let f be a real valued function on [a, b], of bounded variation. Then
there exist increasing functions g, h on [a, b] such that g(a) = h(a) = 0 and
f(x) - f(a) = g(x) - hex),
vtCx) = g(x)

+ hex).

[Hint: Define g, h by the formulas
2g = VI

+f

- f(a)

and

2h = VI - f

+ f(a).]

§5. The Derivative
The other properties of the integral are related to the derivative. We have
not yet discussed the derivative of a map taking values in a normed vector
space. The discussion follows exactly the same pattern as tllat of the ordinary derivative of functions, and we now go through the details.
Let f be a map of an interval J into a normed vector space E. We
assume that the interval has more than one point, but the interval may
contain its end points. We say that f is differentiable at a number t in its
interval of definition if
. f(t + h) - f(t)
11m
"-'-------:---'--'-'-h-+O
h

exists, in which case this limit is called the derivative of f at t and is denoted by f'(t). We say that f is differentiable (on J) if it is differentiable
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at every t E J, and in that case, !' is a map of J into E. If f has p continuous
derivatives, we say f is of class CPo Iff is infinitely differentiable, we say that

fisC«l.

The derivative being defined as a limit, we have the routine properties.
First consider a standard example. Suppose that E = R n for some n. Then
a map

f: J

-+

Rn

can be represented by coordinate functions,
f(t)

=

(f1(t), ... Jit»),

and
f(t

+ h) h

f(t) = (f1(t

+ h)

- f1(t)
fn(t
h ' ... ,

+ h) h

fn(t»)

.

The limit can be taken componentwise, and consequently f is differentiable
if and only if each coordinate function is differentiable, and then
!'(t) = (fl(t), ... J~(t»).

One usually views a map f such as the above as parametrizing a curve in
R" (or an arbitrary vector space E).
Example. Let
f(t)

= (cos t, sin t)

parametrizes the circle. We have
!'(t)

= ( - sin t, cos t).

(cos t, sin t)
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Example. Let J(t) = (cos t, sin t, t). Then J(t) describes a spiral as
on the figure. Its projection in the plane of the first two coordinates is of
course the circle.

As in these examples, a map of an interval into a normed vector space is
viewed as, or called, a curve in the space. The examples give a curve in R2
and R3 respectively. To distinguish such curves from those given by an
equation like

x2 +

y2

= 1,

we also call them parametrized curves. If J is a differentiable curve, then
the derivative f' is called the velocity of the curve. The second derivative
J", if it exists, is called the acceleration of the curve.
Let us go back to the general case of J: J -.. E, where E is an arbitrary
normed vector space.
IJ J, g are differentiable at t, then so is J
(f

+ g)'(t)

+ g and

= !'(t)

+ g'(t).

IJ E, Fare normed vector spaces, and E x F -.. G is a product, and
J: J -.. E and g: J -.. F are differentiable at t, then
(fg)'(t) = J(t)g'(t)

+ f'(t)g(t).

If the reader refers back to the proof given in the case of functions, he will
see that the same proof goes through verbatim. As an example, we shall
give the proof for the product:
J(t

+ h)g(t + h) -

J(t)g(t)

h
J(t
=

+ h)g(t + h)

h

= J(t + h) get + hh

- J(t

-

get)

+ h)g(t)

+

+ J(t +

J(t

h-

+ h)g(t) h

J(t) get).

J(t)g(t)
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Taking the limit as h -+ 0, we see that the limit exists, and yields the desired
expression for (fg)'(t).
Examples. Take E = R", and let f: J -+ R" and g: J -+ R" be differentiable maps. We can take the dot product of vectors, and form the map
t H f(t) . g(t)

so that f(t)· g(t) is a number, for each t, and f· g: J
function. In that case, our product rule asserts that

d

dt (f(t)· g(t») = f'(t)· g(t)

-+

R is an ordinary

+ f(t)· g'(t).

The reader can also check this directly using the components (coordinate
functions) of f and g.
A similar rule exists for the cross product, that is
d
dt (f(t) x g(t»)

= f'(t) x g(t) + f(t)

X

g'(t).

Next, we have the chain rule
Let J10 J 2 be intervals. Let f: J 1 -+ J 2 and g: J 2 -+ E be maps. Let
t E J l' If f is differentiable at t and g is differentiable at f(t), then go f is
differentiable at t and
(g

0

f)'(t) = g'(f(t»)f'(t).

Again the proof goes on as before. Note that the values of g are vectors,
and also the values of g' are vectors, in E. The values of f are numbers,
and so are the values of 1'. The formula for the chain rule should therefore
be interpreted as the product of the element g'(f(t»)EE and the number
f'(t). If vEE and c is a number, we can define vc = cv to be able to make
sense of the formula. The position of f'(t) above on the right comes from
the fact that we wrote
g(y

+ k) =

g(y)

+ g'(y)k + o(k).

One could of course put the k on the left, in the present case, to follow the
usual notation of a number times a vector. However, we shall meet in
Part three a situation where such a reversal is not possible.
One may interpret the map f: J 1 -+ J 2 as a change of parametrization
of the curve g: J 2 -+ E if J 2 = f(J 1), that is, if f is surjective. The images
g(f(J 1») and g(J 2) in E are the same in both cases.
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Theorem 5.1. Let J be an interval, and let f: J ~ Rk be a differentiable
map. If f'(t) = 0 for all t in J then f is constant.
Proof. We can express f in terms of its coordinates,

and by hypothesis we have f;(t) = 0 for i = 1, ... ,k. Hence each fi is constant, so f is constant.
Expressing the complex numbers C in terms of two coordinates, we see
that the theorem also applies to complex valued functions. It is also true
for maps with values in an arbitrary normed vector space, but one needs
some replacement for coordinates, and we don't go into this here.
For applications to the chapter on Fourier series, it is necessary to
extend Theorem 5.1 and subsequent ones like it to the case of piecewise
continuous functions. We do this systematically in corollaries which the
reader may omit if he is not interested in these applications, which occur
only in the chapter on Fourier series.

Theorem 5.2. Let f: J ~ E be a continuous map. If f'(t) exists except
for a finite number of values of t in the interval, and if f'(t) = 0 except
for a finite number of t, then f is constant on J.
Proof. Let a, b be the end points of the interval J, a < b. Let
a = ao < a 1 < ... < an = b

be a finite sequence of points in the interval such that f is differentiable on
each open interval ai-l < t < ai' i = 0, ... ,n, and such that f'(t) = 0
on each such interval. Then f is constant on each such interval. Since f is
continuous on J, it follows that the constant is the same for all the intervals, and also that if a or b is in the interval, then f(a) or feb) is equal to
this constant.

Theorem 5.3. Let f: J ~ E be a differentiable map from an interval
into E. Let A.: E ~ F be a continuous linear map. Then A. 0 f: J ~ F is
differentiable, and
(A. 0 f)'(x) = A.(f'(x»).
Proof. We have

because A. is linear. Since A. is continuous, our assertion follows.
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§6. Relation Between the Integral and the Derivative
We can now relate the integral with the derivative.

Theorem 6.1. Let f be a regulated map on [a, b], a < b. Let c E [a, b]
be a point where f is continuous. Let
F(x) =

f f·

Then F is differentiable at c, and
F'(c) = f(c).
Proof. We have
F(c
Furthermore,

+ h) - F(c) =! i<+IIf
h

i

h

<

•

<+/a

f(c) = hf(c).

c

Hence

F(c

+ h~ - F(c) _ f(c)

=

~ [[+IIf _

=

h1

[+IIf(C)]

[+/t(f(t) c

f(c») dt.

Taking the norm and estimating, we find that

IF(c + ~ - F(c) -

f(c)

I~ 1~llhl sup If(t) ~

f(c) I

sup If(t) - f(c)l,

where the sup is taken for t between c and c + h. Since f is assumed continuous at c, we see that the expression on the right approaches 0 as
h -+ 0, whence F'(c) = f(c), as was to be shown.

Theorem 6.2. Let f be a continuous map on [a, b] and let F be a differentiable map on [a, b] such that F' = f. Then

f

f = F(b) - F(a).
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Proof. Both maps

and

xHF(x)

have the same derivative. Hence they differ by a constant. It is clear that
this constant is equal to F(a).
Coronary 6.3. The conclusion of Theorem 6.2 holds iff is assumed to be
only piecewise continuous, F continuous, and differentiable except at a
finite number of points, such that F'(x) = f(x) except for this finite number of points.
Proof. Let a = ao < a1 < ... < an be the points where f is not continuous or F is not differentiable. We have

for each i = 0, ... ,n - 1 because on each interval [ai' aH IJ we can apply
Theorem 5.2. Taking the sum for i = 0, ... ,n we obtain the desired conclusion.
Remark. If c, d are points in the interval [a, bJ in Theorem 6.2, then

f

f

= F(d) - F(c).

This holds whether c < d or d < c, and the proof follows at once from the
additivity of the integral with respect to the end points proved at the beginning of the section.
Theorem 6.4. Let J 1, J 2 be intervals and let a, b be points of J l' Let
f: J 1 --+ J 2 be differentiable with continuous derivative. Let g: J 2 --+ E
be continuous. Then

Jg(f(t»)!'(t) dt =
b

a

ff(b)

g(u) duo

f(a)

Proof. Let G be differentiable on J 2 such that G' = g. Then
(G 0 f)'(t) = g(f(t»)!'(t),

233

§6. Relation Between the Integral and the Derivative

whence we conclude that both sides are equal to
G(f(b)) - G(f(a)),

as was to be shown.

Corollary 6.S. The conclusion of Theorem 6.4 holds under the following
hypotheses on f and g:

(i) f is differentiable and strictly increasing or strictly decreasing on J 1.
(ii) I' is piecewise continuous.
(iii) g is piecewise continuous.
Proof. We apply the corollary of Theorem 6.2. Note that in Theorem
6.2 and in its corollary, the same formula is valid even if b < a so that the
order of the end points of integration does not matter. In the present instance, the strictly increasing or decreasing behavior of f is assumed to
ensure that g 0 f is piecewise continuous, and G 0 f is continuous, and
differentiable except at a finite number of points, so that we can apply the
corollary of Theorem 6.2. In applications, the change of variable function
f will be no worse than u = t + x or some such simple function.

Finally we give the formula for integrating by parts.

Theorem 6.6. Let J be an interval. Let E, F, G be complete normed vector
spaces, with a product E x F -+ G. Let f: J -+ E and g: J -+ F be differentiable, with continuous derivatives. Then for a, bE J we have

f

f(t)g'(t) dt

= f(b)g(b)

- f(a)g(a) -

f

I'(t)g(t) dt.

Proof. The product map t 1-+ f(t)g(t) is differentiable, and our formula
follows from the known formula for differentiating this product.

Corollary 6.7. The formula for integration by parts is true under the
following assumptions on f and g: Both f and g are continuous, differentiable except at a finite number of points, and their derivatives 1', g'
are piecewise continuous.
Proof. Clear.
EXERCISES

1. Let J be an interval and let f: J --+ C be a complex valued differentiable function.
Assume that f(t) "# 0 for all t E J. Show that l/f is differentiable, and that its deri-

vative is

_/'/f2 as expected.
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2. Let f: [a, b] -+ E be a regulated map. Let A.: E
Prove that A. f is regulated. Prove that

-+

G be a continuous linear map.

0

3. Prove: Let f be a regulated real valued function on [a, b]. Assume that there is a
differentiable function F on [a, b] such that F' = f. Prove that

ff

= F(b) - F(a).

[Hint: For a suitable partition (ao < at < ... < a.) use the mean value theorem

and the fact that f is uniformly approximated by a step map on the partition.
4. Let f: [a, b] -+ E be a differentiable map with continuous derivative from a closed
interval into a complete normed vector space E. Show that
If(b) - f(a) I ~ (b - a) sup 1f'(t)l,

the sup being taken for t E [a, b]. This result can be used to replace estimates given
by the mean value theorem.
5. Let f be as in Exercise 4. Let to E [a, b]. Show that
If(b) - f(a) - f'(to)(b - a)1

~

(b - a) sup If'(t) - f'(to)l,

the sup being again taken for t in the interval. [Hint: Apply Exercise 4 to the map
g(t) = f(t) - f'(to)t. We multiply vectors on the right to fit later notation.]

§7. Interchanging Derivatives and Integrals
Let T be some set, and J an interval (containing more than one point).
We consider a map
f: T x J

-+

R.

We define the partial derivative
D 2 f( t, x ) -- I'1m f(t, x
h-+O

+ h) h

f(t, x)

if it exists. Thus the partial derivative is nothing but the derivative of the
map x 1-+ f(t, x) for each t.
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Theorem 7.1. Let f and D2 f be defined and continuous for a
~ x ~ d, c < d. Let

and c

g(x)

=

f

~

t

~

b

f(t, x) dt.

Then 9 is differentiable, and
g'(x)

= fD2f(t, x) dt.

Proof. We have by linearity,
g(x

+ h~ -

g(x) _

f

D2f (t, x) dt

=

f

[f(t, x

+ hh -

f(t, x) - D 2 f(t,

X)] dt.

By the mean value theorem, for each t there exists ct , h between x and x
such that
f(t, x

+ h) h

+h

f(t, x) _ D f(
)
- 2 t, Ct,h'

and since D2f is uniformly continuous on [a, b] x [c, d] (by compactness), we have

If(t, x + hh - f(t, x) -

D 2 f(t, x)

I

whenever h is sufficiently small. This proves that 9 is differentiable and
that its derivative is what we said it was.

Example. Let f(t, x) = (sin tx)/t. Then D 2 f(t, x) = cos tx. Hence

if we let

() i

2

gx =

then
g'(x) =

1

f

•

smtxd
t

- - t,

cos tx dt.
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This can actually be verified by integrating directly the expression for
g'. In this case, we can view x as lying in any closed bounded interval
- c ~ x < c with c > O. The theorem applies for any such interval, and
thus g is differentiable everywhere. This trick can be used when f(t, x)
is defined for x lying in some infinite interval. Since the differentiability
property is local (that is depends only on the behavior of the Newton
quotient near a given point), we can always restrict f(t, x) to values of x
lying in a closed bounded interval to test differentiability of g.
Actually, we saw that if we define
f(t, x) =

Si~ tx

if t #: 0,

f(O, x) = x,

then f is continuous. Thus we could have the same result about differentiating under the integral if we took the integral from 0 to 2:
d
-d

x

12 -sin-tx dt 12 cos tx dt.
0

=

t

Theorem 7.2. Let a

~ band c
continuous map. Then the maps

X 1-+
and
t 1-+

d. Let f: [a, b] x [c, d]

~

f

f

f(t, x) dt

f(t, x) dx

are continuous, and

f [f

f(t, x) dt] dx

Proof. Let
qJ(x) =

f

0

=

f [f

f(t, x) dX] dt.

f(t, x) dt.

Then
qJ(x

+ h) -

qJ(x) = f(f(t, x

+ h) -

f(t, x») dt.

-+

R be a
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Using the uniform continuity of J, we immediately see that cp(x + h) -+ cp(x)
as h -+ 0, so cp is continuous.
For the second part of the theorem, i.e. the fact that the repeated integrals can be interchanged, we may assume e < d. Let
I/I(t, x) =

r

J(t, u) duo

Then certainly D 21/1(t, x) = J(t, x) (this is from the strictly one variable
theorem). We contend that 1/1 is continuous. Indeed,

JXO [J(t, u) - J(to, u)] du + IX J(t, u) duo

=

e

~

Now J is bounded by some number K. Given E, take Ix - xol < ElK.
Furthermore, J is uniformly continuous, so that there exists c5 1 such that
whenever It - to I < c5 1 we have
IJ(t, u) - J(t o, u)1 <

E.

We can therefore estimate the absolute values of the two integrals of (1) as

letting c5 = min(EIK,c5 1 ) and Ix - xol < c5, It - tol < c5. This proves
that 1/1 is continuous.
We can now apply Theorem 7.1 to 1/1 and D21/1 = J. Let
g(x) =

f

I/I(t, x) dt.

Then
g'(x)

=

f

D21/1(t, x) dt

=

f

J(t, x) dt,

and
g(d) - gee) = fg'(X) dx =

f [f

J(t, x) dt] dx.
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On the other hand,
g(d) - g(c)

=

s:

",(t, d) dt -

s:

",(t, c) dt

=

s: [f

f(t, u) dU] dt.

This proves our theorem.
In view of Theorem 7.2, it is customary to omit the brackets in the repeated integral, and write

s:

ff(t, u) du dt.

Remark. Both Theorems 7.1 and 7.2 hold for values in Rk by applying
the case of real valued functions to coordinates. They also hold more
generally for values in an arbitrary complete normed vector space as usual.
The reader can verify this as an exercise. The use of the mean value theorem in the proof of Theorem 7.1 has to be refined slightly, using an integral
form of the mean value theorem.

PART THREE

APPLICATIONS OF THE INTEGRAL

The next four chapters deal with applications of the integral in various
contexts. The rest of the book is essentially logically independent of them.
We study here the scalar product obtained from the integral, and the operation of convolution, together with relations with the scalar product.

CHAPTER 11

Approximation with Convolutions

§1. Dirac Sequences
Given a function f, we wish to approximate f by functions having certain
properties. There is a general method for doing this, which will now be
described.
.
For convenience, it will be useful to take integrals between - 00 and 00.
Suppose we have a function g which is equal to 0 outside some interval
[ -c, c]. We write

f:oo get) dt =

fc

get) dt.

For this chapter, this will suffice for the applications we have in mind.
If the reader has read the beginning of the chapter on improper integrals,
then everything we say holds in the more general case when we do not
assume that g is 0 outside some bounded interval. However, in first reading, the reader may assume that all functions mentioned are continuous
and zero outside an interval.
By a Dirac sequence we shall mean a sequence of functions {K n }, real
valued and defined on all of R, satisfying the following properties:
DIR 1. We have Kn(x)

~

0 for all n and all x.

DIR 2. Each Kn is continuous, and
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DIR 3. Given f. and <5, there exists N such that if n

~

N then

Condition DIR 2 means that the area under the curve y = Kn(x) is equal
to 1. Condition DIR 3 means that this area is concentrated near 0 if n
is taken sufficiently large. Thus a family {Kn} as above looks like this:

The functions Kn have higher peaks near 0 as n becomes large in order to
make the area under the curve near 0 come out equal to 1. Furthermore,
in all applications in this chapter and in the next, the functions Kn are
even, that is Ki -x) = Kn(x) for all x. This is the reason why we have
drawn the graphs symmetrically around the y-axis.
As mentioned before, in the applications of this chapter, Kn will be 0
outside some interval. If f is any piecewise continuous function and is
bounded, then we define the convolution to be

We shall see that the sequence Un} approximates f.
Theorem 1.1. Let f be a piecewise continuous function on R, and assume
that f is bounded. For each n, let fn = Kn * f. Let S be a compact subset
of R on which f is continuous. Then the sequence Un} converges to f
uniformly on S.

Proof. Changing the variables, we have

~1.
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On the other hand, by DIR 2,

Hence

=

fix) - f(x)

f:oo [f(x -

t) - f(x)]Kit) dt.

We take XES. By the compactness of S and the uniform continuity of
£, there is b such that whenever It I < b we
have

f on S, we conclude that given

If(x - t) - f(x)1 <

£

for all XES. Let M be a bound for f. Then we select N such that if n

I

-a

-00

Kn

+

~

N,

foo Kn < -2£ .
a

M

We have

To estimate the first and third integral, we use the given bound M for f,
so that I f(x - t) - f(x) I ~ 2M. We obtain

For the integral in the middle, we have the estimate

This proves our theorem.
Functions such as Kn which are used to take integrals like the convolution are sometimes called kernel functions. They have the effect of
transforming f into functions j~ approximating f and having usually
better properties than f. We shall see examples in the exercises and the
subsequent sections, as well as in the next chapter. See also Exercise 10 of
Chapter 13, §3.
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EXERCISES

1. Let K be a real function of a real variable such that K ~ 0, K is continuous, zero

outside some bounded interval, and

f'

00

K(t) dt

= 1.

Define Kn(t) = nK(nt). Show that {Kn} is a Dirac sequence.
2. Show that one can find a function K as in Exercise 1 which is infinitely differentiable (cf. Exercise 6 of Chapter 4, §l), even, and zero outside the interval [ -1, 1].
3. Let K be infinitely differentiable, and such that K(t) = 0 if t is outside some bounded interval. Let I be a piecewise continuous function, and bounded. Show that
K * I is infinitely differentiable, and in fact (K * f)' = K' * f.
4. Let I, g, h be piecewise continuous (or even continuous if this makes you more
comfortable), and bounded, and such that g is zero outside some bounded interval.
Define

Show that (f * g) * h = 1* (g * h). With suitable assumptions on II, 12' show
that (fl + 12) * g = II * g + 12 * g. Show that I * g = g * f.

§2. The Weierstrass Theorem
We apply Theorem 1.1 to a special case.

Theorem 2.1. Let [a, b] be a closed interval, and let f be a continuous
function on [a, b]. Then f can be uniformly approximated by polynomials
on [a, b].
Proof. We first make some reductions to a case where we can apply
Theorem 1.1, with a special Kn. We may assume a # b. Let
x-a
u = -b--'

-a

Then x = (b - a)u

+ a, and 0;£

u ;£ 1. Let

g(u) = f(b - a)u + a).

a ;£ x ;£ b.

245

§2. The Weierstrass Theorem

If we can find a polynomial P on [0, 1J such that
IP(u) - g(u) I ~

£

for all u E [0, 1J, then

for a ~ x ~ b, and P(x - a)/(b - a») is a polynomial in x, thus proving our
theorem. This reduces the proof to the case when [a, bJ = [0, 1]. Next,
assuming this is the case, let

= f(x) - f(O) - x[f(1) - f(O)].

h(x)

If we can approximate h by polynomials, then clearly we can approximate
f by polynomials. This reduces our proof to the case when f(O) = f(1) = O.
From now on, we assume that [a, bJ = [0,1J and f(O) = f(1) = O.
We then define f(x) = 0 if x is not in the interval [0, 1]. Then f is continuous and bounded on the whole real line.
Next, we let Cn be a suitable constant> 0, and let
Kit) =

(1 - t 2 )n

Kit) = 0

Cn

if

-1

~

t

~

1,

if t < - 1 or

t > 1.

Then Kn(t) ~ 0 for all t and Kn is continuous. We select Cn so that condition DIR 2 is satisfied. This means that

Observe that Kn is even. We contend that {Kn} satisfies DIR 3, and hence
is a Dirac sequence. To prove this we must estimate Cn. We have:
-.!!
=
C

i

1

(1 - t 2 )" dt =

i

1

2 0 0

~

i

l

o

(1

+ t)"(1

- t)" dt

1
(1 - t)" dt = --1.

n+
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~

2/{n + 1). Given {) > 0, we have

i

1 Kn{t)

d

dt

= (1 (1

J

d

- t 2 ). dt

c.

~ (1 (n + 1) (1 _ {)2)n dt
J~
2

~ n ; 1 (1 _ 15 2 ).(1

_

b).

Let r = (1 - 15 2 ). Then 0 < r < 1, and (n + 1)r· approaches 0 as n -+ 00.
This proves condition DIR 3. (The integral on the other side has the same
value because of the symmetry of K •. )
Thus {K.} is a Dirac sequence. There remains to show only that

is a polynomial. But f is equal to 0 outside [0, 1]. Hence

Observe that Kn(x - t) is a polynomial in t and x, and thus can be written
in the form

where go, ... ,g2. are polynomials in t. Then

where the coefficients aj are expressed as integrals

This concludes of the Weierstrass theorem.
The functions K. used in this proof are called the Landau kernels.
EXERCISES

1. Let f be continuous on [0, 1]. Assume that

f

f(x)x· dx = 0
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for every integer n = 0, 1, 2, .... Show that f = O. [Hint: Use the Weierstrass
theorem to approximate f by a polynomial and show that the integral of f2 is
equal to 0.]
2. Prove that if f is a continuous function, then
lim

h~O
h>O

II ~
+
-1

h

X

f(x) dx

=

nf(O).

CHAPTER 12

Fourier Series

§1. Hermitian Products and Orthogonality
We shall consider vector spaces over the complex numbers. These satisfy
the same axioms as vector spaces over the reals, except that the scalars
are now taken from C.
Let E be a vector space over C. By a hermitian product on E we mean a
map E x E -+ C denoted by

(v, w)l-+(v, w)
satisfying the following conditions:
UP 1. We have (v, w) = (w, v) for all v, WEE. (Here the bar denotes
complex conjugate.)
UP 2. If u, v, ware elements of E, then

(u, v

+ w) =

(u, v)

+ (u, w)

UP 3. If a E C, then

(au, v)

= a(u,v)

and

(u,av) = a(u,v).

In addition we shall assume throughout that the hermitian product satisfies
the condition
UP 4. For all VEE we have (v, v)

~

o.
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If furthermore we have (v, v) > 0 whenever v =F 0, we say that product is
positive definite. However, we don't assume that.
We define v to be perpendicular or orthogonal to w if (v, w) = O. Let
S be a subset of E. The set of elements veE such that (v, w) = 0 for all
w e S is a subspace of W. This is easily seen and will be left as an exercise.
We denote this set by S1..
Example 1. This is the example with which we are concerned throughout the chapter. Let E be the ve,ctor space of complex valued functions on
R which are piecewise continuous (on every finite interval) and periodic
of period 2n. Thus these are essentially the piecewise continuous functions on the circle, as we say. Iff, geE, we define

(J, g) =

I~/(X)g(X) dx.

The standard properties of the integral show that this is a hermitian product satisfying the four conditions. The complex conjugate which appears
in the definition is to guarantee HP 4. In the case of real valued functions,
it is of course not needed. For complex valued functions, we have
ff = 1f 12 and we know that the integral of a function ~ 0 is also ~ O.
We let E. be the space of real valued functions in E. Thus E. is the
space of real valued piecewise continuous functions of period 2n. If f is
complex valued, and f = fl + if2 is its decomposition into a real part
and an imaginary part, then fe E if and only if fl' f2 e E •. This is obvious.
We let X" be the function

for each integer n (positive, negative, or zero). Then

(x"' Xm) = 0 if m =F n.
We let lfJo = 1, and for every positive integer n we let lfJ,,(x) = cos nx
and tjI,,(x) = sin nx. We agree to the notation that for a positive integer
n, we put
lfJ-,,(x) = sin nx = tjI,,(x).

We thus have a unified notation {lfJ"},,eZ' Elementary integrations show
that for all neZ, meZ,
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Observe that we have (fJo = Xo. Furthermore, we have relations between
({Jn' t/ln and Xn' X-n' namely:
einx

+ e- inx =

2 cos nx

and

einx

e- inx = 2i sin nx.

-

Of course,
e inx

= cos nx + i sin nx.

Let us go back to the general case of the vector space E with its hermitian product. Let Eo consist of all elements vEE such that v E E\ that is
(v, w) = 0 for all WEE. Then Eo is a subspace, which will be called the
null space of the hermitian product.
Example 2. If E is the space of functions as before, and fEE is such
that (f, f) = 0, this means that

We know that if g is continuous at a point and :1= 0 at that point, and if g
is otherwise ~ 0, then its integral is > O. Hence we conclude that If 12
is equal to 0 except at a finite number of points. It follows that f is equal
to 0 except at a finite number of points. Conversely, if f has this property,
then (f, g) = 0 for ail gEE. Hence Eo consists of all functions which are
equal to 0 except at a finite number of points. This will now be seen to
have an analogue in general.
Theorem 1.1. If wEE is such that (w, w) = 0, then
(w, v) = 0 for all vEE.

WE

Eo, that is

Proof Let t be real, and consider

o ~ (v + tw, v + tw) = (v, v) + 2t Re

(v, w)

+ t 2 (w, w)

= (v, v) + 2t Re (v, w).
If Re(v, w) :1= 0 then we take t very large of opposite sign to Re(v, w).
Then (v, v) + 2t Re(v, w) is negative, a contradiction. Hence
Re(v, w) = O.

This is true for all vEE. Hence Re(iv, w) = 0 for all vEE, whence
Im(v, w) = O. Hence (v, w) = 0, as was to be shown.

J

We define Ilvll =
(v, v), and call it the length or norm of v. By definition and Theorem 1.1, we have Ilvll = 0 if and only if v E Eo.
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Theorem 1.2 (Schwarz Inequality). For all v, weE we have

I(v, w)1

~

Ilvllllwll·

Proof Let ex = (w, w) and p = -(v, w). We have

o ~ (exv + pw, exv + pw)
= (exv, exv) + (pw, exv) + (exv, pw) + (pw, pw)
= exa(v, v)

Note that ex

+ pa(w, v) + exP(v, w) + PP(w, w).

= Ilw11 2. Substituting the values for ex, p, we obtain

o ~ IIwl1 4 11vl1 2 - 21IwI12(V, w)(v, w) + IlwI12(V, w)(v, w).
But (v, w)(v, w) = I(v, w) 12. Hence

If Ilwll = 0, then we Eo by Theorem 1.1 and the Schwarz inequality is
obvious. If IIwll :F 0, then we can divide this last relation by Ilw11 2, and
taking the square roots yields the proof of the theorem.
Theorem 1.3. The function v 1-+ Ilvll is a seminorm on E, that is:
SNI. We have

Ilvll

~

O,and

Ilvll

=

o if and only ifveEo.

SN 2. For every complex ex, we have

Ilexvll = lexlllvil.
SN 3. For v, weE we have IIv + wll ~ Ilvll + Ilwll.
Proof The first assertion follows from Theorem 1.1. The second is left
to the reader. The third is proved with the Schwarz inequality. If suffices
to prove that

To do this, we have

Ilv + wl12
But (w, v)

= (v

+ w,v + w)

= (v, v)

+ (w, v) + (v, w) + (w, w).

+ (v, w) = 2 Re (v, w) ~ 21(v, w)l. Hence by Schwarz,
Ilv + wl12 ~ IIvll2 + 21(v, w)1 + IIwl12
~ IIvl1 2 + 211vllllwil + IIwl12 = (11vll + Ilwll)2.

Taking the square root of each side yields what we want.
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An element of E is said to be a unit vector if Ilvll = 1. If Ilvll ¥- 0, then

vJllvl1 is a unit vector.

Remark. On the function space, we can use the sup norm, but we also
have tpe seminorm arising from the hermitian product. When we deal
with both simultaneously, as is sometimes necessary, we shall denote
the sup norm by I I as before, or also I 110, but we denote the seminorm
of Theorem 1.3 by I 112. It is customary to call this seminorm also a norm,
that is we shall commit the abuse of language which consists in calling
it the L 2-norm For any function I we have

11/112 ~ J21tll/llo.
Indeed, let M = I I I o. Then

Our assertion follows by taking square roots. For the rest of the section,
we deal only with the abstract case, and use I I for the seminorm of the
hermitian product.
be an element such that Ilwll ¥- 0, and let VEE. There exists
c such that v - cw is perpendicular to w. Indeed, for
v - cw to be perpendicular to w we must have
Let

WEE

a unique number

(v - cw, w) = 0,

whence (v, w) - (cw, w)

=

°and

(v,

w) = c(w, w). Thus

(v, w)
(w,w)

c=--.
Conversely, letting c have this value shows that v - cw is perpendicular
to w. We call c the Fourier coefficient of v with respect to w.

its

Example 3. In the case of the function space, if I is a function, then
Fourie~ coefficient with respect to Xn is

Cn

= -1

2n

fit
_It

.

l(x)e- lnX dx.
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We shall usually use the letters ao, an, bn = a_ n to denote the Fourier
coefficients of f with respect to 1, cos nx, and sin nx respectively, so that:
ao

1
= -2
n

fn
-n

an = -1
n

f(x) dx,

a- n

=

bn

= -1
n

fn
-n

fn
-n

f(x) cos nx dx,

f(x) sin nx dx.

As a concrete example, we determine the Fourier coefficient of the function f(x) = x with respect to sin nx. We have
bn

= -1

f" x sin nx dx.

n _"

We can integrate by parts, and find
bn

= - -2 cos nn = ( _1)n+ 1 -2.
n

n

Sometimes a function is given in the interval [0, 2n] and extended by
periodicity to the whole real line. The Fourier coefficients can then be
computed by taking the integrals between 0 and 2n. (Cf. Exercise 4.) Thus
for any periodic f of period 2n,

For example, if f(x) = (n - x)2/4 on the interval [0, 2n], we see that its
Fourier series is

In §3, we shall see that the series actually converges to the function on
0< x < 2n.
It is natural to define the projection of v along w to be the vector cw,
because of the following picture where c is the Fourier coefficient.
v
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Let V1' ••• ,Vn be elements of E which are not in Eo, and which are mututually perpendicular, that is (Vi' Vj) = 0 if i :1= j. Let Ci be the Fourier
coefficient of V with respect to Vi' Then

is perpendicular to V1' ••• ,Vn • Indeed, all we have to do is to take the product of V with Vj' All the terms involving (Vi' Vj) will give 0, and we shall
have two terms

which cancel. Thus subtracting linear combinations as above orthogonalizes V with respect to Vlo ••• ,VII'
In applications, we try to orthogonalize with respect to an infinite
sequence of vectors {Vlo V2'" .}. We then run into a convergence problem,
and in fact into three convergence problems: with respect to the L 2- norm,
with respect to the sup norm, and with respect to pointwise convergence.
The study of these problems, and of their relations is what constitutes the
theory of Fourier series.
In this section we continue to derive some simple statements which
hold in the abstract set up of the vector space with its hermitian product.
Let {v n } be a sequence of elements of E such that Ilvnll :1= 0 for all n.
For each n let F" be the subspace of E generated by {V1' ... ,v,,}. We let
F be the union of all F "' that is the set of all elements of E which can be
written in the form
C1V1

+ ... + CIIVII

with complex coefficients Ci' and all possible n. Then F is clearly a subspace of E, which is again said to be generated by {VII}' We shall say that
the family {v,,} is total in E if whenever VEE is orthogonal to each VII for
all n it follows that IIvil = 0, that is V E Eo. We shall say that the family
{VII} is an orthogonal family if its elements are mutually perpendicular,
that is (VII' v m ) = 0 if m :1= n, and if I VII I :1= 0 for all n. We say that it is
an orthonormal family if it is orthogonal, and if IIv"II = 1 for all n. One
can always obtain an orthonormal family from an orthogonal one by
dividing each vector by its length.
If {VII} is an orthogonal family and if F is the space generated by {VII}'
then {VII} is total in F. Indeed, if

for all i = 1, ... ,n, then Ci(Vjo Vi) = 0, and therefore Ci = 0
In the proof of the next theorem, we use the
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Pythagoras theorem. If u, WEE are perpendicular, then

The proof is immediate from the definitions.
The next theorem asserts that if we try to approximate an element v of
E by linear combinations of Vl"" ,Vn , then the closest approximation
is given by the combination with the Fourier coefficients. "Closest" here
is taken with respect to the L 2- norm.
Theorem 1.4. Let {v n} be an orthogonal family in E. Let vEE, and let
be the Fourier coefficient of v with respect to vn • Let {an} be a family
of numbers. Then
Cn

Proof Let

and
Let Fn be the subspace generated by {Vl' ••• ,vn }. Let W = v - u and
Wl = v - Ul'
Then u + W = v = Ul + W 1 , so W 1 = U - Ul + w, and
U - Ul is perpendicular to w. Hence by the Pythagoras theorem,

This proves our theorem.
Theorem 1.4 will be used to derive some convergence statements in E.
Even though II II is only a seminorm, we continue to use the same language
we did previously with norms, concerning adherent points, convergent
series, etc. [Actually, we could also deal with equivalence classes of elements of E, saying that v is equivalent to W if there exists some U E Eo such
that v = W + u. We can make equivalence classes of elements into a
vector space, define the hermitian product on this vector space, and define
II " also on this vector space of equivalence classes. Then " " becomes
a genuine norm on this vector space. However; we shall simply use the
other language as a matter of convenience.]
Theorem 1.5. Let {v n } be an orthonormal family. Let vEE, and let Cn
be the Fourier coefficient of v with respect to Vn. Then the partial sums of
the series Cn Vn form a Cauchy sequence, and we have

L
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The following conditions are equivalent:

L

(i) The series cII VII converges to v.
(ii) We have L Icll 12 = Ilv112.
(iii) The element v is adherent to the subspace F generated by the family
{VII}'

Proof We have for every n,

= (v, v) = IIvll 2

II

II

II

j=1

k=1

k=1

L Ck(Vk, v) - L Ck(V, Vk) + L I kl
C

2

II

-

L Ick1 2 •
k= I

Thus for every n we have:
II

L ICkl 2 ~ 11vII 2 •

k=1

From this we see as usual that given £, we have

for m, n sufficiently large, whence

by the Pythagoras theorem, because

If the series L CII VII converges to v, then L IcII 12 = II v11 2, and conversely,
as follows from the first relations of our proof. Also, if these conditions
are satisfied, then certainly v is adherent to F. Finally, let us assume that
v is adherent to F. Given £, there exist numbers aI' ... ,aN such that
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By Theorem 1.4, it follows that

If n > N, again by Theorem 1.4 it follows that

This proves that the series
of the theorem.

L

Cn

Vn converges to v, and concludes the proof

Corollary 1.6. Let {v n } be an orthonormal family, and let veE be an
element all of whose Fourier coefficients with respect to {v n } are equal
to O. Assume that v lies in the closure of the space generated by {v n }.
Then Ilvll = O.
Proof Clear.

The series
family {v n }.

L

Cn

Vn is called the Fourier series of v with respect to the

Example 4. Consider first the case of the functions {Xn}, with neZ,
so that n ranges over all positive or negative integers and O. We agree to
the convention that the partial sums of the Fourier series are
Sll

=

n

L C"Xk
k=-II

or

SIl(X)

=

II

L

"=-n

Ck eikX•

We know that the order in which the terms of a series of functions (or
numbers) is taken is important when we do not have absolute converg~nce,
Of course, we saw that the Fourier series converges absolutely for the
L 2-norm, but we want to study it with respect to the other convergences.
Thus we make the preceding convention.
The reader will immediately verify that if {an}nez are the Fourier coefficients of f with respect to the family {lPn} n e z, then
n

n

L
aklP" = L CkXk,
-n
-II

in other words
n

ao

+ L (a" cos kx + bk sin kx)
k= 1

n

=

L

k=-II

c"e ikx •
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When dealing with the concrete case of the function space, we shall therefore denote the Fourier series by

L

or simply an qJn' it being understood that nEZ, and that the sum is taken
in the prescribed order,
n

lim
"-00

n

L akqJk =

L CkXk'

lim

n-ook=-n

k=-n

EXERCISES

1. Verify the statements about the orthogonality of the functions Xn' and the functions qJo, qJn' "'n·

2. On the space C" consisting of all vectors
where Zj, Wj E C, define the product

Z

= (ZI'

Show that this is a hermitian product, and that

•..

<z, z) =

,zn) and

W

= (WI'

0 if and only if Z

=

...

,wn)

O.

3. Let [2 be the set of all sequences {cn} of complex numbers such that I Ic l converges. Show that [2 is a vector space, and that if {I)(n}, {Pn} are elements of [2,
then the product
2
n

is a hermitian product such that <1)(,1)() = 0 if and only if I)( = O. (Show that the
series on the right converges, using the Schwarz inequality for each partial sum.
Use the same method to prove the first statement.) Prove that [2 is complete.
4. If f is periodic of period

2TC,

and a, b E R, then

f bf(x) dx = fb+
a

(Change variables, letting u

2n

f(x) dx =

a+21t

=x

-

2TC,

fb-

2n

f(x) dx.

a-21t

du

= dx.) Also,

n+ a dx.
n + a) dx = In_/(x) dx = I_d/(X)
I_/(x
(Split the integral over the bounds statement.)

TC

+ a,

-

TC, TC, TC

+ a and

use the preceding
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5. Let f be an even function (that is f(x) = f( -x)). Show that all its Fourier coefficients with respect to sin nx are o. Let g be an odd function (that is
g( -x) = -g(x)). Show that all its Fourier coefficients with respect to cos nx
are O.
6. Compute the real Fourier coefficients of the following functions: (a) x; (b) x 2 ;
(c) Ix I; (d) sin 2 x; (e) Isin xl; (f) Icos xl.
7. Let f(x) be the function equal to (n - x)/2 in the interval [0, 2n], and extended
by periodicity to the whole real line. Show that the Fourier series of f is
I (sin nx)/n.
8. Let f be periodic of period 2n, and differentiable. Assume that f' is continuous.
Show that there is a constant C > 0 such that all Fourier coefficients an (n E Z)
satisfy the bound lanl ~ c/lnl. [Hint: Integrate by parts.]

r

9. Let f be periodic of period 2n, and twice differentiable. Assume that
is continuous. Show that there is a constant C > 0 such that all Fourier coefficients
an (n E Z) satisfy the bound Iani ~ C/n2. Generalize.
10. Let t be real and not equal to an integer. Determine the Fourier series for the
functions f(x) = cos tx and g(x) = sin tx.
11. Let E be a vector space over C with a hermitian product. Prove the parallelogram
law: For all v, W ( E we have

12. Let E be a vector space with a hermitian product which is positive definite, that
is if Ilvll = 0 then v = O. Let F be a closed subspace of E. Let vEE and let
a = glb Ilx - vii.
xeF

Prove that there exists an element Xo E F such that a = Ilv - xoll. [Hint: Let
{y.} be a sequence in F such that llYn - vII converges to a. Prove that {Yn} is
Cauchy, using the parallelogram law on
Yn - Ym

=

(Yn - x) - (Ym - x).]

13. Notation as in the preceding exercise, assume that F =I E. Show that there exists
a vector Z E E which is perpendicular to F and z =I O. [Hint: Let vEE, v ¢ F. Let
Xo be as in Exercise 12, and let z = v - Xo. Changing v by a translation, you may
assume that z = v, so that Ilvll = a. Let IX = t<v, y) for YEF, and consider the
fact that Ilv + lXyll ;:;; a for small real values of t.]

14. Notation as in Exercises 12 and 13, let A: E -+ C be a continuous linear map.
Show that there exists Y E E such that l(x) = (x, y) for all x E E. [Hint: Let F be
the subspace of all x E E such that A.(x) = O. Show that F is closed. If F =I E,
use Exercise 13 to get an element Z E E, Z ¢ F, Z =I 0, such that z is perpendicular
to F. Show that there exists some complex IX such that IXZ = Y satisfies the requirements, namely IX = 1(z)/llzI12.]
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15. Let E be a vector space over C with a hermitian product which is positive definite.
Let Vi> ••. ,V. be elements of E, and assume that they are linearly independent.
This means: if CIVI + ... + C.V. = 0 with Ci E C, then Ci = 0 for all i. Prove that
for each k = 1, ... ,n there exist unique elements WI' •.. ,Wk which are of length 1,
mutually perpendicular (that is (Wi' Wj) = 0 if i -# j), and generate the same subspace as VI, ... ,Vk. [Hint: For the existence, use the usual orthogonalization
process: Let

where Ci are chosen to orthogonalize. Divide each
in all the details and complete this proof.]

Ui

by its length to get

Wi.

Put

16. In this exercise, take all functions to be real valued, and all vector spaces over
the reals. Let K(x, y) be a continuous function of two variables, defined on the
square a ~ x ~ b and a ~ y ~ b. A continuous function f on [a, b] is said to be
an eigenfunction for K, with respect to a real number A, if

f(y)

=A

r

K(x, y)f(x) dx.

a

Use the L 2-norm on the space E of continuous functions on [a, b]. Prove that
if fl' ... ,J" are in E, mutually orthogonal, and of L 2-norm equal to 1, and are
eigenfunctions with respect to the same number A, then n is bounded by a number
depending only on K and A. [Hint: Use Theorem 1.5.]

§2. Trigonometric Polynomials as a Total Family
In Chapter 8, we proved the following theorem.
Theorem 2.1. Let f be a continuous function, periodic of period 2n. Then
f can be uniformly approximated by trigonometric polynomials.

As already remarked, the proof of that chapter did not give an explicit
determination of the approximating trigonometric expressions. We shall
give such a determination below. At first, we assume Theorem 2.1 and
derive some consequences. Specifically, let E be the vector space of piecewise continuous functions f on R which are periodic of period 2n, and let
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E. be the space of real valued functions in E. Our first task will be to show
the immediate consequence of Theorem 2.1, that the families offunctions
and
are total.

Theorem 2.2. Let f be a continuous function periodic of period 21t all of
whose Fourier coefficients are equal to O. Then f = O.
Proof There exists a sequence of trigonometric polynomials
{P",}(m = 1,2, ...)

which converges uniformly to f Suppose for simplicity that f is real, and
the P", are polynomials in sine and cosine with real coefficients. We then
have

with suitable constants at, and the sum taken over a finite number of
terms. The at depend on m of course. It follows that

f/(X)p ",(x) dx

= L at

f/(X)({Jt(X) dx

= O.

But then

Hence f = 0 because f is continuous and f2 ~ O. The complex case can
be deduced from the real case by using the real and imaginary parts of a
complex function, or by arguing directly, noting that P", approximates f
and using P", in the integral.

Coronary 2.3. The families {({J"}"EZ and {X"}"EZ are total.
Proof This is a simple matter of approximating the integral taken with
a piecewise continuous function by the integral taken with a continuous
function. The approximation this time is not uniform, and we give the
argument in detail. It is based on the following lemma.
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Lemma 2.4. Let f be a piecewise continuous function on an interval [a, b].
Given

f.,

there exists a continuous function g on [a, bJ such that
flf(X) - g(x) I dx <

f..

If f(a) = f(b), we can select g such that g(a) = g(b).
Proof Suppose f has possible discontinuities at the points of a parti-

tion
a = ao < al < ... < am = b.

Take ~ small, and consider a ~-interval around each ai' We change f to
another function g by changing the values of f only in these ~-intervals.
Suppose ai is not an end point. We let g be the linear function having
value f(ai - ~) at ai - ~ and the value 0 at ai' on the interval [ai - ~, a;].
Similarly, we let g have the value 0 at ai' the value f(ai + ~) at ai + ~,
and be linear on the interval [ai' ai +~]. At the end points we define g
in a similar way but only on the side where it makes sense. On a typical
~-interval around ai' g looks like this:
f(aiH) ---------------

f(ai- O) ---

ai-O

a,

Then the sup norm I f - gllo is bounded by Ilfllo, andf(x) = g(x) unless

x lies in one of our ~-intervals. The only part of the integral

which does not give a zero contribution is that taken over these ~-intervals.
Consequently we find the estimate

flf - gl

~ 2m~llf -

gllo·

This proves our lemma.
Suppose now that f is piecewise continuous, periodic, real, and that all
its Fourier coefficients are equal to 0, that is <J, ({)n> = 0 for all our func-
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tions lpn. If P is any trigonometric polynomial, P is a linear combination
of the lpn with constant coefficients, and so (J, P) = 0 also. Let g be continuous and approximate I as in the lemma. Let P be a trigonometric
polynomial approximating g uniformly. We have

Now we have the estimate

If/(I - g) I ~ fn IIIII ~ IIIII fnll -

gl
gl·

This is less than E for g close to I in the sense of the lemma. The second
integral is estimated by the sup, and the third is 0 by hypothesis. Thus

for every E, and is therefore equal to O. Hence

wherever I is continuous, as was to be shown.
The pattern of the preceding proof extends to a much wider class of
functions, namely all those functions which can be approximated in the
L 1-norm by continuous functions. This is more or less the class of all
functions which one ever wants to integrate.
EXERCISES

1. Let oc be an irrational number. Let f be a continuous function (complex valued,
of a real variable), periodic of period 1. Show that

1

lim -

L f(noc) =
N

N~ctJNn=1

f.1 f(x) dx.
0

[Hint: First, let f(x) = e27fikx for some integer k. If k i= 0, then you can compute
explicitly the sum on the left, and one sees at once that the geometric sums
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are bounded, whence the assertion follows. If k = 0, it is even more trivial.
Finally, approximate f uniformly by a trigonometric polynomial to get the result
for an arbitrary f]
2. Prove that the limit of the preceding exercise is valid if f is an arbitrary real valued
regulated function (or Riemann integrable function) by showing that given £, there
exist continuous functions g, h, periodic of period 1, such that

and

In particular, the limit is valid if f is the characteristic function of a subinterval

of [0, 1].

§3. Explicit Uniform Approximation
We shall now reprove the approximation theorem for trigonometric polynomials by the method of Dirac sequences. Since we are dealing with
periodic functions, we replace the bounds of integration by - 7t and 7t
instead of - 00 and 00. Otherwise we make no change in the definition of
Dirac sequence.
If f, g are periodic of period 27t, we define

!* g =

f/(t)g(X - t) dt,

and again call it the convolution of! and g. We shall convolve a function!
with two types of kernels. One of them will be the Dirichlet kernel)

D,,(x)

1

= 2n

and the other will be the Fejer kernel (called also the Cesaro kernel)

1

,,-1

m

L k=-m
Le

K,,(x) = -2
nn m=O

ikx •
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We see that thc second one is an average of the first. It turns out that the
Fejer kernels form a Dirac sequence, but the Dirichlet kernels do not,
although we shall see in the next section that they also furnish certain
approximation theorems.
We denote by Sn the n-th partial sum of the Fourier series of a function
f (Strictly speaking we should write sf,n')
We shall take the convolution both of Dn and Kn with a given function
f We start by looking at the convolution of f with the functions

We have
Xk

* f(x)

= f/(t)eik(X-t) dt
= f/(t)e- ikt dt. e ikx

where Ck is the k-th Fourier coefficient off This ties up the Fourier series
with convolutions, and since the convolution product is distributive over
addition, we obtain:

Theorem 3.1. Let f be a periodic, piecewise continuous function. Then
f

* Dix) =

six)

and

Thus f * Kn is the average of the partial sums of the Fourier series of f
We shall now analyze the Fejer kernels using trigonometric identities,
and prove that they form a Dirac sequence.
We have
(1)

m

m

m

k=-m

k=l

k=O

L e ikx = 1 + L 2 cos kx = -1 + 2 Re L eikx.
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On the other hand,
m.

k~Oelkx

1 _ ei(m+ l)x e- ix/2 _ ei(m+ 1/2)x
=
1 - eix =
-2i sin x/2 .

Taking the real part, we conclude that
sin(m + 1/2)x _ 1
~ 2
k
. /2 - + k=L.1 cos x.
sm x

(2)

On the other hand, for n

~

1 _ einx
1 - cos nx - i sin nx
- -,....,-:---,--,,-;:----:--;-;,,.-1 - eix - eiX/2(e b/2 _ eiX/2)

n- 1 .

'" e1mx

m~o

1,

-

-

We multiply both sides by eix/2 and equate the imaginary parts, getting
,,-1

L

(3)

m=O

sin(m + !)x =

sin 2 nx/2
.

sm x

/2'

We now find

,,- 1 m
sin 2 nx/2
• 2 /2 = n + L L 2 cos kx.
sin x
m=O /c=1
This gives us the expression for K" that we were looking for, namely:

(4)

Kn(x)

=

1 sin 2 nx/2
21tn sin 2 x/2 .

Theorem 3.2. The sequence of Fejer kernels is a Dirac sequence.
Proof. Since K" is the square of a real function, its values are ~ 0, so
DIR 1 is satisfied. For DIR 2 we integrate the terms in the definition of
K" and obtain 0 except for one term, with m = 0, which gives 1. For

DIR 3, given £, we have
-1
n

Lit (sin. nt/2)2 dt :s;; -1 Lit
d

sm 2 t/2

- n

d

• 1 dt.
sm 2 t/2

The integral on the right is a fixed number, and dividing by n shows that
the expression on the right tends to 0 as n -+ 00. Hence DIR 3 is satisfied.
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(Actually, the integral on the right can be integrated easily, but this is
irrelevant here.)
Observe that, as usual, Kn is an even function.

* Kn converge uniformly to f

CoroUary 3.3. The functions f

pact set where f is continuous.

on any com-

Proof General Dirac sequence property.
We have already observed that

+ ... + Sn-1

So

n
is the average of the partial sums of the Fourier series. The procedure of
taking this average is known as Cesaro summation. The corollary of
Theorem 3.2 can be stated by saying that

the Fourier series of a function is Cesaro summable to the jUnction, uniformly on any compact set where the function is continuous.
Observe that this is a pointwise convergence statement.
From formula (3), we can get an expression for the Fejer kernel in terms
of cosine functions, namely

1

Kn(x) = -2

(5)

1t

+ -In-1(
L 11tk=1

k)

- cos kx.
n

The corresponding formula for f * Kn is then given by

f

* Kn(x) =

ao

+ n-1
L

(

k= 1

k)

1 - - (ak cos kx
n

+ bk sin kx),

where ao, ak, bk are the Fourier coefficients of f with respect to the cosine
and sine functions. This is trivially verified.
In the next section, we prove statements which show how we can adjust
the properties of the Dirac sequences to provide convergence statements
with Dn instead of Kn.
EXERCISES

1. Let E be as in the text, the vector space of piecewise continuous periodic functions.
If J, gEE, define

f * g(x) =

f"f(t)g(X - t) dt.
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Prove the following properties:
(a) f*g = g *!
(b) If h E E, then f * (g + h) = f * g + f * h.
(c) (J * g) * h = f * (g * h).
(d) If O! is a number, then (O!f) * g = O!(J * g).
2. For 0

~

r < 1, define the Poisson kernel as

Show that
1
1 - r2
P,(O)=271: 1 - 2rcosO

+r

2'

3. Prove that P,(O) satisfies the three conditions DIR 1, 2, 3, where n is replaced by
r and r -+ 1 instead of n -+ 00. In other words:

DlR 1. We have P,(O)

~

0 for all r and all O.

DIR 2. Each P, is continuous and

DIR 3. Given £ and c5, there exists ro, 0 < ro < 1, such that

f- + I"
d

P,

-"

P, <

if ro < r <

1 then

£.

d

4. Show that Theorem 1.1 concerning Dirac sequences applies to the Poisson kernels, again letting r -+ 1 instead of n -+ 00. In other words: Let f be a piecewise
continuous function on R which is periodic. Let S be a compact set on which f is
continuous. Let

Then J, converges to f uniformly on S as r

-+

1.

5. In this exercise we use partial derivatives which you should know from more elementary courses. See Chapter 15, §1 for a systematic treatment.
Let x = r cos 0 and y = r sin 0 where (r, 0) are the usual polar coordinates.
Prove that in terms of polar coordinates, we have the relation

This means that iff (x, y) is a function of the rectangular coordinates x, y then

f(x,y)

= f(r cos 0, r sin 0) = u(r, 0)
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is also a function of (r, (J), and if we apply the left-hand side to f, that is

then we get the same thing as if we apply the right-hand side to u(r, (J). The above
relation gives the expression for the Laplace operator (iJ/iJX)2 + (iJ/iJyi in terms of
polar coordinates. The Laplace operator is denoted by L\.
A function/is called harmonic if L\/ = O.

6. (a) Show that the functions rlkleik8 are harmonic, for every integer k.
(b) Show that the function

L
00

k=

is harmonic for 0

~ r

rlkleik8

-00

< 1. Justify the term by term differentiations.

The use of the Poisson kernel comes from the desire to solve a boundary-value
problem. Suppose given a function g, viewed as a function on the circle, say g«(J),
periodic of period 2n. We want to find a function on the disc, that is a function
u(r, (J) with 0 ~ r < 1, which is harmonic, and such that u has period 2n in its second variable, that is
u(r, (J) = u(r, (J

+ 2n).

Furthermore, we want u(l, (J) to be as much like 9 as possible. This can be
achieved as follows.

7. Let 9 be a continuous function of (J, periodic of period 2n. Define
u(r, (J) = (g

* PrX(J)

for 0

~ r

< 1.

(a) Show that u(r, (J) is harmonic. (You will need to differentiate under an integral
sign.)
(b) Show that
lim u(r, (J) = g«(J)
r~l

uniformly in (J, as a special case of approximation by Dirac families.

§4. Pointwise Convergence
The most obvious test for pointwise convergence is due to the fact that a
uniformly convergent series can be integrated term by term.

1beorem 4.1. (i) Let {a"},,EZ be a family of numbers such that the series
L-co a"cp" converges uniformly, and let g = L~co a"cp". Then a"
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is the Fourier coefficient of g with respect to ({)n' and therefore L an ({)n
is the Fourier series of g.
(ii) Let f be a piecewise continuous function, periodic of period 2n. Let
{an} be its Fourier coefficients, and assume that L an({)n converges
uniformly. Then f is continous and the Fourier series converges
uniformly to f.
Proof. For each m the function
shows at once that the series

({)m

is bounded (by 1 even), and this

00

,,=L

a,,({)k({)m

=

g({)m

-00

converges uniformly. Hence it can be integrated term by term, and the
orthogonality relations show that

This proves the first part of the theorem. The second part follows from
the first, and Theorem 2.2 which says that if all the Fourier coefficients
are 0 then the function is O. We apply Theorem 2.2 to f - g to conclude
the proof.
Example. Let g(x)

= (n -

x)2/4 on the interval [0, 2n], and other-

wise extended by periodicity. The Fourier coefficients are easily computed
to be
1

a" = k 2 '

b" = 0

for positive integers k. Hence the Fourier series converges uniformly, to
the function g itself. We have
(1)

Letting x = 0, we find that
00

6

1

L k2'
k= 1

We have already seen in Exercise 9 of §1 that if the periodic function f
is twice continuously differentiable, then its Fourier coefficients tend to 0
like 11m2, and consequently the Fourier series is uniformly convergent,
and converges to the function.
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When the series does not converge uniformly, we need a lemma to
investigate its convergence at a given point.
Riemann's lemma. Let a < b. Let f be piecewise continuous on [a, b].
Then

lim
A .... co

fb f(x) cos Ax dx =

0,

a

and similarly if cos is replaced by sin.
Proof. Assume first that f is differentiable except at a finite number of
points, and that its derivative is piecewise continuous. Decomposing the
interval [a, b] into a finite number of segments, we see that it suffices to
prove our lemma for each such segment. Thus it suffices to prove: If f
has continuous derivative on [a, b], then

lim
A .... co

fb f(x) cos Ax dx = O.
a

In this case, we integrate by parts, and get
A d
f(b) sin Ab
f bf ()xcosxX=
A
a

f(a) sin Aa
1
-A
A

fb fl (xsmxx.
) . A d
a

This clearly goes to 0 as A - 00 because f' is bounded on the closed interval [a, b].
Now let f be arbitrary. Given E, there exists a step function g such that
flf(X) - g(x) I dx <

£.

Then
ff(X) cos Ax dx = f(f(X) - g(x») cos Ax dx

+

fg(X) cos Ax dx,

and taking absolute values, we have
1

ff(X) cos Ax dx

1

~ f'f(X) -

g(x) I dx

+ 1 fg(X) cos Ax dx I,

because Icos Ax I ~ 1. The first term on the right is < £, and the second
also for all A sufficiently large, according to the first part of the proof.
This proves Riemann's lemma.

272

12. Fourier Series

The Riemann lemma will playa role similar to the role played by one
of the conditions on Dirac sequences, namely that the contribution to the
integral outside a b-interval around the origin is very small for n sufficiently
large.
The other properties needed are easy, namely:
(2)

D ( ) = sin (2n + 1)x/2)
n x
2n sin x/2

(3)

(x =1= 2mn).

We leave the proofs as exercises.
It is natural to consider at any point x the average value of the function.
If
f(x+) = lim f(x

+ h)

f(x-) = lim f(x - h),

and

h .... O

h .... O
h>O

h<O

we let
A

() _ f(x+)

vfx -

+ f(x-)

2

.

It is the mid-point between the right and left limits:

•

Most functions we consider, in addition to being piecewise continuous
are also piecewise differentiable. A reasonable condition which is used in
practice is slightly weaker. We shall say that f satisfies a right Lipschitz
condition at x if there exist a constant C > 0 and b such that
If(x

+ h) -

f(x+)1

~

Ch

for all h with 0 < h ~ b. Similarly, we define a left Lipschitz condition
at x. Certainly if f is right differentiable at x, then it satisfies a right Lipschitz condition at x.

Theorem 4.2. Let f be piecewise continuous and assume that f satisfies
a right and a left Lipschitz condition at a given point x. Then the Fourier
series of f converges to A vf (x) at x.
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Proof We have for b > 0,
Dn*f(x) - AVf(x) = f,,[f(X - t) - Avf(x)]Dn(t)dt
=

f~ +

L-: + f

[f(x - t) - Av f (x)]Dit) dt.

The first integral will be estimated absolutely; the other two will be estimated by using the Riemann lemma. We give E.
Let C be the constant of the Lipschitz condition, and choose b < E.
Note that Dn is even, i.e. Dn(t) = Dn( -t). Therefore

Hence the first integral from - b to b is equal to

which, in absolute value, can be estimated by
i l . (2n + l)t I
f~
t
f~ C I'S10tt/21
S10
2
dt ~
C S10
---;--/2
dt ~ ECC
t
1

_~

_~

1,

because t/sin(t/2) is continuous even at 0 and its integral is bounded by
some C l ' Thus our first integral is small.
Now as for the others, the function g(t)

= f(x - t) - AVr(x) is piecewise continuous. Consequently, for all n sufficiently large, the second and
third integrals tend to O. This proves our theorem.
It is clear from the Riemann Lemma, and the estimate of the first part
of the proof of Theorem 4.2 that to get uniformity statements on the convergence, one needs to have uniformity statements on the Lipschitz
constant, and on the oscillation of f We don't go into this question here.

EXERCISES

1. Carry out the computation of the Fourier series of (n - x)2/4 on [0, 2n]. Show
that this Fourier series can be differentiated term by term in every interval
[<5,2n - <5] and deduce that

n-x
2

f: sin kx
k=l

k

'

0< x < 2n.
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2. Deduce the same result by considerations of Theorem 4.2.

3. Show that the convergence of the Fourier series to Av f (x) at a given point x depends only on the behavior of f near x. In other words, if get) = f(t) for all t in
some open interval containing x, then the Fourier series of g converges to Avix)
at x if and only if the Fourier series of f converges to Av Ix) at x.
4. Let F be the complete normed vector space of continuous periodic functions on
[ -n, n] with the sup norm. Let [I be the vector space of all real sequences
ex = {an} (n = 1,2, ...) such that L lanl converges. We define, as in Exercise 8 of
Chapter 9, §5, the norm
00

Ilexll =
Let Lex(x) =

L lanl·

n=1

L an cos nx, so that L: [I -> F is a linear map, satisfying
II L(ex) II ~ Ilexll.

Let B be the closed unit ball of radius 1 centered at the origin in [I. Show that L(B)
is closed in F. [Hint: Let Uie} (k = 1, 2, ...) be a sequence of elements of L(B) which
converges uniformly to a function f in F. Let fk = L(ri') with exk = {a!} in [I. Show
that

a! =

fIt

1

-

_"

n

fk(X) cos nx dx.

Let b. = lin C" f(x) cos nx dx. Note that lb. - a!1 ~ 211f - fkll. Let p = {b n }·
Show first that p is an element of [1, proceeding as follows. If P¢ [1, then for some
Nand c> 0 we have
Ib.1 ~ 1 + c. Taking
large enough, show that
L~=1 1a!1 > 1, which is a contradiction. Why can you now conclude that
L(P) =f?]

L:=1

k

5. Determine the Fourier series for the function whose values are eX for

0< x < 2n.
Show that the following relations hold:
6. For 0 < x < 2n and a
ne"X

=1=

0 we have

= (e2"" -

1) ( -

1

2a

+

.;, a cos kx - kSinkx)
f...,

k=1

k

2

2

+a

•

7. For 0 < x < 2n and a not an integer, we have
sin 2an
n cos ax = - 2 a

+

.;, a sin 2an cos kx
f...,

k=1

+ k(cos 2an 2

a -

k2

1) sin kx

.
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8. Letting x

=

n in Exercise 7, conclude that
an
--=
sin an

1 +2a 2

(-1l

<Xl

"-2
a2 -

k~

k

when a is not an integer.
(In all the above cases, Theorem 3.2 shows that the Fourier series converges
to the function.)
9. (Elkies) Let B be the periodic function with period 1 defined on [0, 1] by
B(x) = x 2

(a) Prove that B(x) =

-1
2 "
L..
2n ... 0

-

X

+ i.

'
21 e2'''.x.

n

(b) Prove the polynomial identity for every positive integer M:

-1- (M+1
L z·) (M+1
L Z-k ) = M+1
L (1 M

+1

.=1

m=l

k=l

(c) Prove that for all integers M

L
M

m=l

(

~

m)

- - (zm
M+1

+Z

m)

+ 1.

1 we have:

m)

1 - - - B(mu)~ - -1.
M+1
12

(d) More generally, let A = (a 1 , ••• , ar ) be an r-tuple of positive numbers. Let
X = (Xl' ... , x r ) be an r-tuple of real numbers. Define

Prove that
1

r

L aJ.
12

E(A, X) ~ - -

j=l

CHAPTER 13

Improper Integrals

§l. Definition
We assume that our functions are complex valued, unless otherwise
specified.
Let a < b be numbers, and let f be a piecewise continuous function on
the interval a ~ x < b. Then for every small b > 0 we can form the
integral

f f
b-~

a

If the limit of this integral exists as b approaches 0, then we say that the
improper integral

is defined, and is equal to this limit. Similarly, if f is piecewise continuous
on a < x ~ b, we define

ib ib f
a

f= lim
~ .... o

a+~

Example 1. The improper integral

51

1r: dx
o yx

= lim
~

.... o

i

~

= lim (2
~

exists.

.... o

l

1r: dx
yx

= lim 2Jx 11

- 2J'b)

=2

~

.... o

~
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Similarly, let J be defined for x ~ a and be piecewise continuous on
every finite interval [a, b] with a < b. We define

if the limit exists. For example, the following integral exists:

(00 e- r dt = lim (_e- B + 1) = 1.

Jo

B .... 00

Instead of saying that an improper integral exists, we shall also say that
it converges.
Suppose that J is piecewise continuous on the open interval a < x < b.
Let a < c < b. We define the improper integral

i bJ=lim iC
a

" .... 0

J+lim

a+"

A"" 0

i b-Af
C

This is independent of the choice of c in the interval a < x < b, because
if a < c1 < b then
lim
cI .... O

i

c

a+"

+ lim
A"" 0

ib-A = lim i CI + i C+ lim i b-A
CI + lim ib-A.
= lim i
C

6 .... 0

a+"

C!

6 .... 0

a+cI

A"" 0

A"" 0

C

C!

Warning. We take the limits independently of each other on each side
of the interval, because a definition of the improper integral as

lim
cI .... O

i

b- 6

a+cI

J

would be unreasonable for our present purposes due to cancellations, as
in the following example:
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We consider the integral

f

fC/2-li

-fC/2+lJ

= log cos x

tan x dx

!fC/2-lJ
-fC/2+lJ

=0

since cos x = cos (-x).
We leave it as an exercise for the reader to prove that if f'?: 0 on
a < x < b, then actually we don't need to be careful about the independent
limits.
Note that in our improper integrals, if f is actually piecewise continuous
on [a, b], then the new integral coincides with the old one, because as we
saw, the old one is a continuous function of its end points.
Similarly, suppose that f is piecewise continuous in every interval
a < x < b (a is fixed, all b > a). Let a < c. We define

ff
oo

=

fC f + lim fb f.

lim

lJ ... O a+lJ

a

b ... 00

C

Finally, if f is piecewise continuous on every bounded interval, we define

f

oo f

-

=

00

lim
g .....

fC f + lim fb f.

C()

-

a

b .....

00

C

These are independent of the choice of c.
Example 2. The integral

f

OO

e-Ixl

-00

dx

=

fO
-00

e- 1xl

dx

+ roo e-

Jo

X

dx

converges, being equal to

From the properties of limits, it is clear that the improper integrals are
again linear in f. For instance, with 00 as a limit, and with any constant tx,

and
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whenever each improper integral for f and g converges. Furthermore,
if f is real valued and f ~ 0 for x ~ a, then

provided the integral converges, and thus if f

~

g then

again provided each one of these integrals converges.
Finally, we define an integral

to be absolutely convergent if

converges. We say that f is absolutely integrable (on R) if

converges. Equivalently, we also say that f is in Lt.

EXERCISES

1. Let f be complex valued, f
continuous.
(a) Show that

= fl + if2

where fl' f2 are real valued, and piecewise

{Xl f converges if and only if {Xl fl and f.'" f2 converge.
(b) The function f is absolutely integrable on R if and only if fl and f2 are absolutely integrable.
.
2. Integrating by parts, show that the following integrals exist and evaluate them:

L'"e-

x

sin x dx

L'" e-

x

cos x dx.

and
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3. Let f be a continuous function on R which is absolutely integrable.
(a) Show that

(b) Show that for every real number a we have

(c) Assume that the function f(t)l/t/ is continuous and absolutely integrable.
Use the symbols

f

f(t) d"'t

R'

=

foo
-00

f(t)_/l/ dt.
t

If a is any real number # 0, show that

f

f(at) d*t

=

R*

f.*

f(t) d"'t.

This is called the invariance of the integral under multiplicative translations with
respectto dt/t.

§2. Criteria for Convergence
We shall formulate the criteria with
a similar pattern.

00

as a limit. The other cases follow

Theorem 2.1. Let a be a number, and f a piecewise continuous function
in every interval [a, x] for x > a. Then

converges
x,y~ B

if and

only if, given (. there exists B > 0 such that whenever
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Proof This theorem is nothing else but Theorem 1.1 of Chapter 7,
that is the Cauchy criterion applied to 00 as a limit instead of v, and to the
function
F(x) =

ff

Corollary 2.2. If an integral converges absolutely, then it converges.
Theorem 2.3. Let f

~ 0 for x ~ a, and let 9 be defined for x ~ a, piecewise continuous on every finite interval. If Ig 1~ f and if f converges,
then
9 converges (absolutely).

s:

s:

Proof For every B > a we have

S:

The least upper bound of all values
gral, which therefore converges.

1

9 1 for all B is a limit for this inte-

Example 1. We shall give an example with an improper integral over a
finite interval. We wish to show that the integral

1
1

log t d
1/2
t

o t

converges. Write

log t _

1]2 t

(t

1/4

1

log t)3j4'
t

We know that
lim (t 1/4 log t) = 0
/-+0

(why?) and hence the function (t 1/4 log t} is continuous on [0, 1], hence
bounded. On the other hand let f(t) = l/t 3 /4 . Then the improper integral
of f exists:

11
1

1 4
-3 /d
4 t -- 4t /
o t

11 =
0

4,

whence our integral of (log t)/t 1/ 2 converges. Note that we don't evaluate
it.
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Theorem 2.4. Let f be defined for x

1, say, and let

~

If the integral J~ f converges, then so does the series Lan'
Proof Obvious from the definition.

The next theorem is a converse of Theorem 2.4.
Theorem 2.5. Let f be defined for x

~

1, say, and let

("+1

an

= In f

Assume that

lim f(x) =

o.

x~oo

If the series L an converges, then so does the integral J~ f

if

Proof Select N so large that if x > N then I f(x) I < £, and such that
Sn

is the n-th partial sum of the series, then ISn

m> N. If N < B1 < B 2 , then

-

Sm

I < £ whenever n,

We select n ~ B1 < n + 1 and m < B2 ~ m + 1. The length of each
interval En, Bd and Em, B 2 ] is at most 1. Using the hypothesis on J, we
conclude that each one of the terms on the right of the inequality is < £;
hence we have a 3£-proof of the theorem.
Theorem 2.6. Let f, g be continuous for x ~ a. Assume that f(x) is
monotone decreasing to 0 as x -+ 00 and that
g is bounded for all
b ~ a. Then the integral fg converges.

J:

J:'

Proof Considering the real and imaginary parts of f, we may assume
that f is real valued. By Exercise 1 of Chapter 5, §2 we have

f Bf(x)g(x) dx = f(B 1) fB g(x) dx
2

B,

B,

for some BE [Bi' B2 ].
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Our assertion follows at once, from the Cauchy criterion, because

fB
Bl

fB

9 =

a

fBI

9 -

a

9

is bounded.

Example 2. The integral

f

ex>

sin x dx
X

1

converges. We take f(x) = l/x and g(x) = sin x. The integral for 9 is
bounded because the successive positive and negative loops for the sine
cancel each other. For instance if mt ~ B < (n + 1)1t, then

IoBsin x dx = In" sin x dx + fB sin x dx.
0

nIt

w

The value of the integral between 0 and n1t is equal to 1 or 0 depending on
whether n is odd or even. The integral between n1t and B is bounded in
absolute value by (B - n1t)llsinll, which yields the bound 1t.
This integral can also be viewed as a special case of Theorem 2.5. We let
an =

f

<n+ 1)"

nIt

sin x
--dx.
X

Then L an is an alternating series, whose terms decrease to 0 in absolute
value. The series converges, and since (sin x)jx tends to 0 as x -+ 00, it
follows that the integral converges.

Example 3. We can sometimes prove the convergence of an integral by
integrating by parts. Suppose J, g, f', g' are continuous functions. Then for
B ~ a, we have

IBfg' = f(B)g(B) - f(a)g(a) - IBgf'.
If f(B)g(B) -+ 0 as B -+ 00 and the integral on the right has a limit as
B -+ 00, then so does the integral on the left. For example, the integral

IoBxe-x dx =
can be handled in this way.

lim -xe- X
B-oex>

IB + IBe- x dx
0

0
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It can also be handled, for instance, by writing

and observing that for x sufficiently large, xe- x / 2 ~ 1. In that case, we
can compare the integral with

{~-X/2 dx
which is seen to converge by a direct integration between a, B and letting
B tend to infinity.

EXERCISES

1. Show that the following integrals converge absolutely. We take a > 0, and P is a

polynomial.

(c)

f'
f'

(e)

1"'(1 + Ixl)"e- ax dx for every positive integer n

(a)

P(x)e- X dx

(b) f'p(X)e-axdX

P(x)e- ax2 dx

(d)

I:",

P(x)e- a1xl dx

2. Show that the integrals converge.

f

nl2

(a)

o

1

I'sm x 11/2 dx

(b)

In Ism. 1Xll/2 dx
nl2

3. Interpret the following integral as a sum of integrals between nn and (n
and then show that it converges.

f'"

1

.

o (x 2 + 1)lsmxl l/2

dx

4. Show that the following integrals converge:
(a)

f'" Jx
1

0

e- x dx

(b)

f'"

1

-e-Xdx fors<1
o x'

5. Assume that f is continuous for x ;;; O. Prove that if

1'" f(x) dx = all''' f(ax) dx

r

f(x) dx exists, then

for a ;;; 1.

+ l)n,
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6. Let E be the set of functions f (say real valued, of one variable, defined on R) which
are continuous and such that

converges.
(a) Show that E is a vector space.
(b) Show that the association

is a norm on this space.
(c) Give an example of a Cauchy sequence in this space which does not converge
(in other words, this space is not complete).

In the following exercise, you may assume that

7. (a) Let k be an integer ~ O. Let P(t) be a polynomial and let c be the coefficient of
its term of highest degree. Integrating by parts, show that the integral

f

(d: e-,2)p(t) dt
dt

cc
-cc

is equal to 0 if deg P < k, and is equal to (-l)kk!cJn if deg P = k.
(b) Show that

where Pk is a polynomial of degree k, and such that the coefficient of rk in Pk is
equal to
ak = (_1)k2k.

(c) Let m be an integer

~

O. Let H", be the function defined by

H (t)
1ft

Show that

and that if m

"* n then

= e,2/2

d'" (e-,2).
dt lft
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8. (a) Let f be a real valued continuous function on the positive real numbers, and
assume that f is monotone decreasing to O. Show that the integrals

r
o

f(t)ei. dt

f(t) cos t dt,

A

A

are bounded uniformly for all numbers B ~ A
(b) Show that the improper integrals exist:

f'

r

r

f(t) sin t dt,

A

f'

f(t) sin t dt,

~

O.

f'

f(t) cos t dt,

o

o

f(t)e i• dt.

The integrals of this exercise are called the oscillatory integra1s.

§3. Interchanging Derivatives and Integrals
Theorem 3.1. Let f be a continuous function of two variables (t, x) defined for t ~ a and x in some compact set of numbers S. Assume that the
integral

f

OO

f(t, x) dt

=

a

lim
B..... oo

fB f(t, x) dt
a

converges uniformly for XES. Let
g(x)

=

1
00

f(t, x) dt.

Then g is continuous.
Proof For given XES we have
g(x

+ h) -

g(x) =
=

Given

E,

1
1
00

f(t, x

+ h) dt -

00

(j(t, x

+ h) -

select B such that for all YES we have

I

L
OO

I

f(t, y) dt <

E.

1
00

f(t, x) dt

f(t, x») dt.
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Then
Ig(x

+ h)

- g(x) 1

~ IJ~(f(t, x + h) + I {OO f(t,

x

f(t, x») dt

I

+ h) dt I + I {OO f(t,

x) dt [.

We know that f is uniformly continuous on the compact set [a, B] x S.
Hence there exists (j such that whenever 1h 1 < (j we have
If(t, x

+ h)

- f(t, x)1 ~ fiB.

The first integral on the right is then estimated by &IB = £. The other
two are estimated each by f, so we have a 3f-proof for the theorem.
We shall now prove a special case of the theorem concerning differentiation under the integral sign which is sufficient for many applications,
in particular those of the next chapter. It may be called the absolutely
convergent case.
Theorem 3.2. Let f be a function of two variables (t, x) defined for t ~ a
and x in some interval J = [c, d], c < d. Assume that D2 f exists, and
that both f and D2 f are continuous. Assume that there are functions
q>(t) and !/J(t) which are ~ 0, such that 1 f(t, x) 1 ~ q>(t) and

for all t, x, and such that the integrals

1
00

q>(t) dt

and

1
00

!/J(t) dt

converge. Let

g(x) =
Then g is differentiable, and

1
00

f(t, x) dt.
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Proof We have

Iget, x + hh -

get, x) - f"D 2 J(t, x) dt

~

I

LX) I J(t, x + ~ - J(t, x) -

I

D2 J(t, x) dt.

But
J(t, x

+ h) h

J(t, x)

- D 2 J(t, x) = D2 J(t,

Ct,h) -

D2 J(t, x).

Select B so large that

{X) ljJ(t) dt <

f.

Then we estimate our expression by

Since D2 J is uniformly continuous on [a, B] x [c, d], we can find J such
that whenever Ih I < J,

The integral between a and B is then bounded by
Band 00 is bounded by 2f because

I J(t, x + ~ -

J(t, x) - D2 J(t, x)

f.

The integral between

I ~ 2IjJ(t).

This proves our theorem.

Remark. In Theorem 3.1, if one assumes a condition similar to that of
Theorem 3.2, then the absolute value signs can be taken inside the integral
between a and B. In the next theorem, a similar condition implies the
uniform convergence which will be assumed there.
Theorems 3.1 and 3.2 are the only results of this chapter, together with
Theorem 3.5 below, which are used in the next chapter. They all make
hypotheses of absolute and uniform convergence.
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Theorem 3.3. Let f be a function of two variables (t, x) defined for t ~ a
and for x in some closed interval J = [c, d], c < d. Assume that the
integral
lim
B .... oo

r f(t, x) dt = J(''' f(t, x) dt
B

Ja

a

converges uniformly for x E J. Then

f {<Xl

f(t, x) dt dx =

{<Xl

f

f(t, x) dx dt.

Proof Given t, there exists Bo such that for all B
we have

I{B f(t, x) dt -

~

Bo and all x E J

{<Xl f(t, x) dt I < d ~ c'

s:

We know from Theorem 3.1 that
f(t, x) dt is continuous in x, and so
can be integrated. We obtain the bound

If {B f(t, x) dt dx -

f {<Xl

I

f(t, x) dt dx < t.

But we know from Theorem 7.2 of Chapter 10 that the finite integrals can
be interchanged, that is

f {B

f(t, x) dt dx =

{B f f(t, x) dx dt.

This proves that
lim
B.... 00

rBfd f(t, x) dx dt = fd f<Xl f(t, x) dt dx,

Ja

c

c

a

which is the statement of the theorem.

Theorem 3.4. Let f be a function of two variables t, x defined for t ~ a
and for x in some closed interval J = [c, d], c < d. Assume that f and
D z f exist and are continuous. Assume that
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converges uniformly for x

J, and that

E

g(x) =

LX) f(t, x) dt.

converges for all x. Then g is differentiable, and

Proof By Theorem 3.3 we have

f1

OOD2f (t, u) dt du =

=
=

1
1
1
00

fD2f(t, u) du dt

00

(f(t, x) - f(t, c») dt

00

f(t, x) dt -

1
00

f(t, c) dt

= g(x) - g(c).

This implies that g is differentiable, and that its derivative is what we said
it was.
Note. The proof is entirely analogous to the proof about the differentiation term by term of infinite series of functions. Furthermore, in
having proved Theorem 3.4 from Theorem 3.3 we showed how one could
prove Theorem 7.1 from Theorem 7.2 in Chapter to.

Example 1. Let a>

o.

Let
f( t,x )

Then f is continuous for t
x ~ a > O. Then

is absolutely integrable for x

sin t -Ix
=-e .
t

~

0 and for all x. We shall consider first

~

a, that is
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converges. The other conditions of Theorem 3.4 are clearly satisfied, so
that the function
g(x)

=

f

is differentiable, and
g'(x)

= -

sin t

OO

- - e- tx dt

o

t

L
oo

e- tx sin t dt.

Since this formula for the derivative is true for each a > 0 and x
true for x > O.

~

a, it is

An estimate as in Theorem 2.6 can be used to show that the integrals
above converge uniformly for x ~ O. We shall leave this to the reader.

Example 2. Let cp(t) be a continuous function for t

converges. Then
g(x)

=

~

0 such that

L
oo

cp(t)e itx dt

converges, and

In many applications, one takes for cp(t) a function like e- t •
We are left with one theorem to prove for the case when both integrals
are taken from 0 to 00, in Theorem 3.3. In that case, we must put some
supplementary condition, as shown in the example given in Exercise 8.

Theorem 3.5. Let f be a continuous function of two variables, defined
for t ~ a and x ~ c. Assume that:
(1) The integrals

1
00

I f(t, x)1 dt

and

converge uniformly for x In every finite interval, and for t in every
finite interval respectively.
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(2) One oj the integrals

1i I
00

oo

J(t, x) I dt dx

or

converges.
Then the other converges also, and they are equal.
Proof In condition (2), assume for instance that the first repeated
integral converges. Assume first that J ~ 0, so that we may omit absolute
value signs. Then by Theorem 8,

This is true for all b ~ a, and since all our integrals are ~ 0, the least upper
bound of the integral on the left for b ~ a is a limit of that integral, which
therefore converges. Thus we have proved that the second integral also
converges, and is less than or equal to the first. We can now use symmetry to conclude that they are equal.
To deduce the general case from the special case just considered, we
split J into its imaginary and real parts. The assumptions (1) and (2)
apply to these, so that we may assume that J is real. Finally, we write
J= g1 - g2 where g1 = max(O, J) and g2 = max(O, -J). Then g1' g2
are both ~ 0, and g1 ~ If I, Ig21 ~ If I· The hypotheses of the theorem
apply separately to g1 and g2' and by linearity we see that our theorem is
proved for f
EXERCISES

1. Show that the integral
g(x)

converges uniformly for x

~

=

f

OO

o

sin t

-

t

e- tx dt

0 but does not converge absolutely for x

= O.

2. Let g be as in Exercise 1. (a) Show that you can differentiate under the integral
sign with respect to x. Integrating by parts and justifying all the steps, show that
for x> 0,
g(x)

= -arctan x + const.

(b) Taking the limit as x -> 00, show that the above constant is n/2.
(c) Justifying taking the limit for x -> 0, conclude that

f

sin t
n
-dt=-.
o t
2
OO
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3. Show that for any number b > 0 we have

4. Show that there exists a constant C such that

[Hint: Letf(x) be the integral. Show thatf'(x) = -xf(x)/2. Using the value

one sees that C = In/2. The preceding value is best computed by reduction to
polar coordinates as in elementary calculus. We deal with this later in the book.]
5. Determine the following functions in terms of elementary functions:

6. Determine whether the following integrals converge:
(a)

fox~
OO

7. Show that

1

S: sin

dx

(b)

f

sin (1/x) dx

(x 2 ) dx converges. [Hint: Use the substitution x 2 = t.]

8. Evaluate the integrals

f

OO

1

foo
1

t -

x

f

OO fOOt - x

and

dtdX
x +(
t )3

1

1

(
)3 dxdt
X + t

to see that they are not equal. Some sort of assumption has to be made to make
the interchange of Theorem 3.5 possible.
9. For x !i;; 0 let
g(x) =

f

OO

log (U 2 X 2
2

u

o

+ 1)

+1

du

so that g(O) = O. Show that 9 is continuous for x !i;; O. Show that 9 is differentiable for x > O. Differentiate under the integral sign and use a partial fraction
decomposition to show that
7t

g'(x) = 1 + x

and thus prove that g(x) =

7t

log (1

+ x).

for x> 0,
(lowe this proof to Seeley.)
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to. (a) For y > 0 let
1

CPy(t) =

y

--2--2'
11: t
y

+

Prove that {cpy} is a Dirac family for y --+ O.
(b) Let f be continuous on R and bounded. Prove that (cpy * f)(x) converges
to f(x) as y --+ O.
11. For each real number t let [t] be the largest integer;:;; t. Let

(a) Sketch the graph of P l(t), which is called the sawtooth function for the obvious reason.
(b) Show that the integral

f'"

Pl(t) dt
o 1+ t

converges.
(c) Let h > O. Show that the integral
f(x) =

f'" Pl(t) dt
o x

converges uniformly for x
(d) Let

~

+t

h.

and extend Pit) by periodicity to all of R (period 1). Then P 2(n) = 0 for all integers nand P 2 is bounded. Furthermore P 2(t) = Pl(t). Show that for x> 0,

fo'"

Pl(t) dt =
x +t

f'"
0

P 2 (t) dt.
(x + t)2

(e) Show that if f(x) denotes the integral in part (d), then f'(x) can be found by
differentiating under the integral sign on the right-hand side, for x > O.
12. Show that the formula in Exercise l1(d) is valid when x is replaced by any complex number z not equal to a real number ;:;; O. Show that
lim
y~'"

f'"
0

Pl(t) dt = O.
iy+t
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13. The gamma function. Define

for x> o.
(a) Show that f is continuous.
(b) Integrate by parts to show that f(x + 1)
hence thatf(n + 1) = n! for n = 0, 1,2, ....
(c) Show that for any a > 0 we have

= xf(x). Show that f(l) = 1, and

(d) Sketch the graph of f for x > 0, showing that f has one minimum point, and
tends to infinity as x -+ 00, and as x -+ o.
(e) Evaluate
=
[Hint: Substitute t = u2 and you are allowed to use
the value of the integral in the hint of Exercise 4.]
(f) Evaluate f(3/2), f(5/2), ... ,fen + t).
(g) Show that

fm fi.

fi f(2n) =

22"-lf(n)f(n

+ t)·

(h) Show that f is infinitely differentiable, and that

For any complex number s with Re (s) > 0 one defines the gamma function
res) =

f

OO

o

dt

e-'t'-.
t

Show that the gamma function is continuous as a function of s. If you know
about complex differentiability, your proof that it is differentiable should also
apply for the complex variable s.
14. Show that

f

1

oc

_ 00

(u 2

+ 1)'

du =

res - t)

fi res)
1t

[Hint: Multiply the desired integral by

for Re (s) >

1.

res) and let tI-+ (u 2 + l)t.]

15. A Bessel function. Let a, b be real numbers > O. For any complex number s
define
Kl.
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Show that the integral converges absolutely. For c > 0 define
K2.

K.(c)

=

f'"
o

dt
e- c('+ l/')t'_.
t

=

(b)'K.(ab).

Show that

K3.

K.(a, b)

~

Show that

K4.
K5.

[Hint: Let
g(x)

= K 1/2(X).

Change variables, let t H tlx. Let hex) = Jxg(x). Differentiate under the integral sign and twiddle the integral to find that
h'(x)

=

-2h(x),

whence h(x) = Ce - 2x for some constant C. Let x = 0 in the integral for h(x)
to evaluate C, which comes out as r(t) =

In.]

CHAPTER 14

The Fourier Integral

§1. The Schwartz Space
We are going to define a space of functions such that any operation we
want to make on improper integrals converges for functions in that space.
Let f be a continuous function on R. We say that f is rapidly decreasing
at infinity if for every integer m > 0 the function Ixlj(x) is bounded.
Since Ixl m + 1f(x) is bounded, it follows that
lim Ixlmf(x) = 0

Ixl--+ 00

for every positive integer m.
We let S be the set of all infinitely differentiable functions f such that f
and everyone of its derivatives decrease rapidly at infinity. There are such
functions, for instance e- x2 •
It is clear that S is a vector space over C. (We take all functions to be
complex valued.) Every function in S is bounded. If f E S, then its derivative Df is also in S, and hence so is the p-th derivative DPf for every integer
p ~ O. We call S the Schwartz space. Since

f

1
- - d2 x
00 1 + x

oo

_

converges, it follows that every function in S can be integrated over R,
i.e. the integral
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converges absolutely. For simplicity, from now on we write

since we don't deal with any other integrals.
If P is a polynomial, say of degree m, then there is a number C > 0 such
that for alII x I sufficiently large, we have

Hence iff E S, then Pf also lies in S. If f, g E S then fg E S. (Obvious.) We
see that S is an algebra under ordinary multiplication of functions.
We shall have to consider the function -ixf(x), i.e. multiply by -ix.
To avoid the x, we may use the notation
(MfXx)

= -ixf(x),

and iterate,
MPf(x) = (-ixY'f(x)

for every integer p ~ O.
In order to preserve a certain symmetry in subsequent results, it is convenient to normalize integrals over R by multiplication by a constant
factor, namely lifo. For this purpose, we introduce a notation. We
write

We now define the Fourier transform of a function f

E

S by the integral

The integral obviously converges absolutely. But much more:
Theorem 1.1. If f

E

S, then

1E S.

We have

and

(DPf)"

= ( -lY'MP].
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Proof. The function j is continuous and bounded since

I j(y) I ~

f

If(x)e-ixYI dx

f

~ If(x)1 dx.

The partial derivative

~ (f(x)e- iXY) =
oy

-ixf(x)e- ixy

is bounded by Ixllf(x)l, and so we can differentiate the Fourier transform
under the integral sign. We obtain
Dj(y) =

f

-ixf(x)e- ixy d1x,

whence the first formula by induction, for DPf. As to the second, we integrate by parts the integral

using u = e- ixy and dv = Df(x) dx. Taking the integral over a finite interval [ - B, B] and then taking the limit (obviously converging,) we find that
(Df)"(y) = iyj(y).

By induction, we obtain the second formula. From it, we conclude that j
lies in S, because DPf eS, hence (DPf)" is bounded, and thus lyIPlf(Y)1 is
bounded. This proves Theorem 1.1.
We now introduce another multiplication between elements of S. For

f, g e S the convolution integral

is absolutely convergent. In fact, if C is a bound for g, then
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Theorem 1.2. If f, g E S, then f * g E S. We have f * g = g * f, and S is
an algebra under the product (f, g) 1--+ f * g. We have

and
(f * g)" = ](j.
Proof. Changing variables in the convolution integral, letting u = x - t,
du = - dt, between finite bounds and letting the bounds tend to infinity,
we see that f * g = g * f. The product is obviously linear in each variable.
Since Dg is in S, we have a uniform bound
If(t)Dg(x - t)1

~

Clf(t)1

for some constant C, whence we can differentiate under the integral sign
and find that D(f * g) = f * Dg. Iterating by induction gives the first
formula, DP(f * g) = f * DPg.
We now show that f * g is in S. Fix a positive integer m. For any x, t
we have

Ix 1m ~ (I x
with fixed numbers

Cr.'

- tI+

It Ir =

L Cr. I

X -

t Ir It I'

Then

is bounded, so f * g is in S.
There remains but to prove the last formula. We have

Since f * g is absolutely integrable, being in S, we can interchange the
orders of the integrals, and find
(f * g) " (y) = fff(t)g(X - t)e- iXy dlx dlt
= f f(t)[f g(x - t)e-i(X-t)y dlx }-ity dlt

= ](y)(j(y)
after a change of variables u = x - t. This proves Theorem 1.2.
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We conclude with a useful example of a function f such that f = j.
Theorem 1.3. Let f(x) = e- x2 /2. Then f =].
Proof. We know that

DJ(y) =

f

_ixe-x2/2e-ixy d1x.

We integrate by parts, using u = e- ixy and dv = _xe- x2 /2 dx. We first
integrate between - Band B and let B -+ 00. The term with uv will vanish
because e - B2/2 will pull it to O. The other term shows that
DJ(y) = - yf(y)·

We differentiate the quotient
f(y)

e- y2 /2
and find O. Hence there is a constant C such that

On the other hand

(this is where the normalized integral is useful !). Hence the constant C
is equal to 1, thus proving the theorem. [As already mentioned, evaluation of Je- x2 dx is best done with polar coordinates as in elementary calculus. We shall redo it later in the book.]

J,

and so forth. We shall
From Theorem 1.3 we conclude that f =
generalize Theorem 1.3 to arbitrary functions in S, and find that
!(x) = f( -x). In the special case of Theorem 1.3, the minus sign disappears because of the evenness of the function.
EXERCISES

1. Let 9

E

S and define g.(x) = g(ax) for a > O. Show that

1

,(y)

(j.(y) = ~ 9 ~ .

In particular, if g(x) = e- x " find (j.(x).
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2. Normalize the Fourier series differently, for the interval [0, 1]. That is, define the
scalar product for two functions f, 9 periodic of period 1 to be

f

f(t)g(t) dt.

The total orthogonal family that corresponds to the one studied in Chapter 12 is
then the family of functions

neZ.
These are already unit vectors, that is these functions form an orthonormal family,
which is often convenient because one does not have to divide by 21t. The theorems
of Chapter 12 go over to this situation, of course. In particular, if we deal with a
very smooth function g, its Fourier series is uniformly convergent to the function.
That's the application we are going to consider now.
Let f be in the Schwartz space. Define a different normalization of the Fourier
transform for the present purposes, namely define

!(x) = ff(t)e- 2 1<i,,, dt.
Prove the Poisson summation formula:

L f(n) = L !(n).

neZ

neZ

[Hint: Let
g(x)

= L f(x + n).
NeZ

The 9 is periodic of period 1 and infinitely differentiable. Let em be its m-th
Fourier coefficient. Then

L em = g(O) = L f(n).

meZ

neZ

On the other hand, using the integral for em,
em =

r
o

L f(x + n)e-2"im" dx,

NeZ

insert the factor 1 = e- 2 "im", change variables, and show that em
formula drops out.]

= !(m).

The

3. Functional equation of the theta function. Let 0 be the function defined for x > 0 by
00

O(x) =

L e- n'''''.
-00
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Prove the functional equation, namely

4. Functional equation of the zeta function. (Riemann) Let s be a complex number.
S = (j + it with (j, t real. If (j > 1, and a > 1, show that the series
00

((s)

1

= Ls
n=l

n

converges absolutely, and uniformly in every region
tion of s defined for (j > 1 by

Let g(x)

=

(j

~ a

> 1. Let F be the func-

00

L e- n2nx, so that 2g(x) = O(x) -

1. Show that

n=1

f
=f

F(s) =

oo

o

dx
x s / 2 g(x) -

x

(1)

oo x s/ 2 g(x) dx
_ + foo x- s/ 2g _ dx
-.
X

1

1

X

X

Use the functional equation of the theta function to show that
F(s)

dx
= -1- - -1 + foo (x s/ 2 + X(1-s)/2)g(X)_.

s-1

s

x

1

Show that the integral on the right converges absolutely for all complex s, and
uniformly for s in a bounded region of the complex plane. The expression on the
right then defines F for all values of s # 0, 1, and we see that
F(s)

= F(1

- s).

§2. The Fourier Inversion Formula
If f is a function, we denote by f- the function such that f-(x) = f( -x).
The reader will immediately verify that the minus operation commutes
with all the other operations we have introduced so far. For instance:
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Theorem 2.1. For every function f

E

S we have j = f -.

Proof Let g be some function in S. After interchanging integrals, we
find

I

!(x)e-iXYg(x) d 1x =
=

II
I

f(t)e-itxe-iXYg(x) d 1 t d 1 x

f(t)O(t

+ y) d 1 t.

Let h E S and let g(u) = h(au) for a > O. Then

and hence

=

I

f(au -

y)~(u) d 1u

after a change of variables,

t+y
a

u=--,

Both integrals depend on a parameter a, and are continuous in a. We let

a -+ 0 and find
h(O)j(y) = f( - y)

I~(u)

du = f( -

y)~(O).

Let h be the function of Theorem 1.3. Then Theorem 2.1 follows.
Theorem 2.2. For every f
f = (p. If f, g E S, then

E

S there exists a function q> E S such that

Proof First, it is clear that applying the roof operation four times to a
function f gives back f itself . Thus f = (p, where q> = f A A A. Now to
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prove the formula, write 1 = cp and g =.p. Then! = cjJ- and
Theorem 2.1. Furthermore, using Theorem 1.2, we find

9 = 1/1-

by

as was to be shown.
We introduce the violently convergent hermitian product

<I, g)

=

f

f(x)g(x) dx.

We observe that the first step of the proof in Theorem 2.1 yields

f

!(x)g(x) dx

f

= f(x)g(x) dx

by letting y = 0 on both sides. Furthermore, we have directly from the
definitions

where the bar means complex conjugate. In the next theorem, we shall use
the fact that

fl(X)dX = fl(-X)dX
(changing variables will cause a double minus sign to appear).

Theorem 2.3. For I, g E S we have

<I, g)
and hence

Proof We have

This proves what we wanted.

=

<!. g)
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Remark. The results of this chapter generalize essentially without
change to functions of several variables. The Schwartz space is defined
similarly, using I I to mean the Euclidean norm. We define

if we deal with functions of n variables. The product xy of two vectors
can then be written x . y and is the ordinary dot product, so that

is an integral in n variables. All results and proofs are then valid mutatis
mutandis, partial derivatives replacing the derivative of one variable.
EXERCISES

1. Let T denote the Fourier transform, i.e. Tf = f. Then T:S -> S is an invertible
linear map. If f E Sand g = f + Tf + T2f + T 3f, show that Tg = g, that is
{j = g. This shows how to get a lot of functions equal to their roofs.

2. Show that every infinitely differentiable function which is equal to 0 outside some
bounded interval is in S. Show that there exist such functions not identically zero.
(Essentially an exercise in the chapter on the exponential function!)
The support of a functionf is the closure of the set of points x such that f(x) # O.
In particular, the support is a closed set. We may say that a COO function with compact support is in the Schwartz space.
3. Write out in detail the statements and proofs for the theory of Fourier integrals as
in the text but in dimension n, following the remark at the end of the section. This
should involve practically no change, and no additional difficulties, from the presentation in the text for one variable. An example in two variables will be given in
the next section.

§3. An Example of Fourier Transform not in
the Schwartz Space
At the end of §2 we already noted that all the arguments go through for
functions of several variables. Here in this section, we want to give a concrete example of a simple function in two variables and we want to study
its Fourier transform a little. In two variables, let us write
and

§3. An Example of Fourier Transform not in the Schwartz Space
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Let cp be the characteristic function of the unit disc in the plane, that is
cp(x) =

{Io

1,

if Ixl ~
if Ixl> 1.

Then cp is Coo except on the unit circle. We can define its Fourier transform
by the integral

~(y) =

r

JI.xI~l

e- 2"in dx

=

r

JI.xI~l

e 2"in dx.

We write dx = dXl dX2 and the integral is a double integral, taken over the
unit disc. We assume that the reader is acquainted with such double integrals from a course in calculus. Of course, the general theory will be
carried out completely later in this book. Using polar coordinates, whereby

the double integral can be written in a way which lends itself better to
analysis. This Fourier transform depends only on the distance s = IYI,
and if we use polar coordinates, then we can rewrite the integral in the form

~(y) =

f [f"

e2"irs cos IJ dO] r dr.

But the inner integral is a classical Bessel function, namely by definition,
for any integer n one lets
In(Z) =

_1_

2n

fX

e-niIJ+iz sin IJ

dO.

-x

Thus

As an example of concrete analysis over the reals, we shall estimate the
Bessel function for Z real tending to infinity.
Proposition 3.1. We have

(The sign ~ means that the left-hand side is bounded in absolute value by
a constant times the right-hand side, also written O(t -1/2).)
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Proof. For concreteness, we deal with the case n = 0, and we shall just
consider a typical integral contributing to J o(t), namely
("eitcos8

Jo

II

de =

eitu

-1

du

~

.

Again typically, we show that

We may rewrite the integral in the form

i

l

oe

itu

1
.;r=u
g(u) du,

where g(u) = 1/~ is COO over the interval. Integrating by parts
(cf. also Lemma 3.3), we see that the desired integral satisfies the bound:
itu FudUI·
~ (11gll + Ilg'll) max I Jre
1- u
o
O;ax;al

Thus we are reduced to the following lemma.
Lemma 3.2. Let 0

~

a

~

b

f e'tu

~

1. Then uniformly in a, b we have

1

b .

a

~

du

=

O(t-1/2).

Proof. Let v = 1 - u, and then tv = r. Then the integral is estimated by
the absolute value of

t- 1/2

°

f

B

A

A

eir -

1

dr

Jr '
1/Jr

where ~ ~ B. But writing eir = cos r + i sin r, and noting that
is monotone decreasing, we see that the integral on the right-hand side is
uniformly bounded independently of A, B. This proves the lemma, and
also concludes the proof of the proposition for n = O.
The integration by parts shows that the asymptotic behavior of the
Fourier transform depends only on the singularity. The case treated above
is typical, and we let the reader handle the proof in general by using the next
lemma, which shows how the singularity affects the estimate.
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Lemma 3.3. Let [a, b) be a half open interval. Let f be a continuous
function on this interval, such that the improper integral

flf(t)1 dt
converges. Let g be C 1 on the closed interval [a, b]. Then the Fourier
transform of g satisfies the estimate

where
Ft(x)
and

IlFtil

is the sup norm for x

=

E

[e it'1(u) du,

[a, b].

Proof. This is an immediate consequence of integration by parts.
Theorem 3.4. Let cp be the characteristic function of the unit disc in the
plane. Then ~(y) = O(lyr 3/2 ).

Proof As before, let s = Iyl. By definition, we have

~

t1

Jo(rs) rdr

=

[setting ur = t, rdu = dt] =
=

[by direct integration] =
[integration by parts] =

tt
t f:

t

t

cos (urs)(1 -

U 2)-1/2

du rdr

cos (ts)(1 - (t/r)2f1/2 dt dr

cos (ts)

i

1

(1 - (t/r)2f1/2 dr dt

cos (ts)(1 - t 2)1/2 dt

-! f

1
So

sin (ts)

pdt.
I - t2

Estimating this last integral as in Lemmas 3.2 and 3.3 concludes the proof.
EXERCISE

1. The lattice point problem. Let N(R) be the number of lattice points (that is, elements of Z2) in the closed disc of radius R in the plane. A famous conjecture as-
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serts that

for every E > O. It is known that the error term cannot be O(Rlf2(log R)k) for
any positive integer k (result of Hardy and Landau). Prove the following best
known result of Sierpinski-Van der Corput-Vinogradov-Hua:

[Hint: Let cP be the characteristic function ofthe unit disc, and put

Let 1/1 be a COO function with compact support, positive, and such that

fv

I/I(x) dx

= 1,

and let

I/I.(x)

= E- 2 1/1 (:.).
E

Then {I/I.} is a Dirac family for £ -+ 0, and we can apply the Poisson summation
formula to the convolution CPR * 1/1. to get

I

meZ 2

CPR

* I/I.(m) = I

meZ 2

= 1tR2

(fJR(m)"'.(m)

+ I

1tR 2{fJ(Rm)"'(£m).

m¢O

We shall choose £ depending on R to make the error term best possible.
Note that CPR * I/I.(x) = CPR(X) if dist(x, SR) >
R. Therefore we get an estimate

Ileft-hand side -

£,

where SR is the circle of radius

N(R)I ~ £R.

Splitting off the term with m = 0 on the right-hand side, we find by Theorem 3.4:

But we can compare this last sum with the integral

Therefore we find

We choose £ = R- 1/ 3 to make the error term O(R 2 / 3 ), as desired.

PART FOUR

CALCULUS IN VECTOR SPACES

There are four cases in which one can develop the differential calculus,
depending on the kind of variables and the kind of values one uses. They
are:
1. numbers to numbers
3. vectors to numbers

2. numbers to vectors
4. vectors to vectors

We have so far covered the first two cases. We cover the third case in the
first chapter of this part, and then cover the last case, which theoretically
covers the first three, but practically introduces an abstraction which
makes it psychologically necessary to have developed all other cases previously and independently. Actually, each case is used in a context of
its own, and it is no waste of time to go through them separately. Although
the abstraction is greater, the last case resembles the first one most, and
the symbolism is identical with the symbolism of the first case, which was
the easiest one. Thus the reader should learn to operate formally just as
in his first course of calculus, even though the objects handled are more
complicated than just numbers. Introducing coordinates to handle the
intermediate cases actually introduces an extraneous symbolism, which
must however be learned for both theoretical and computational reasons.

CHAPTER 15

Functions on n-Space

§1. Partial Derivatives
Before considering the general case of a differentiable map of a vector
space into another, we shall consider the special case of a function, i.e.
a real valued map.
We consider functions on Rn. A point of Rn is denoted by

We use small letters even for points in Rn to fit the notation of the next
chapter. Occasionally we still use a capital letter. In particular, if

is an element of Rn, we write Ax = A· x = atxt + ... + anxn. The reason
for using sometimes a capital and sometimes a small letter will appear
later, when in fact the roles played by A and by x will be seen to correspond
to different kinds of objects. In the special case which interests us in this
chapter, we can still take them both in Rn.
Let U be an open set of Rn, and let f: U --+ R be a function. We define
its partial derivative at a point x E U by
DJ(x) = lim f(x
h .... O

=

+ hei)

- f(x)

h

· f(x t ,· .. ,Xi + h, . .. ,xn) - f(x}> . .. ,xn)
I1m
"---=------'-------""-----=-----''------'''h .... O
h
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= (0, ... ,1, ... ,0) is the unit vector
with 1 in the i-th component and 0 at all other components, and hER
approaches O.
We sometimes use the notation

if the limit exists. Note here that ei

of

Dd(x) =-;-.
uXi

We see that Dd is an ordinary derivative which keeps all variables fixed
but the i-th variable. In particular, we know that the derivative of a sum,
and the derivative of a constant times a function follow the usual rules,
that is Di(f + g) = Dif + Dig and Di(Cf) = cDJfor any constant c.
Example. If f(x, y) = 3x 3y2 then

and

of
oy =

3

D2 f(x, y) = 6x y.

Of course we may iterate partial derivatives. In this example, we have

Observe that the two iterated partials are equal. This is not an accident,
and is a special case of the following general theorem.

This is simply an application of Theorem 1.1 keeping the second variable
fixed. We may then take a further partial derivative, for instance
DI D3D lf·

Here Dl occurs twice and D3 occurs once. Interchanging D3 and Dl by
Theorem 1.1 we get
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In general an iteration of partials can be written

with integers kl' k2' k3 ~ O. Similar remarks apply to n variables, in which
case iterated partials can be written

with integers k i ~ O. Such a product expression is called an elementary
partial differential operator. The sum

is called its degree or order. For instance DfD3 has degree 2

+1=

3.

Remark. Some smoothness assumption has to be made in order to have
the ~ommutativity of the partial derivatives. See Exercise 12 for a counterexample.
Theorem 1.1. Let f be a function on an open set U in R2. Assume that the
partial derivatives Dlf, D2f, D1D2f and D2Dd exist and are continuous. Then

Proof Let (x, y) be a point in U, and let h, k be small non-zero numbers.
We consider the expression
g(x) = f(x, y

+ k)

- f(x, y).

We apply the mean value theorem and conclude that there exists a number
s 1 between x and x + h such that
g(x

+ h)

- g(x) = g'(sl)h.

This yields
f(x

+ h, y + k)

- f(x

+ h, y) -

f(x, y
=

=

+ k) + f(x, y)
g(x + h) - g(x)
[Dl f(Sl, Y + k)

= D2Dl f(Sl' s2)kh

with some number S2 between y and y

+ k.

- Dl f(Sl, y)]h
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Applying the same procedure to giy) = f(x + h, y) - f(x, y), we
find that there exist numbers t 1 , t2 between x, x + hand y, y + k respectively such that

We cancel the kh, and let (h, k) --+ (0, 0). Using the continuity of the repeated derivatives yields D 2 D 1 f(x, y) = D 1 D 2 f(x, y), as desired.
Consider a function of three variables f(x, y, z). We can then take three
kinds of partial derivatives: D 1 , D2 or D 3 ; in other notation, a/ox, %y,
a/oz. Let us assume throughout that all the partial derivatives which we
shall consider exist and are continuous, so that we may form as many
repeated partial derivatives as we please. Then using Theorem 1.1 we can
show that it does not matter in which order we take the partials. If f is a
function such that all its partial derivatives up to order p exist and are
continuous, then one says that f is of class cPo If all partial derivatives of
all orders exist and are continuous, then the function is said to be of class
Coo.
In the exercises, we deal with polar coordinates.
Let x = r cos e and y = r sin e. Let
f(x, y)

=

g(r, e).

We wish to express ag/ar and ag/a() in terms of af/ax and af/ay. We have
g(r, e)

= f(r cos e, r sin e).

Hence
og
or

ox

oy

= Dl f(x, y) or + D2 f(x, y) ar

so

~~ = Dl f(x, y) cos e + D2 f(x, y) sin e.
Similarly,
og
ox
oe = Dd(x, y) oe

oy

+ D2 f(x, y) oe'

so
(**)

;~ =

Dd(x, y)( -r sin e)

+ D 2 f(x, y)r cos e.
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Instead of writing Dd(x, y), D2 f(x, y), we may write aflax and aflay
respectively.
In 2-space, the operator

A = Di + D~

or

is called the Laplace operator. In Exercises 6, 7 you will be asked to express
it in terms of polar coordinates. A function f such that Af = 0 is called
harmonic. Important functions which are harmonic are given in polar
coordinates by
rn cos nO

and

rn sin nO,

where n is a positive integer. You can prove easily that these functions
are harmonic by using the formula of Exercise 6. They are fundamental
in the theory of harmonic functions because other harmonic functions are
expressed in terms of these, as infinite series

g(r,O) =

00

00

n=O

n=1

L anrn cos nO + L bnr" sin nO,

with appropriate constant coefficients an and bn. In general, a C2 function
f on an open set of Rn is called harmonic if (Dr + ... + D;)f = o.
EXERCISES

In the exercises, assume that all repeated partial derivatives exist and are
continuous as needed.
1. Let f, g be two functions of two variables with continuous partial derivatives of
order ~ 2 in an open set U. Assume that

of
-=
ox

og
oy

--

and

of og
oy ox

Show that

2. Let f be a function of three variables, defined for X#-O by f(X) = 1/1 X I. Show
that

if the three variables are (x, y, z). (The norm is the Euclidean norm.)
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o.

3. Let J(x, y) = (arctan y)/x for x >

4. Let

Show that

ebe a fixed number, and let
x = u cos e - v sin e,

y=

u sin

e + v cos e.

Let J be a function oftwo variables, and let J(x, y) = g(u, v). Show that

5. Assume that J is a function satisfying

J(tx, ty) = tmJ(x, y)
for all numbers x, y, and t. Show that

[Hint: Differentiate twice with respect to t. Then put t = 1.]
6. Let x = r cos e and y = r sin e. Let J(x, y) = g(r, e). Show that

oj
ox

=

cos () og _ sin () og ,

or

r

oe

[Hint: Solve the simultaneous system of linear equations (*) and (**) given in the
example of the text.]
7. Let x = r cos e and y = r sin e. Let J(x, y) = g(r, e). Show that

02g

1 og

1 02g

02J

02J

-2+oy2
-.
or2+ r-or- +
r2 oe 2---ox
This exercise gives the polar coordinate form of the Laplace operator, and we can
write symbolically:

0)2
( ox

+

(0)2
oy

=

(0)2
or

10

1 (0)2
oe

+ ~ or + r2

[Hint Jar the prooJ: Start with (*) and (**) and take further derivatives as needed.
Then take the sum. Lots of things will cancel out leaving you with DU + D~fJ
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8. With the same notation as in the preceding exercise, show that

(~~r + :2

(::r

=

(ixY + (~r

9. In R2, suppose that f(x, y) = g(r) where r = Jx 2 + y2. Show that

to. (a) In R3, suppose that f(x, y, z) = g(r) where r = Jx 2 + y2 + Z2. Show that

f is harmonic except possibly at the origin on R·, and that
there is a C 2 function 9 such that f(X) = g(r) where r = JX· X. Let n ~ 3.
Show that there exist constants C, K such that g(r) = Kr 2 -. + C. What if

(b) Assume that

n = 21

J

11. Let r = x 2 + y2 and let r, 8 be the polar coordinates in the plane. Using the
formula for the Laplace operator in Exercise 7 verify that the following functions
are harmonic:
(a) r· cos n8 = g(r,8)
(b) r" sin n8 = g(r, 8)
As usual, n denotes a positive integer. So you are supposed to prove that the
expression

is equal to 0 for the above functions g.

12. For x

E

R"let x 2 = xi

+ ... + x;.

For t real >0, let

L

If A is the Laplace operator, A =
jpjaxf, show that AI = aflat. A function
satisfying this differential equation is said to be a solution of the heat equation.

13. This exercise gives an example of a function whose repeated partials exist but such
that D1Dd #- D2Dd. Let
X2 _

f(x, y) =

{

y2

.

xy -2--2 If (x, y) #- (0, 0),
x +y

o

if (x, y) = (0,0).

Prove:
(a) The partial derivatives a2f1ax ay and a2f1ayax exist for all (x, y) and are
continuous except at (0, 0).
(b) D1Dd(0,0) #- D2Dd(0, 0).
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Green's Function

14. Let (a, b) be an open interval, which may be (a, 00). Let

where p is an infinitely differentiable function. We view My as a differential
operator. Iff is a function of the variable y, then we use the notation
Myf(y) = -1"(y)

+ P(y)f(y)·

A Green's function for the differential operator M is a suitably smooth function
g(y, y') defined for y, y' in (a, b) such that
My

r

g(y, y')f(y') dy' = fey)

a

for all infinitely differentiable functions f on (a, b) with compact support (meaning
f is 0 outside a closed interval contained in (a, b»). Now let g(y, y') be any continuous function satisfying the following additional conditions:
GF 1. 9 is infinitely differentiable in each variable except on the diagonal, that is
when y = y'.
GF 2. If y =I y', then Myg(y, y') =

o.

Prove:
Let 9 be a function satisfying GF 1 and GF 2. Then 9 is a Green's function for
the operator M if and only if 9 also satisfies the jump condition

As usual, one defines
D1g(y, y+) = lim D1g(y, y'),
y'~y

y'>y

and similarly for y- instead of y+, we take the limit with y' < y. Hint: Write the
integral

15. Assume now that the differential equation 1" - pf = 0 has two linearly independent solutions J and K. (You will be able to prove this after reading the
chapter on the existence and uniqueness of solutions of differential equations.
See Chapter 18, §3, Exercise 2.) Let W = JK' - J'K.
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(a) Show that W is constant oF O.
(b) Show that there exists a unique Green's function of the form
,

g(y, y) =

{A(Y')J(Y) if y' < y,
B(y')K(y) if y' > y,

and that the functions A, B necessarily have the values A = K/W, B = J/W.
16. On the interval (- 00, (0) let My = -(d/dy)2 + c 2 where c is a positive number,
so take p = c > 0 constant. Show that IfY and e- cy are two linearly independent
solutions and write down explicitly the Green's function for My.
17. On the interval (0, (0) let
M = _ (~)2
dy

Y

_

s(1 - s)
y2

where s is some fixed complex number. For soFt, show that yl-' and y' are two
linearly independent solutions and write down explicitly the Green's function for
the operator.
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A function <p defined for all sufficiently small vectors hE R n, h =i' 0, is said
to be o(h) for h -+ 0 if
.

<p(h)

!:~W=o.
Observe that here, h = (hi' ... ,hn) is a vector with components hi which
are numbers.
We use any norm I I on R" (usually ill practice the Euclidean norm or
the sup norm). Of course we cannot divide a function by a vector, so we
divide by the norm of the vector.
If a function <p(h) is o(h), then we can write it in the form
<p(h) = Ih It/I(h),

where
lim t/I(h) = O.
h~O

All we have to do is to let t/I(h) = <p(h)/Ihl for h =i' o. Thus at first t/I is
defined for sufficiently small h =i' O. However, we may extend the function
t/I by continuity so that it is defined at 0 by t/I(O) = o.
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We say a function f: U
a vector A E Rn such that
f(x

-+

R is differentiable at a point x if there exists

+ h) =

f(x)

+ A . h + o(h).

By this we mean that there is a function cp defined for all sufficiently small
values of h oF 0 such that cp(h) = o(h) for h -+ 0 and
f(x

+ h) =

f(x)

+ A . h + cp(h).

In view of our preceding remark, we can express this equality by the condition that there exists a function l/I defined for all sufficiently small h such
that
lim l/I(h) = 0
h .... O

and
f(x

+ h) =f(x) + A·h + /h/l/I(h).

We can include the value of l/I at 0 because when h = 0 we have indeed
f(x) = f(x) + A . o.
We define the gradient of f at any point x at which all partial derivatives
exist to be the vector
grad f(x) = (Dd(x), . .. ,DJ(x)}.
One should of course write (grad f)(x) but we omit one set of parentheses
for simplicity.
Sometimes we use the notation of/oxj for the partial derivative, and so
of
Of)
grad f(x) = ( ox!'··· 'ox n •

Theorem 2.1. Let f be differentiable at a point x and let A be a vector such
that
f(x

+ h) =

f(x)

+ A . h + o(h).

Then all partial derivatives off at x exist, and
A = grad f(x).
Conversely, assume that all partial derivatives of f exist in some open
set containing x and are continuous functions. Then f is differentiable at x.
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Proof Let A = (at> . .. ,an). The first assertion follows at once by letting
h = tei with real t and letting t -+ o. It is then the definition of partial
derivatives that ai = D;/(x). As to the second, we use the mean value
theorem repeatedly as follows. We write

= f(x 1 + hl' ... , Xn + h)
- f(Xl' ... ,X n )

where Cl' ... 'C n lie between Xi + hi and Xi' respectively. By continuity,
for each i there exists a function 1/1 i such that
lim I/I;(h) = 0
h-+O

and such that

Hence
f(x

+ h)

n

- f(x) =

L (DJ(x) + I/Ii(h))h i

i= 1

=

n

n

i= 1

i= 1

L D;/(x)hi + L I/Ii(h)h i·

It is now clear that the first term on the right is nothing but grad f(x) . h
and the second term is o(h), as was to be shown.

Remark. Some sort of condition on the partial derivatives has to be
placed so that a function is differentiable. For instance, let
f(
x, )
y = x 2 xy
+ y2

l·f (X, Y) i= (0, 0),

f(O,O) = O.

You can verify that Dd(x, y) and D2 f(x, y) are defined for all (x, y), including at (0, 0), but f is not differentiable at (0, 0). It is not even continuous at the origin.
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When the function f is differentiable, we see from Theorem 2.1 that
the gradient of f takes the place of a derivative. We say that f isdifferentiable on U if it is differentiable at every point of U. The rules for derivative
of a sum hold as usual: If f, 9 are differentiable, then
grad(f + g) = gradf + grad g;
and if c is a number,
grad(cf) = c grad f.
One could formulate a rule for the product of two functions as usual, but
we leave this to the reader. At the moment, we do not have an interpretation
for the gradient. We shall derive one later. We shall use a technique reducing certain questions in several variables to questions in one variable as
follows. Suppose f is defined on an open set U, and let

cp: [a, b]

-+

U

be a differentiable curve. Then we may form the composite function f
given by

0

cp

(f 0 cp)(t) = f(cp(t»).
We may think of cp as parametrizing a curve, or we may think of cp(t) as
representing the position of a particle at time t. If f represents, say, the
temperature function, then f(cp(t») is the temperature of the particle at
time t. The rate of change of temperature of the particle along the curve is
then given by the derivative df(cp(t»)/dt. The chain rule which follows
gives an expression for this derivative in terms of the gradient, and generalizes the usual chain rule to n variables.
Theorem 2.2. Let cp: J -+ Rn be a differentiable function defined on some
interval, and with values in an open set U of Rn. Let f: U -+ R be a differentiable function. Then f 0 cp: J -+ R is differentiable, and

if cp)'(t) = grad f(cp(t»)· cp'(t).
0

Proof By the definition of differentiability, say at a point t E J, there is
a function t/I such that

lim t/I(k) = 0,
" ... 0

and

f(cp(t

+ h») - f(cp(t»)

=

gradf(cp(t»)· (cp(t

+ h) - cp(t»)

+ Icp(t + h) - cp(t)lt/I(k(h»),
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where k(h) = qJ(t
f(qJ(t

+ h) -

qJ(t). Divide by the number h to get

+ h») -

f(qJ(t»)

h

=gra

df( (») qJ(t
qJt·

± IqJ(t + hh -

+ h)

h

- qJ(t)

I

qJ(t) 1/1 (k(h) ).

Take the limit as h -+ 0 to obtain the statement of the chain rule.
Application: interpretation of the gradient
From the chain rule we get a simple example giving a geometric interpretation for the gradient. Let x be a point of U and let v be a fixed vector
of norm 1. We define the directional derivative of f at x in the direction of v
to be

Dv/(x) = dd f(x

t

This means that if we let g(t) = f(x

I

1=0

.

+ tv), then

Dvf(x)

By the chain rule, g'(t) = grad f(x

+ tv) I

= g'(O).

+ tv) . v, whence

Dvf(x) = grad f(x)· v.

I

From this formula we obtain an interpretation for the gradient. We use
the standard expression for the dot product, namely
Dvf(x) = Igradf(x)llvl cos

e,

where e is the angle between v and grad f(x). Depending on the direction
of the unit vector v, the number cos eranges from - 1 to + 1. The maximal
value occurs when v has the same direction as grad f(x), in which case for
such unit vector v we obtain
Dvf(x) = Igradf(x)l.
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Therefore we get an interpretation for the direction and norm of the
gradient:
The direction of grad f(x) is the direction of maximal increase
of the function f at x.
The norm Igrad f(x) I is equal to the rate of change of f in its direction of maximal increase.
Example. Find the directional derivative of the function f(x, y) = X 2 y 3
at (1, -2) in the direction of (3, 1).
Let A = (3, 1). Direction is meant from the origin to A. Note that A is
not a unit vector, so we have to use a unit vector in the direction of A,
namely

1

v = f1n (3, 1).
Y 10

We have grad f(x, y) = (2 xy 3, 3x 2y2) and grad f(1, -2)
Hence the desired directional derivative is
Dv/(1, -2) = (-16,12)·

=

= (-16,12).

1

f1n (3,1)

ylO

1

f1n (-36).

y 10

Consider the set of all x E U such that f(x) = 0; or given a number c, the
set of all x E U such that f(x) = c. This set, which we denote by Sc, is
called the level hypersurface of level c. Let x E Sc and assume again that
grad f(x) "# o. It will be shown as a consequence of the implicit function
theorem that given any direction perpendicular to the gradient, there
exists a differentiable curve
rx:J

-+

U

defined on some interval J containing 0 such that rx(O) = x, rx'(O) has the
given direction, and f(rx(t») = c for all t E J. In other words, the curve is
contained in the level hypersurface. Without proving the existence of such
a curve, we see from the chain rule that if we have a curve rx lying in the
hypersurface such that rx(O) = x, then
d
0= dtf(rx(t») = gradf(rx(t»)· rx'(t).
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In particular, for t = 0,

o = grad f (IX(O») . IX'(O)
=

grad f(x) . IX'(O).

Hence the velocity vector IX'(O) of the curve at t = 0 is perpendicular to
grad f(x). From this we make the geometric conclusion that
grad f(x) is perpendicular to the level hyperswface at x.
Thus geometrically the situation looks like this :
gradf(x)

level surface f(x)

=

O.

Application: the tangent plane
We want to apply the chain rule to motivate a definition of the tangent
plane to a surface. For this we need to recall a little more explicitly some
properties of linear algebra. We denote n-tuples in R" by capital letters. If
and
are elements of R", we have already seen that A is perpendicular to B if and
only if A . B = O.
Let A E R", A ::f; 0 and let P be a point in R". We define the hyperplane
through P perpendicular to A to be the set of all points X such that
(X - P)· A = 0,
or also X . A = P . A. This corresponds to the figure as shown. The set of
points Y such that y. A = 0 is the hyperplane passing through the origin,
perpendicular to A, and the hyperplane through P, perpendicular to A, is a
translation by P.
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Example. The plane in 3-space passing through (1, - 2, 3), perpendicular
to A = ( - 2, 4, 1) has the equation
-2x

+ 4y + z =

-2 - 8 + 3 = -7.

Let f be a differentiable function on some open set U in R". Let c be a
number, and let S be the set of points X such that
f(X) = c,

but

grad f(X) ::p

o.

The set S is called a hypersurface in R". Let P be a point of S. We define
the tangent hyperplane of S at P to be the hyperplane passing through P
perpendicular to grad f(P).

Example. Let f(x, y, z) = x 2 + y2 + Z2. The surface S of points X
such that f(X) = 4 is the sphere of radius 2 centered at the origin. Let

P = (1, 1, J2).
We have grad f(x, y, z) = (2x, 2y, J2z) and so
grad f(P) = (2, 2, 2j2).
Hence the tangent plane at P is given by the equation
2x

+ 2y + 2J2z = 8.

EXERCISES

1. Show that any two points on the sphere of radius 1 (or any radius) in n-space
centered at the origin can be joined by a differentiable curve. If the points are not
antipodal, divide the straight line between them by its length at each point. Or

329

§2. Differentiability and the Chain Rule

use another method: taking the plane containing the two points, and using two
perpendicular vectors of lengths 1 in this plane, say A, B, consider the unit circle

aCt) = (cos t)A

+ (sin t)B.

2. Let f be a differentiable on R', and assume that there is a differentiable function
h such that
grad f(X) = h(X)X.
Show that f is constant on the sphere of radius r centered at the origin in R'.
[Hint: Use Exercise 1.]

3. Prove the converse of Exercise 2: Assume that f is a differentiable function on R'
which depends only on the distance from the origin, that is

f(X) = g(r)

where

+ ... + x;,

r = Jxi

and g is a differentiable function of one variable. Show that grad f(X) is parallel
to X, and in fact
g'(r)
grad f(X) = X.
r

4. Let f be a differentiable function on R' and assume that there is a positive integer
m such that f(tX) = tmf(X) for all numbers t # 0 and all points X in R'. Prove
Euler's relation:

Xl -

af

aXI

+ ... + X, - af =
ax.

mf(X).

5. Let f be a differentiable function defined on all of space. Assume that

f(tP) = tf(P)
for all numbers t and all points P. Show that

f(P) = grad f(O)· P.

6. Find the equation of the tangent plane to each of the following surfaces at the
specified point.
(a) X2 + y2 + Z2 = 49 at (6, 2, 3)
(b) X2 + xy2 + y3 + Z + 1 = Oat(2, -3,4)
(c) x 2y2 + XZ - 2y 3 = 10 at (2, 1,4)
(d) sin xy + sin yz + sin xz = 1 at (1, n12, 0)
7. Find the directional derivative of the following functions at the specified points
in the specified directions.
(a) log(x2 + y2)1/2 at (1, 1), direction (2, 1)
(b) xy + yz + xz at (-1, 1, 7), direction (3, 4, -12)
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8. Let f(x, y, z) = (x + y)2 + (y + Z)2 + (z + X)2. What is the direction of greatest
increase of the function at the point (2, -1, 2)? What is the directional derivative
of f in this direction at that point?
9. Let f be a differentiable function defined on an open set U. Suppose that P is a
point of U such that f(P) is a maximum, that is suppose we have

f(P)

~

f(X)

for all X in U.

Show that grad f(P) = O.

10. Let f be a function on an open set U in 3-space. Let 9 be another function, and let
S be the surface consisting of all points X such that
g(X) = 0 but grad g(X) oF O.
Suppose that P is a point of the surface S such that f(P) is a maximum for f on S,
that is

f(P)

~

f(X)

for all X on S.

Prove that there is a number A such that
grad f(P) = A grad g(P).

11. Let f: R2

-+

R be the function such that f(O, 0)

=

0 and

x3
f(x, y) = -2--2 if (x, y) oF (0, 0).
x +y
Show that f is not differentiable at (0, 0). However, show that for any differentiable curve qJ: J -+ R2 passing through the origin, fa qJ is differentiable.

§3. Potential Functions
Let U be an open set in R". By a continuous path in U we shall mean a
continuous map IX: J ~ U from some closed interval J = [a, b] into U.
By a piecewise continuous path in U we shall mean a finite sequence

of continuous paths, defined on closed intervals J 1, •.• ,J, such that if

J i = [ai' b;] then
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We call (Xj(aj) the beginning point of (Xj and (Xlb j) the end point of (Xj. We
call (Xl(al) the beginning point of the path, and (Xr(b r) its end point. We often
use a short symbol like y to denote a path. We say that the path

is piecewise C 1 if each (Xi has a continuous derivative. For the rest of this
chapter, by a path we shall mean a piecewise C 1 path.
A path looks like this:

We say that an open set U is connected if given two points P, Q in the
set, there exists a path in U whose beginning point is P and whose end
point is Q.

Theorem 3.1. Let U be an open set in R" and assume that U is connected.
Let J, g be two differentiable functions on U. If gradf = grad g on U,
then there exists a constant C such that

f=g+C.
Proof. We note that grade! - g) = grad! - grad g = 0, so it will
suffice to prove that if t/I is a differentiable function on U with grad t/I = 0
then t/I is constant.
Let P, Q be the two points of U, and let {(Xl, ••• ,(Xr} be a path between
P and Q, that is P is its beginning point and Q is its end point. Then for
each i,

(t/I (Xi)'(t)
0

= grad t/I((Xlt») . (Xi(t) =

o.

Hence t/I 0 (Xi is constant on its interval of definition. In particular, let Pi
be the beginning point of (Xi. If ({Jl is defined on [aI' btJ then

By induction, we obtain
t/I(P 1)

= t/I(P 2) = ... = t/I(Pr + 1),

thereby proving the theorem.
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Again let U be an open set in R". A vector field on U is a map
F: U

-+

R"

(which therefore associates with each point of U an element of Rn). The
map F is represented by coordinate functions, F = (flo ... Jr.). We say
that F is continuous (resp. differentiable) if each fi is continuous (resp.
differentiable).
Example. Let F(x, y) = (x 2 y, sin xy). Then F is a vector field which to
the point (x, y) associates (x 2 y, sin xy), having the same number of coordinates, namely two of them in this case.
A vector field in physics is often interpreted as a field of forces. A vector
field may be visualized as a field of arrows, which to each point associates
the arrow as shown on the figure. Each arrow points in the direction of

•
the force, and the length of the arrow represents the magnitude of the
force.
If f is a differentiable function on U, then we observe that gradf is a
vector field, which associates the vector grad f(P) to the point in U.
If F is a vector field and if there exists a differentiable function cp such
that F = - grad cp, then cp is called the potential energy of the vector field,
and F is called conservative, for the following reason. Suppose that a particle
of mass m moves along a differentiable curve lX(t) in U, and let us assume
that this particle obeys Newton's law:

F(IX(t») = mIX"(t)
for all t where lX(t) is defined. In other words, force equals mass times
acceleration. Physicists define the kinetic energy to be

where v(t) is the speed (norm of the velocity).
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= -grad ({), then the sum of the potential energy
({) and the kinetic energy is constant.

Conservation Law. IfF

Proof We have to prove that

is constant. To see this, we differentiate this sum. By the chain rule, we
see that its derivative is equal to
grad (()(cx(t») . cx'(t)

+ mcx'(t) . cx"(t).

By Newton's Law, ma."(t) = F(cx(t») = - grad (()(cx(t»). Hence this derivative is equal to O. This proves what we wanted.
It is not true that all vector fields are conservative. We shall discuss
below the problem of determining which ones are conservative. The fields
of classical physics are conservative.
Example. Consider a force F(X) which is inversely proportional to the
square of the distance from the point X to the origin, and in the direction
of X. Then there is a constant k such that for X i= 0 we have

1

X

F(X) = k IXI 2 1XI

because X/IXI is the unit vector in the direction of X. Thus

1

F(X) = k3X,
r

where r = IX I. A potential energy for F is given by
qJ{X)

=~.
r

This is immediately verified by taking the partial derivatives of this function. Cf. Exercise 3 of the preceding section, and Exercises 1, 2 below.
By a potential function for a vector field F we shall mean a differentiable
function ({) such that F = grad ({). Thus a potential function is equal to
minus the potential energy (if it exists). Theorem 3.1 shows that a potential
function is uniquely determined up to a constant if U is connected.
From Theorem 1.1, we are able to deduce a criterion for the existence of
a potential function.
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Theorem 3.2. Let F = (f1>' .. ,fn) be a C 1 vector field on an open set
U of R". (That is, each fi has continuous partial derivatives.) If F has a
potential function, then

for every i,j = 1, ... ,no
Proof This is an immediate corollary of Theorem 1.1. Indeed, if cp
is a potential function for F, then fi = DiCP. Hence

as was to be shown.
Example. We conclude that if, say in two variables, we have a vector
field F with F(x, y) = (f(x, y), g(x, y») such that f, g have continuous
partials, and of/oy :1= og/ox, then the vector field does not have a potential
function. For instance, the vector field

does not have a potential function. In this case, f(x, y) = x 2 yand

g(x,y) = x

+ y3,

and of/oy = x 2 while og/ox = 1.
For the converse of Theorem 3.2, in general, we need some condition on
the open set U. However, in many special cases, we can find a potential
function by ordinary integration. The most important case is the following.
Theorem 3.3. Let a < band c < d be numbers. Let F be a C 1 vector
field on the rectangle of all points (x, y) with a < x < band c < y < d.
Assume that F = (f, g) with coordinate functions f, g such that

Then F has a potential function on the rectangle.
Proof. Let (xo, Yo) be a point of the rectangle. Define
cp(x, y) =

IX f(t, y) dt + I
>:0

Y

Yo

g(x o, u) duo
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Then the second integral on the right does not depend on the variable x.
Consequently we have
D 1 CP(x, y) = f(x, y)
by the fundamental theorem of calculus. On the other hand, by Theorem
7.1 of Chapter 10, we can differentiate under the first integral sign, and
obtain
D2 cp(x, y) =

fX D2 f(t, y) dt + g(xo, y)
Xo

=

fX Dlg(t, y)dt + g(xo, y)
Xo

= g(x, y) - g(xo, y) + g(xo, y)
= g(x, y),
as was to be shown.
The theorem generalizes to n variables as follows.

Theorem 3.4. Let F be a C 1 vector field defined on a rectangular box
ai < Xi < bi for i = 1, ... ,no Let

be its coordinates, and assume that Ddj = Ddifor all pairs of indices i,j.
Then F has a potential function.
Proof Exercise, following the same pattern as in Theorem 3.3. For
example, if n = 3, one defines
cp(x, y, z) =

fX fl(t, y, z) dt + fY fixo, t, z) dt + fZ f3(XO, Yo, t) dt,
~

q

~

where (xo, Yo, zo) is a fixed point in the rectangle. The same technique of
differentiating under the integral sign shows that cp is a potential function
for F.
EXERCISES

1. Let X = (Xl' ... ,Xn) denote a vector in Rn. Let IXI denote the Euclidean norm.
Find a potential function for the vector field F defined for all X f:. 0 by the formula
F(X) =

lx

where r = IX I. (Treat separately the cases k = - 2, and k f:. - 2.)
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2. Again let r = 1X I. Let g be a differentiable function of one variable. Show that the
vector field defined by
F(X)

= g'(r) X
r

on the open set of all X ". 0 has a potential function, and determine this potential
function.

3. Let
-y
G(x, y) = ( x2 + y2 ' x2

x) .

+ y2

This vector field is defined on the plane R2 from which the origin has been deleted.
(a) For this vector field G = (1, g) show that Dd = DIg.
(b) Why does this vector field have a potential function on every rectangle not
containing the origin?
(c) Verify that the function t/I(x, y) = arctan xly is a potential function for G on
any rectangle not intersecting the line y = o.
(d) Verify that the function t/I(x, y) = arcos xlr is a potential function for this
vector field in the upper half plane.
In the next section you will see that this vector field does not admit a potential
function on the whole plane from which the origin has been deleted.

§4. Curve Integrals
Let F = (I, g) be a vector field such that D21 = DIg.
On more general domains than rectangles there does not always exist a
potential function because the domain does not allow for the simple type
of integration which we performed. In Theorem 3.3 we could integrate the
function repeatedly without difficulty, with an ordinary integral. We shall
now see how to extend this integration, and formulate whatever is true in
general.
Let U be an open set in R" and let 0(: J -+ R" be a C 1 curve (so with continuous derivative) defined on a closed interval J, with say J = [a, b].
Assume that 0( takes its values in U. Let F be a continuous vector field on
U. We wish to define the integral of F along 0(. We define

Note. aCt) is a point of U, so we can take F(O(t») which is a vector. Dotting with the vector O('(t) yields a number for each t. Thus the expression
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inside the integral is a function of t, and is continuous, so we can integrate
it. If P, Q are the beginning and end points of a respectively, that is
and

P = a(a)

Q

=

a(b),

then we shall also write the integral in the form
or

Example. Let F(x, y) = (x 2y, y3). Let a parametrize the straight line
between (0, 0) and (1, 1), so a(t) = (t, t) for 0 ~ t ~ 1. To find the integral
of F along a from the origin to (1, 1), we have F(a(t») = (t 3 , t 3 ) and
a'(t) = (1, 1). Hence
F(a(t»)· a'(t) = 2t 3 •

Hence

Remark. Occasionally one commits an abuse of language in speaking
of the integral of a vector field along a path. For instance, let
F(x, y)

= (y2,

-x)

be a vector field in the plane R2. We wish to find the integral of F along
the parabola x = y2, from (0, 0) to (1, 2). Strictly speaking, this is a meaningless statement since the parabola is not given in parametric form by a
map from an interval into the plane. However, in such cases, we usually
mean to take the integral along some naturally selected path whose set of
points is the given portion of the curve between (0, 0) and (1, 2). In this
case, we would take the path defined by

which parametrizes the parabola, between t = 0 and t = 1. Thus the
desired integral is equal to
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The straight line segment between two points P and Q is usually parametrized by

lX(t) = P

+ t(Q -

with 0

P)

~

t

~

1.

The circle of radius a > 0 around the origin is parametrized by

P(t) = (a cos t, a sin t).
The integral along a curve is independent of the parametrization. This
is essentially proved in the next theorem.

Theorem 4.1. Let J 1 = Cal' bl ] and J 2 = [a2' b2] be two intervals, and
let g: J 1 --. J 2 be a C l map such that g(al) = a2 and g(b l ) = b2. Let
IX: J 2 --. U be a C l path into an open set U of R". Let F be a continuous
vector field on U. Then

Proof. This is nothing more than the chain rule. By definition,
i

1%0(J

F = ib'F(IX(g(t»). dlX(g(t») dt
'"
dt
(btl
dlX(U)
= [
F(IX(u») . du
(J(l%tl
du

=i

b2F (IX(U»).

IX'(U)

du

= iF.

"2

1%

This proves our theorem.
Suppose the vector field is on R2, say
F(x, y) = (f(x, y), g(x, y»).

Then one denotes the integral of F along a curve
sion

IX

formally by the expres-

The curve IX can be represented by coordinates,
lX(t) = (x(t), y(t»)

with a

~

t

~

b,

339

§4. Curve Integrals

and therefore in terms of the parameter t the integral is given by

r fb[ f dxdt + g ddtY] dt.

Ja.F =

a

Note that the expression inside the integral sign is precisely the dot product:
dx
dt

dy
d(X
= F((X(t)) . - .
dt
dt

f - + g-

Example. Let us go back to the vector field F(x, y) = (x 2y, y3) to be
integrated along the line segment between (0,0) and (1, 1). Then we can
write the integral in the form
iF = iX2YdX

=

f

t 3 dt

+ y3 dy

[with x = t, Y = t]

+ t 3 dt

=!.
Example. We want to find the integral of the vector field

around the circle of radius 2, counterclockwise. We parametrize the circle
by x = 2 cos e, y = 2 sin e, so the integral is equal to

i =i
e

F

eX

=

2

X 2 dx
+y

(27< COS

Jo

+

e.

x

2

Y 2 dy
+y

-4- (-sm e) de

sin e

+ -4- (cos e) de

=0.
If (X

= {(Xl' ... ,(Xr} is a path such that each (Xi is C l , we define

i

F = ( F

IX

J

CZ1

+ ... + ( F
Jtxr

to be the sum of the integrals of F taken over each (Xi> i = 1, ... ,r.
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We shall say that the path IX is closed if its beginning point is equal to
its end point. The next theorem is concerned with closed paths, and with
the dependence of an integral on the path between two points. For this
we make a remark.
Let IX: J -+ U be a C 1 path between two points of U. Say IX is defined
on J = [a, b] and P = lX(a), Q = lX(b). We can define a path going in
reverse direction by letting

IX-(t) = lX(a

+b-

t).

When t = a we have IX-(a) = lX(b), and when t = b we have IX-(b) = lX(a).
Also, IX- is defined on the interval [a, b]. A simple change of variables in
the integral shows that

i F iF'" .
= -

",-

We leave this to the reader. We call IX- the opposite path of IX, or inverse
path.
The piecewise C 1 path consisting of the pair {IX, IX-} is a closed path,
which comes back to the beginning point of IX. More general closed paths
look like this:

Theorem 4.2. Let if be a connected open set in R". Let F be a continuous
vector field on U. Then the following conditions are equivalent:

(1) F has a potential function on U.
(2) The integral of F between any two points of U is independent of the
path.
(3) The integral of F along any closed path in U is equal to o.
Proof Assume condition (1), and let cp be a potential function for F
on U. Let IX first be a C 1 path in U defined on an interval [a, b]. Then
using the chain rule, we find:
iF

=

fF(IX(t») ·IX'(t) dt

= f(grad cp(t») ·IX'(t) dt
=

f

:t cp(lX(t») dt

= cp(lX(b») - cp(lX(a»).
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Thus if P = cx(a) and Q
spectively, we find that

= cx(b)

fQ F=
p.~

are the beginning and end points of cx re-

iF

= q>(Q) - q>(P).

~

From this we conclude first that the integral is independent of the path,
and depends only on the values of q> at Q and P.
Now suppose that cx = {CXl> CX2,'" ,cxr} is a piecewise C I path between
points P = PI and Q = Pr+l> where Pi is the beginning point of CXi (or the
end point of CXi-I)' By definition and by what we have just seen, we find
that

= q>(P 2 )

-

q>(P I )

= q>(Pr + 1) -

+ q>(P 3 )

-

+ ... + q>(Pr + 1 )

q>(P 2 )

-

q>(Pr)

q>(P 1) = q>(Q) - q>(P).

Hence the same result holds in the general case.
In particular, if cx is a closed path, then P = Q and we find

iQ F

= q>(P) - q>(P) = O.

p.~

Thus we have shown that condition (1) implies both (2) and (3).
It is obvious that (2) implies (3). Conversely, assume that the integral
of F along any closed path is equal to O. We shall prove (2). Intuitively,
given two points P, Q and two paths cx, p from P to Q, we go from P to Q
along cx, and back along the inverse of p. The integral must be equal to O.
To see this formally, let P- be the path opposite to p. Then Q is the beginning point of p- and P is its end point. Hence the path {cx, P-} is a
closed path, and by hypothesis,

However,

i~F+ Jr F= iF~ - JrF= O.
p-

p
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Hence

thus proving that (3) implies (2).
There remains to prove that if we assume (2), that is if the integral is
independent of the path, then F admits a potential function.
Let P be a fixed point of U. It is natural to define for any point Q of U
the value

taken along any path 0(, since this value is independent of the path. We
now contend that qJ is a potential function for F. To verify this, we must
compute the partial derivatives of qJ. If

is expressed in terms of its coordinate functions 1;, we must show that
for i = 1, ... ,n.
Let Q = (Xl' ... ,xn), and let ei be the i-th unit vector. We must show
that
lim qJ(Q

+ h~)

- qJ(Q)

= j;(Q).

h-+O

We have

where the integrals are taken along any path. Since they are independent
of the path, we do not specify a path in the notation. Now the integral
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between Q and Q + hei will be taken along the most natural path, namely
the straight line segment between Q and Q + hei . Since U is open, taking h
sufficiently small, we know that this line segment lies in U. Thus we select
the path r:x such that r:x(t) = Q + thei with
O~t~1.

Then r:x(0) = Q and r:x(I) = Q + hei' Furthermore, r:x'(t) = hei' We find:
qJ(Q

+ h~) -

qJ(Q) =

~ fF(Q + theJ· heidt.

But for any vector vERn we have F(v)· ei
expression is equal to

=

fi(v). Consequently our

1 (1

h Jo fi(Q + thei) hdt.
We change variables, letting u = ht and du = hdt. We find:
1

t

h Jofi(Q + uei) duo
Let g(u) = fi(Q
G' = g. Then

+ uei)

and let G be an indefinite integral for g, so that

~ tfi.(Q
h Jo '

.) d = G(h) - G(O)
u
h
.

+ ue,

Taking the limit as h -+ 0, we obtain G'(O) = g(O) = fi(Q), thus showing
that the i-th partial derivative of qJ exists and is equal to fi. This concludes
the proof of our theorem.

Example. The theorem allows us to show that the vector field
G(x, y)

-y
= ( x2 + i

' x2

x)
y2

+

defined on the plane R2 from which the origin is deleted does not have a
potential function. Indeed, if you integrate this vector field around a circle
centered at the origin, you will find 2n (see Exercise 4). This circle is a
closed path, so there cannot be a potential function.
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On the other hand, this vector field has a potential function on the upper
half plane as given in Exercise 3 of the preceding section. Therefore the
integral of G along the path shown on the figure is easy to determine:

i

G = arccos 0 - arccos 1

2

= ~.

3

Observe, however, that some vector fields are defined on the same
domain, but do admit potential functions, for instance any vector field of
the form
F(x, y)

g'(r)

=-

r

(x, y),

J

where r = x 2 + y2 and g is a differentiable function of one variable.
The potential function is g(r) = f(x, y), which you can check by direct
differentiation in computing its gradient.

EXERCISES

Compute the curve integrals of the vector field over the indicated curves.
1. F(x, y) = (x 2 - 2xy, y2 - 2xy) along the parabola y = x 2 from ( - 2, 4) to (1, 1).

2. (x, y, xz - y) over the line segment from (0, 0, 0) to (1, 2, 4).

3. (X 2y2, xy2) along the closed path formed by parts of the line x
bola y2 = x, counterclockwise.

= 1 and the para-

4. Let
-y
+y

x)

G(x, y) = ( - 2 - - 2 ' - 2 - - 2
X

x +y

.

(a) Find the integral of this vector field counterclockwise along the circle
x 2 + y2

= 2 from (1,

1) to (-)2,0).

(b) Counterclockwise around the whole circle.
(c) Counterclockwise around the circle x 2 + y2 = a2 for a > O.
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5. Let r = (x 2 + y2)1/2 and F(X) = r- 1X for X = (x, y). Find the integral of F
over the circle of radius 2, centered at the origin, taken in the counterclockwise
direction.
6. Let C be a circle of radius 20 with center at the origin. Let F(X) be a vector field
on R2 such that F(X) has the same direction as X (that is there exists a differentiable function g(X) such that F(X) = g(X)X, and g(X) > 0 for all X). What is
the integral of F around C, taken counterclockwise?
7. Let P, Q be points in 3-spaces. Show that the integral of the vector field given by
F(x, y, z) = (Z2, 2y, 2xz)

from P to Q is independent of the curve selected between P and Q.
8. Let F(x, y) = (x/r3, y/r 3 ) where r = (x 2 + y2)1/2. Find the integral of F along the
curve

aU) = (e' cos t, e' sin t)
from the point (1, 0) to the point (e 21t, 0).
9. Let F(x, y) = (x 2y, xy2).
(a) Does this vector field admit a potential function?
(b) Compute the integral of this vector field from (0, 0) to the point

P = (1/fi, 1/fi)
along the line segment from (0, 0) to P.
(c) Compute the integral of this vector field from (0, 0) to P along the path which
consists of the segment from (0,0) to (1,0), and the arc of circle from (1,0) to P.
Compare with the value found in (b).
10. Let
F ( x,y) = (xcosr , ycosr) ,
r

r

where r = Jx 2 + y2. Find the value ofthe integral of this vector field:
(a) Counterclockwise along the circle of radius 1, from (1, 0) to (0, 1).
(b) Counterclockwise around the entire circle.
(c) Does this vector field admit a potential function? Why?
11. Let
F(x, y)

xer yer)

= ( -;:-' -;:- .

Find the value of the integral of this vector field:
(a) Counterclockwise along the circle of radius 1 centered at the origin.
(b) Counterclockwise along the circle ofradius 5 centered at the point (14, -17).
(c) Does this vector field admit a potential function? Why?
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12. Let
G(x, y)

x)
= ( -X 2-y
--2' -2--2 .
+y x +y

(a) Find the integral of G along the line x + y = 1 from (0, 1) to (1, 0).
(b) From the point (2,0) to the point (-1,)3) along the path shown on the
figure.
(2,2)
(-1,

-2

fi)

2

-1

13. Let F be a smooth vector field on R2 from which the origin has been deleted, so F
is not defined at the origin. Let F = (f, g). Assume that D2f = Dig and let

k= 211:~fF.
c
where C is the circle of radius 1 centered at the origin. Let G be the vector field

x)

G(x, y)

=

( - 2-y
--2' -2--2
X +y
x +y

Show that there exists a function
deleted such that

qJ

defined on R2 from which the origin has been

F

.

= grad qJ + kG

[Hint: Follow the same method as in the proof of Theorem 4.2 in the text, but
define qJ(P) by integrating F from the point (1, 0) to P as shown on the figure.
p
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§5. Taylor's Formula
Let f be a function on an open set U of Rn. We may take iterated partial
derivatives (if they exist) of the form

where i 1, ... ,in are integers ;?;O. It does not matter in which order we
take the partials (provided they exist and are continuous) according to
Theorem 1.1.
If Cio'" i" are numbers, we may form finite sums

"C
L..J

i
i1···in D 1!

••

·Dni"

which we view as applicable to functions which have enough partial derivatives. More precisely, we say that a function f on U is of class CP (for
some integer p ;?; 0) if all partial derivatives

exist for i 1 + ... + in ;£ p and are continuous. It is clear that the functions
of class CP form a vector space. Let i 1, ••• ,in be integers ;?;O such that
i1 + ... + in = r ;£ p. Let F P be the vector space of functions of class Cpo
(For p = 0, this is the vector space of continuous functions on U.) Then
any monomial D~! ... D~" may be viewed as a linear map F P -+ F p_ r given
by
fl-+ D~1 ... D~"f.

We say that f is of class Coo if it is of class CP for every positive integer p.
If f is of class Coo, then D~! ... D~"f is also of class Coo. We can take the
sum of linear maps in the usual way, and thus

if the sum is taken over all n-tuples of integers (il" .. ,in) such that
il

+ ... + in ;£

r.

A linear map such as the above, expressed as a sum of monomials of
partial derivatives with constant coefficients, will be called a partial differential operator with constant coefficients.
We multiply such operators in the obvious way using distributivity.
For example,
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In terms of two variables (x, y), say, we write this also in the form

a 0)2
(ax
+ oy

=

(axa )2 + 2 axa oya + (oya)2.

Similarly, we write in terms of n variables Xl'" .. ,Xn :

In Taylor's formula, we shall use especially the expansion
(hiDI

+ ... + hn Dn)r =

"~ c"11""n
" h'l",

... hinD'
I"'
n

•••

Din
n

if hI' ... ,hn are numbers. In the special case where n = 2 we have

In the general case, the coefficients are generalizations of the binomial
coefficients, which we don't need to write down explicitly.
It will be convenient to use a vector symbol

its form in terms of Xl' ... ,xn being used when the variables are called
Xl' ... ,Xn. If H = (hI' . .. ,hn) is an n-tuple of numbers, then we agree to let

We view H . V as a linear map, applicable to functions. Observe that

or in terms of a vector X =

(Xl> .••

,xn),

(H· V)f(X) = hlDd(X)

+ ... + hnDnf(X)

= H . (grad f)(X).
This last dot product is the old dot product between the vectors Hand
grad f(X). Of course one should write (H· V)f)(X), but as usual we omit
the extra parentheses.
This notation will be useful in the following application. Let f be a C l
function on an open set U in Rn. Let P E U, and let H be a vector. For
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some open interval of values of t, the vectors P
the function g of t defined by
g(t) = f(P

+ tH

lie in U. Consider

+ tH).

By a trivial application of the chain rule, we find that
dg(t) = g'(t) = grad f(P + tH) . H
dt
=
=

+ tH) + ... + hnDnf(P + tH)
(H . V)f(P + tH).
h 1Dd(P

We can generalize this to higher derivatives:

Theorem 5.1. Let r be a positive integer. Let f be a function of class C'
on an open set U in n-space. Let P E U. Let H be a vector. Then
(:t)'(f(P

+ tH») =

(H· V)l(P

+ tH).

Proof For r = 1 we have just proved our formula. By induction,
assume it proved for 1 ~ k < r. Let qJ = (H . V)'<j and apply the derivative d/dt to the function t H qJ(P + tH). By the case k = 1, we find
d
dt (qJ(P

+ tH»)

= (H· V)qJ(P

+ tH).

Substituting qJ = (H . V),,/, we find that this expression is equal to
(H . V)k+ If(P

+ tH),

as was to be proved.

Taylor's formula. Let f be a C' function on an open set U of Rn. Let
P E U and let H be a vector. Assume that the line segment
P

o ~ t ~ 1,

+ tH,

is contained in U. Then there exists a number r between 0 and 1 such that

f (P

+ H)

=

f(P)

+ (H . V)f(P) + ...
1!

+

(H . Vy-lf(P)
(1)'
r.

+

(H . V)l(P
r.,

+ rH)

.
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Proof Let g(t) = f(P + tH). Then g is differentiable as a function
of t in the sense of functions of one variable, and we can apply the ordinary
Taylor formula to g and its derivatives between t = 0 and t = 1. In that
case, all powers of (1 - 0) are equal to 1. Hence Taylor's formula in one
variable applied to g yields
g(1)

=

g(O)

g'(O)

g(r-l)(O)

g(r)(r)

+ -1-'
+ ... + (r_ .
1) , + -,.
r.

for some number "t" between 0 and 1. The successive derivatives of g are
given by Theorem 5.1. If we evaluate them for t = 0 in the terms up to
order r - 1 and for t = "t" in the r-th term, then we see that the Taylor
formula for f simply drops out.
Estimate for Taylor's formula. Let the remainder term be

R(H) = (H . V)1(P

r!

+ "t"H)

for 0 ~ "t" ~ 1. Let C be a bound for all partial derivatives of f on U of
order ~ r. Then there exists a number K depending only on r and n such
that
IR(H)I

~ C~
IHlr.
r.

Proof If we expand out (H . v)r, we obtain a sum

where the C(i) are fixed numbers coming from generalized multinomial
coefficients depending only on rand n, and the exponents satisfy
il

+ ... + in = r.

The estimate is then obvious, since each term can be estimated as indicated,
and the number of terms in the sum depends only on rand n.
Using another notation, we obtain
f(X) = f(O)
= f(O)

+ Dd(O)Xl + ... + Dnf(O)xn + ... + !,-l(X) + Rr(X)
+ fl(X) + ... + !,-l(X) + Rr(X)
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where 11"" ,f.-l are homogeneous polynomials of degrees 1, ... ,r - 1
respectively and Rr is a remainder term which we can write as

IRr(X) I = O(IXlr)

for

IXI-+ o.

The sum
lo(X)

+ ... + f.-l(X)

is a polynomial in several variables of total degree

~r -

1.

EXERCISES

1. Let f be a differentiable function defined for all of RO. Assume that f(O) = 0 and
that f(tX) = tf(X) for all numbers t and vectors X = (Xl" .. .xo). Show that for
all X E RO we have f(X) = grad f(O) . x.

2. Let f be a function with continuous partial derivatives of order ~ 2, that is of class
C 2 on RO. Assume that f(O) = 0 and f(tX) = t 2f(X) for all numbers t and all
vectors X. Show that for all X we have
f(X) = (X . V{f(O) .

3. Let f be a function defined on an open ball centered at the origin in RO and assume
that f is of class COO. Show that one can write
f(X) = f(O)

+ 9l(X)Xl + ... + 90(X)Xo

where gl"",go are functions of class COO. Hint: Use the fact that
f(X) - f(O) =

1dt
1

d

0

f(tX) dt.

4. Let f be a Coo function defined on an open ball centered at the origin in RO• Show
that one can write
f(X) = f(O)

+ grad f(O)· X + L 9ilX )Xi Xj
i,j

where 9ij are Coo functions. [Hint: Assume first that f(O) = 0 and gradf(O)
In Exercises 3 and 4, use an integral form for the remainder.]

= O.

5. Generalize Exercise 4 near an arbitrary point A = (alo'" ,ao), expressing
o

f(X) = f(A)

+ L D;/(AXXi i= 1

ai)

+ L hilXXXi -

aiXXj - aj)'

i,j

This expression or that of Exercise 4 is often more useful than the expression of
Taylor's formula.
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6. Let F 00 be the set of all COO functions defined on an open ball centered at the origin
in Rn. By a derivation D of Foo into itself, one means a map D: Foo -+ Foo satisfying
the rules

D(f + g) = Df + Dg,
D(fg) = f D(g)

D(cf) = cDf,

+ D(f)g

for Coo functions f, 9 and constant c. Let At> ••. ,An be the coordinate functions,
that is Ai(X) = Xi for i = 1, ... ,no Let D be a derivation as above, and let I/Ii = D(AJ
Show that for any COO function f on the ball, we have
n

D(f) = II/IiDd
i=l

where Dd is the i-th partial derivative of f. [Hint: Show first that D(1) = 0 and
D(c) = 0 for every constant c. Then use the representation of Exercise 5.]
7. Let f(X) and g(X) be polynomials in n variables (Xl' ... ,xn) of degrees;;;;; s - 1.
Assume that there is a number a> 0 and a constant C such that

If(X) - g(X)1 ;;;;; qXI'
for all X such that IX I ;;;;; a. Show that
Taylor's formula is uniquely determined.

f

= g. In particular, the polynomial of

8. Let U be open in R n and let f: U -+ R be a function of class CPo Let g: R -+ R be a
function of class CPo Prove by induction that 9 f is of class CPo Furthermore,
assume that at a certain point P E U all partial derivatives
0

Di, ... DiJ(P) = 0
for all choices of i l , ... ,i, and r ;;;;; k. In other words, assume that all partials of f
up to order k vanish at P. Prove that the same thing is true for 9 f. [Hint: Induction.]
0

§6. Maxima and the Derivative
In this section, we assume that the reader knows something about the
dimension of vector spaces. Furthermore, if we have a subspace F of R"
and if we denote by Flo the set of all vectors W E R" which are perpendicular
to all elements of F, then Flo is a subspace, and
dim F

+ dim Flo =

n.

In particular, suppose that dim F = n - 1. Then dim Flo = 1, and hence
Flo consists of all scalar multiples of a single vector w, which forms a basis
for Fl..
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Let U be an open set of R" and let f: U -+ R be a function of class C 1
on U. Let S be the subset of U consisting of all x E U such that f(x) = 0
and grad f(x) "# O. We call S the hypersurface determined by f. The next
lemma will follow from the inverse function theorem, proved later.
Lemma 6.1. Given XES and given a vector W E R" perpendicular to
grad f(x), there exists a curve a.: J -+ U defined on an open interval J
containing 0 such that a.(0) = x, a.(t) E S for all t E J (so the curve is contained in the hypersurface), and a.'(t) = w.
Theorem 6.2. Let f: U -+ R be a function of class C 1, and let S be the
subset of U consisting of all x E U such that f(x) = 0 and grad f(x) "# O.
Let PES. Let g be a differentiable function on U and assume that P is a
maximum for g on S, that is g(P) ~ g(x) for all XES. Then there exists
a number J1. such that
grad g(P) = J1. grad f(P).
Proof. Let a.: J -+ S be a differentiable curve defined on an open interval J containing 0 such that a.(0) = P, and such that the curve is contained in S. We have a maximum at t = 0, namely
g(a.(O)) = g(P) ~ g(a.(t))

for all t
have

E

J. By an old theorem concerning functions of one variable, we
0= (g

0

a.)'(0) = grad g(a.(O)) . a.'(0)
= grad g(P) . a.'(0).

By the lemma, we conclude that grad g(P) is perpendicular to every vector
W which is perpendicular to grad f(P), and hence that there exists a number
J1. such that
grad g(P) = J1. grad f(P)
since the dimension of the orthogonal space to grad f(P) is equal to n - 1.
This concludes the proof.
The number J1. in Theorem 6.2 is called a Lagrange multiplier. We shall
give an example how Lagrange multipliers can be used to solve effectively
a maximum problem.

354

15. Functions on n-Space

Example. Fine the maximum of the function

f(x, y, z) = x 2 + y2

+ Z2

subject to the constraint x 2 + 2y2 - Z2 - 1 = o.
The function is the square of the distance from the origin, and the constraint defines a surface, so at a minimum for f, we are finding the point on
the surface which is at minimum distance from the origin. Computing the
partial derivatives of the functions f and

we find that we must solve the system of equations g(X) = 0, and:
(a) 2x = J1.2x
(b) 2y = J1.4y
(c) 2z = J1.( - 2z).

Let (xo, Yo, zo) be a solution. If Zo ¥ 0 then from (c) we conclude that
J1. = -1. The only way to solve (a) and (b) with J1. = -1 is that x = y = o.
In that case, from the equation g(X) = 0 we must have
z~ = -1,

which is impossible. Hence any solution must have Zo = o.
If Xo ¥ 0 then from (a) we conclude that J1. = 1. From (b) and (c) we
then conclude that Yo = Zo = O. From the equation g(X) = 0 we must
have Xo = ± 1. In this manner we have obtained two solutions satisfying
our conditions, namely
(1,0,0)

and

(-1,0,0).

Similarly if Yo ¥ 0, we find two more solutions, namely

(0,)t,0)

and

(0, -)t, 0).

These four solutions are therefore the extrema of the function f subject to
the constraint g (or on the surface g = 0).
If we ask for the minimum of f, then a direct computation of f(P) for P
anyone of the above four points shows that the two points
P = (0, ±)t, 0)

are the only possible solutions because 1 >

i.
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Next we give a more theoretical application of the Lagrange multipliers to the minimum of a quadratic form. Let A = (ajj) be a symmetric
n x n matrix of real numbers. "Symmetric" means that ajj = ajj. If (x, y)
denotes the ordinary dot product between elements x, y of R", then we
have (Ax, y) = (Ay, x). The function
f(x) = (Ax, x)

is called a quadratic form. If one expresses x in terms of coordinates
Xl' ••• ,x" then f(x) has the usual shape
f(x)

" aijxjxj.
= L
j,j= 1

But this expression in terms of coordinates is not needed for the statement
and proof of the next theorem.
A vector v E R", v¥-O is called an eigenvector of A if there exists a number c such that Av = vc.
Theorem 6.3. Let A be a symmetric matrix and let f(x) = (Ax, x).
Let v be a point of the sphere of radius 1 centered at the origin such that v
is a maximum for f, that is
f(v)

~

f(x)

for all x on the sphere.

Then v is an eigenvector for A.
Proof. Let a be a differentiable curve passing through v (that is a(O) = v)
and contained in the sphere S. Using the rules for the derivative of a
product, and composition with a linear map, we know that

d
dt f(a(t»)

d

= dt (Aa(t), a(t»

= (Aa'(t), a(t» + (AIX(t),

IX'(t»

= 2(AIX(t), IX'(t»

using the fact that A is symmetric. Since IX(O) = v is a maximum for
we conclude that

o = (f

0

f,

IX)'(O) = 2(AIX(O), IX'(O» = 2(Av, IX'(O».

Now by the lemma, we see that Av is perpendicular to IX'(O) for every differentiable curve IX as above, and hence that Av = cv for some number c.
The theorem is proved.
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EXERCISES

1. Find the maximum of 6x 2
(x, y) such that

+ 17y4 on the subset of R2 consisting of those points
(x - 1)3 - y2

2. Find the maximum value of x 2 + xy
centered at the origin.

O.

=

+ y2 + yz + Z2 on the sphere of radius 1

3. Let f be a differentiable function on an open set U in Rn, and suppose that P is a
minimum for f on U, that is f(P) ~ f(X) for all X in U. Show that all partial
derivatives DJ(P) = O.
4. Let A, B, C be three distinct points in Rn. Let
f(X)

=

(X - A)2

+ (X

- B)2

+ (X -

C)2.

Find the point where f reaches its minimum and find the minimum value.
5. Find the maximum of the function f(x, y, z) = xyz subject to the constraints
x ~ 0, y ~ 0, z ~ 0, and xy + yz + xz = 2.
6. Find the shortest distance from a point on the ellipse x 2 + 4y2 = 4 to the line
x + y = 4.
7. Let S be the set of points (x I, ... ,xn) in Rn such that
and
Show that the maximum of g(x)

=

Xl'"

Xi>
Xn

for all i.

0

occurs at (lin, ... ,lin) and that

for all

XES.

[Hint: Consider log g.] Use the result to prove that the geometric mean of n
positive numbers is less than or equal to the arithmetic mean.

8. Find the point nearest the origin on the intersection of the two surfaces
and
9. Find the maximum and minimum of the function f(x, y, z) = xyz
(a) on the ball x 2 + y2 + z2 ~ 1;
(b) on the plane triangle x + y + z = 4, x ~ 1, y ~ 1, z ~ 1.
10. Let a, b, c, e,j, g be real numbers. Show that the maximum value of the expression
ax 2 + 2bxy + cy2
ex 2 + 2fxy + gy2

(eg - f2 > 0)

is equal to the greater of the roots of the equation
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11. Find the maximum values of the expressions:

(b) x

4

+ 2x3 y
+ y4

X4

12. Find the maxima and minima of the function

if a, b are numbers with 0 < a < b.
13. Let A, B, C denote the intercepts which the tangent plane at (x, y, z)

(x> O,y > O,z > 0)
on the ellipsoid

makes on the coordinate axes. Find the point on the ellipsoid such that the following functions are a minimum:
(a) A + B + c.
(b) JA 2 + B2 + C2 •

CHAPTER 16

Derivatives in Vector Spaces

§1. The Space of Continuous Linear Maps
Let E, F be normed vector spaces. Let A,: E --. F be a linear map. The
following two conditions on A, are equivalent:
(1) A, is continuous.

(2) There exists C > 0 such that for all VEE we have

IA.(v) I ;;£ Clvl·
Indeed, if we assume (2), then we find for all x, y E E:
1A,(x) - A.(y)1 = 1A,(x - y)1 ;;£ Clx - yl,

so that A, is even uniformly continuous. Conversely, assume that A, is continuous at O. Given 1, there exists fJ such that if x E E and Ix I ;;£ fJ then
I A.(x)1 < 1. Let v be an element of E, v =f: O. Then IfJv/lvll ;;£ fJ, and hence

This implies that

1

IA,(v) I < ~ lvi,
and we can take C = 1/fJ.
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We observe that a linear map A: Rn -+ F into a normed vector space is
always continuous. In fact, if ej is the i-th unit vector, and

is an element of Rn expressed in terms of its coordinates, then

whence
IA(X) I ~ IX11IA(el)1
~

+ ... + IXnIIA(en)1

n max Ix;! max IA(ej) I·

If we let C = n max IA(ej) I, we see that A is continuous, using say the sup
norm on Rn. (Cf. also Exercise 1.)

A number C as in condition (2) above is called a bound for the linear
map. It is related to the notion of bound for an arbitrary map on a set as
follows. Note that if we view A as a map on all of E, there cannot possibly
be a number B such that IA(x) I ~ B for all x E E, unless A = O. In fact, if v
is a fixed vector in E, and t a positive number, then
IA(tx) I = ItIIA(X)I·

If A(x) i= 0, taking t large shows that such a number B cannot exist. However, let us view A as a map on the unit sphere of E. Then for all vectors
VEE such that Iv I = 1 we find IA(V) I ;:;;; C if C satisfies condition (2). Thus

the bound we have defined for the linear map is a bound for that map in
the old sense of the word, if we view the map as restricted to the
unit sphere.
We denote the space of continuous linear maps from E into F by
L(E, F). It is a vector space. We recall that if AI' A2 are continuous linear
maps then Al + A2 is defined by

and if C E R then
(CA)(X) = d(x).

We shall now use the norms on E and F to define a norm on L(E, F).
Let A: E -+ F be a continuous linear map. Define the norm of A., denoted
by IAI, to be the greatest lower bound of all numbers C > 0 such that
IA(X) I ~ CI x I for all x E E. The reader will verify at once that this norm
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is equal to the least upper bound of all values IA.( v) I taken with vEE and
Iv I = 1. (If v #: 0, consider A.(V)/ Ivi.) Because of this, we see that the
norm of A is nothing but the sup norm if we view A as a map defined only
on the unit sphere. Thus by restriction of A to the unit sphere, we may view
L(E, F) as a subspace of the space of all bounded maps 18(S, F), where S
is the unit sphere of E (centered at the origin, of course).

Theorem 1.1. The normed vector space L(E, F) is complete
plete.

if F

is com-

Proof Let {All} be a Cauchy sequence of continuous linear maps from
E into F. We shall first prove that for each VEE the sequence {AII(V)} of
elements of F is a Cauchy sequence in F. Given E, there exists N such that
for m, n ~ N we have IAlii - Alii < E/ Iv I. This means that

and (~- A,.)(V) = ~(v) - AII(V). This proves that {AII(V)} is Cauchy.
Since F is complete, the sequence converges to an element of F, which we
denote by A(v). In other words, we define A: E -+ F by the condition

"-+00

If v, v' E E, then

11-+ 00

11-+ 00

n-+ CX)

= A.(v)

n-+ 00

+ A.(v').

If c is a number, then

= c lim AII(V) = cA.(v).
11-+ 00

Hence A is linear. Furthermore, for each n we have
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whence taking limits and using the properties of limits of inequalities
together with the fact that the norm is a continuous function, we find that

lA.(v)1

~

Clvl

where
C = lim IAIII.
11--

co

Finally, the sequence {All} converges to A in the norm prescribed on
£, there exists N such that for m, n ~ N and all
v with Ivl = 1 we have

L{E, F). Indeed, given

IA.",{v) - AII{V) I <
Since we have seen that AII{V) -+ A.(v) as n -+
so that

00,

IAII{V) - A.(v) I <
We then obtain for all m

~

£.

we take n sufficiently large

£.

N the inequality

IA.",{v) - A{V) I = I(Am - AXV) I < 2£.
This is true for every v with Iv I = 1 and our theorem is proved.
To compute explicitly certain linear maps from R" into Rm, one uses
their representation by matrices. We recall this here briefly. We write a
vector x in R" as a column vector:

x~(J}
If

we define the product Ax to be the column vector

(a~l

Ax=:
aml

. ..

a~II)(~l)
_ (Al: X)
:: :
amn

XII

Am . X
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Let

be the map defined by

Then it is immediately verified that AA is a linear map.
Conversely, suppose given a linear map A: Rn _ Rm. We have the unit
vectors e; (i = 1, ... ,n) of R n, which we view as column vectors, and we can
write

in terms of its coordinates Xl"" ,xn' Let e'l, ... ,e;" be the unit vectors
of Rm. Then there exist numbers aij (i = 1, ... ,m and j = 1, ... ,n) such
that

Hence

+ ... + xnen}
= x1A(el} + ... + xnA(e n}
= (xlall + ... + Xnaln}e~ + ... + (xlaml + ... + xnamn}e;".

A(xlel

The vector A(x) is thus nothing but the multiplication of the matrix
A = (aij) by the column vector X, that is we have A = AA'

The space of linear maps L(Rn, Rm} is nothing else but the space of
m x n matrices, addition being defined componentwise. In other words,

if B

= (b i ) and C E R then

and
One has by an immediate verification:
and
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We hope that the reader has had an introduction to matrices and linear
maps, and the brief summary which has preceded is mainly intended to
remind the reader of the facts which we shall use.
Example 1. What are the linear maps of R into R? They are easily
determined. Let A: R --+ R be a linear map. Then for all x E R we have
A{X) = A{X· 1) = xA(1).

Let a = A(1). Then
A{X) = ax.

Thus we can write A = Aa where Aa: R
ber a.

--+

R is multiplication by the num-

Example 2. Let A = (al, ... ,an) be a row vector, and x a column vector,
corresponding to the coordinates (Xl, ... ,Xn). We still define A· x as
alxl + ... + anx n· We have a linear map

such that

for all x E R. Our discussion concerning matrices shows that any linear
map of Rn into R is equal to some AA for some vector A.
Example 3. Let F be an arbitrary vector space. We can determine all
linear maps of R into F easily. Indeed, let w be an element of F. The map
X f--+ XW

for x E R is obviously a linear map of R into F. We may denote it by Aw , so
that Aw{X) = xw. Conversely, suppose that A: R --+ F is a linear map.
Then for all x E R we have
A{X) = A{X· 1) = xA(1).

Now A(l) is a vector in F. Let Wo = A(l). We see that A = Awo. In this
way we have described all linear maps of R into F by the elements of F
itself. To each such element corresponds a linear map, and conversely;
namely to the element w corresponds the linear Aw: R --+ F such that

for all x ER.
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Observe that a linear map into Rm can be viewed in terms of its coordinate functions.

Theorem 1.2. Let E be a normed vector space, and A: E -+ Rm. Let
A = (AI' ... ,A,J be its expression in terms of coordinate functions Ai'
Then A is a continuous linear map if and only if each AI is continuous
linear for i = 1, ... ,m.
Proof This is obvious from the definitions.

Remark. One need not restrict consideration to maps into Rm. More
generally, if F I, •.• ,Fm are normed vector spaces, we can consider maps
A: E -+ FIX • •• x F m into the product space consisting of all m-tuples
of elements (Xl' ... ,xm) with Xi e Fl' We take the sup norm on this space,
and Theorem 1.2 applies as well.
Let us reconsider the case of R" -+ Rm as a special case of Theorem 1.2.
Let A: R" -+ Rm be a linear map, and A = A,4 for some matrix A = (ai)'
Let (AI' ... ,Am) be the coordinate functions of A. By what we have seen
concerning the product Ax of A and a column vector x, we now conclude
that if A 1 , ••• .Am are the row vectors of A, then

is the ordinary dot product with Ai' Thus we may write

Finally, let E, F, G be normed vector spaces and let
co: E -+ F

and

A: F

-+

G

be continuous linear maps. Then the composite map A0 co is a linear map.
Indeed, for v, VI' V2 e E and c e R we have

and

A(CO(CV») = A(Cc.o(V») = CA(CO(V»).
A composite of continuous maps is continuous, so A co is continuous.
0

In terms of matrices, if E = R", F = Rm, and G = R', then we can represent co and A by matrices A and B respectively. The matrix A is m x n
and the matrix B is s x m. Then A0 co is represented by BA. One verifies
this directly from the definitions.
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EXERCISES

1. Let E be a vector space and let Vi> ••• ,V. E E. Assume that every element of E has
a unique expression as a linear combination x I VI + ... + X. V. with Xi E R. That
is, given VEE, there exist unique numbers Xi E R such that

Show that any linear map A.: E -+ F into a normed vector space is continuous.
2. Let Mat m•• be the vector space of all m x n matrices with components in R. Show
that Matm•• has elements eij (i = 1, ... ,m and j = 1, ... ,n) such that every element
A of Mat m•• can be written in the form
m

•

A = L LaiAj,
i= I j= I

with number aij uniquely determined by A.
3. Let E, F be normed vector spaces. Show that the association
L(E, F) x E

-+

F

given by

(A., y) I-d(y)
is a product in the sense of Chapter 7, §1.
4. Let E, F, G be normed vector spaces. A map

A.: Ex F -+ G
is said to be bilinear if it satisfies the conditions

A.(cv, w)

= cA.(v, w) = A.(v, cw)

for all v, Vi E E, W, Wi E F, and c E R. (a) Show that a bilinear map A. is continuous
if and only if there exists C > 0 such that for all v, wEE we have

IA.(v,

w)1

~

Clvllwl·

(b) Let VEE be fixed. Show that if A. is continuous, then the map A.v : F -+ G given
by W 1-+ A.(v, w) is a continuous linear map.
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For the rest of this chapter, we let E, F, G be Euclidean spaces, that is Rft or Rm.
The reader will notice however that in the statements and proofs of theorems,
vectors occur independently of coordinates, and that these proofs apply to the
more general situation of complete normed vector spaces. We shall always
accompany the theorems with an explicit determination of the statement
involving the coordinates, which are usefulfor computations. The theory which
is independent of the coordinates gives, however, a more faithful rendition of
the geometric flavor of the objects involved.

§2. The Derivative as a Linear Map
Let U be open in E, and let x E U. Let f: U -+ F be a map. We shall say
that f is differentiable at x if there exists a continuous linear map A.: E -+ F
and a map 1/1 defined for all sufficiently small h in E, with values in F, such
that
lim I/I(h) = 0,
h .... O

and such that

(*)

f(x

+ h) = f(x) + )'(h) + Ih II/I(h).

Setting h = 0 shows that we may assume that 1/1 is defined at 0 and that
1/1(0) = O. The preceding formula still holds.
Equivalently, we could replace the term Ihll/l(h) by a term qJ(h) where qJ
is a map such that

The limit is taken of course for h #: 0, otherwise the quotient does not
make sense.
A mapping qJ having the preceding limiting property is said to be o(h)
for h -+ O. (One reads this "little oh of h".)
We view the definition of the derivative as stating that near x, the values
of f can be approximated by a linear map A., except for the additive term
f(x), of course, with an error term described by the limiting properties
of 1/1 or qJ described above.
It is clear that if f is differentiable at x, then it is continuous at x.
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We contend that if the continuous linear map A exists satisfying (*),
then it is uniquely determined by f and x. To prove this, let AI' A2 be continuous linear maps having property (*). Let vEE. Let t have real values
> 0 and so small that x + tv lies in U. Let h = tv. We have
f(x

+ h) -

+ Ihll/ll(h)
A2(h) + Ihll/lih)

f(x) = AI(h)
=

with
lim I/Iih) = 0
h.... O

for j = 1, 2. Let A = Al - A2 • Subtracting the two expressions for
f(x

+ tv)

- f(x),

we find

and setting h = tv, using the linearity of A,

We divide by t and find

Take the limit as t --+ O. The limit of the right side is equal to O. Hence
AI(V) - A2(V) = 0 and AI(V) = Aiv). This is true for every vEE, whence
Al = A2' as was to be shown.
In view of the uniqueness of the continuous linear map A, we call it the
derivative of f at x and denote it by f'(x) or Df(x). Thus f'(x) is a continuous linear map, and we can write
f(x

+ h)

- f(x) = f'(x)h

with
lim I/I(h) = O.
h .... O

+ Ihll/l(h)
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We have written f'(x)h instead of f'(x)(h) for simplicity, omitting a set of
parentheses. In general we shall often write

instead of A.(h) when A is a linear map.
If f is differentiable at every point x of U, then we say that
entiable on U. In that case, the derivative I' is a map

f is differ-

1': U -+ L(E, F)
from U into the space of continuous linear maps L(E, F), and thus to each
x E U, we have associated the linear map f'(x) E L(E, F).
We shall now see systematically how the definition of the derivative as a
linear map actually includes the cases which we have studied previously.
We have three cases:
Case 1. We consider a map f: J -+ R from an open interval J into R.
This is the first case ever studied. Suppose f is differentiable at a number
x E J in the present sense, so that there is a linear map A.: R -+ R such that
f(x

+ h) -

f(x) = A(h)

+ Ih II/I(h)

with
lim I/I(h) = O.
" ... 0

We know that there is a number a such that A(h) = ah for all h, that is
A = Aa. Hence
f(x

+ h) -

f(x) = ah

+ Ihll/l(h).

We can divide by h because h is a number, and we find
f(x

+ h) h

f(x) =

!!!l"'(h)

a+ h

'I'

.

But IhI/h = 1 or -1. The limit of the right-hand side exists as h -+ 0 and
is equal to O. Hence we see that f is differentiable in the old sense, and that
its derivative in the old sense is a. In this special case, the number a in
the old definition corresponds to the linear map "multiplication by a"
in the new definition. (For differentiable maps over closed intervals, cf.
the exercises.)
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Case 2. Let U be open in R" and let f: U -+ R be a map, differentiable
at a point x E U. This is the case studied in Chapter 15, §l. There is a
linear map A: R" -+ R such that
f{x

+ h) -

+ Ihlt/l{h)

f{x) = A{h)

with
lim t/I{h) = 0.
h .... O

We know that A corresponds to a vector A, that is A = AA' where
AA{h) = A . h. Thus
f{x

+ h) -

f{x) = A· h + Ihlt/l{h).

This is precisely the notion of differentiability studied in Chapter 15, and
we proved there that A = grad f{X) = (of10x 1, ••• ,ofloxn). In the present case, the old "derivative" A corresponds to the new derivative, the
linear map "dot product with A".
Case 3. Let J be an interval in R, and let f: J -+ F be a map into any
normed vector space. This case was studied in Chapter 10, §4. Again
suppose that f is differentiable at the number x E J, so that
f{x

+ h) -

f{x) = A{h)

+ Ihlt/l{h)

for some linear map A: R -+ F. We know that A corresponds to a vector
WE F, that is A = Aw is such that Aw{h) = hw. Hence
f(x

+ h) -

f(x) = hw

+ Ihlt/l{h).

In the present case, h is a number and we can divide by h, so that
f{x

+ h) h

f{x) =

l!!.! '/'(h)
'I'
•

w+ h

The right-hand side has a limit as h -+ 0, namely w. Thus in the present
case, the old derivative, which was the vector w, corresponds to the new
derivative, the linear map Aw , which is "multiplication by won the right".
We have now identified our new derivative with all the old derivatives,
and we shall go through the differential calculus for the fourth and last
time, in the most general context.
Let us consider mappings into Rm.
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Theorem 2.1. Let U be an open set of R" and let f: U -+ Rm be a map
which is differentiable at x. Then the linear map f'(x) is represented by
the matrix

where fi is the i-th coordinate function of f.
Proof. Essentially this comes from putting together case 2 discussed
above, and Theorem 1.2. We go through the proof once more from scratch.
We have

where

ofi
Ofi)
Ai = grad fi(x) = ( OXl'···' ax" '
and qJ;(h) = o(h). It is clear that the vector qJ(h) = (qJl(h), ... ,qJm(h») is
o(h), and hence by definition of f'(x), we see that it is represented by the
matrix of partial derivatives, as was to be shown.
The matrix

ofl
OXl

ofl
ax"

Jix ) =
ofm
ax!

ofm
ax"

is called the Jacobian matrix of fat x. We see that if f is differentiable at
every point of U, then x t-+ J ix) is a map from U into the space of matrices, which may be viewed as a space of dimension mn.
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We defined f to be differentiable on U if f is differentiable at every point
of U. We shall say that f is of class C 1 on U, or is a C1 map, iff is differentiable on U and if in addition the derivative
1': U

-+

L(E, F)

is continuous. From the fact that a map into a product is continuous if
and only if its coordinate maps are continuous, we conclude from Theorem
2.1:
Coronary. The map f: U -+ Rm is of class C 1 if and only if the partial
derivatives ofi/oxj exist and are continuous functions, or put another way,
if and only if the partial derivatives Dj fi: U -+ R exist and are continuous.
EXERCISES
1.

Find explicitly the Jacobian matrix of the polar coordinate map
x = r cos 0

and

y = r sin O.

2. Find the Jacobian matrix of the map (u, v) = F(x, y) where
u = eX cos y,

v = eX sin y.

Compute the determinants of these 2 x 2 matrices. The determinant of the matrix

is by definition ad - be.
1 Let A.: R" --+ Rm be a linear map. Show that A is differentiable at every point, and
that A'(X) = A for all x E R".

§3. Properties of the Derivative
Sum. Let U be open in E. Let

able at x

E

U. Then f

J, g: U -+ F be maps which are differenti-

+ g is differentiable at x and
(f + g)'(x)

= 1'(x) + g'(x).

If c is a number, then
(cf)'(x)

= c1'(x).
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Proof Let A,1

= f'(x) and A,2 =

g'(x) so that

f(x

+ h) -

f(x)

= A,1h + Ihll/l 1(h),

g(x

+ h) -

g(x) = A,2h

+ Ihll/l 2(h),

where lim I/Ii(h) = O. Then
h.... O

(f + g)(x

+ h) -

Since lim (I/I1(h)
h.... O

(f + g)(x) = f(x

+ h) + g(x + h) - f(x) - g(x)
= A,1h + A,2 h + Ihl(I/I1(h) + 1/12(h»)
= (A,1 + A,2)(h) + Ihl(I/I1(h) + I/Iih»).

+ 1/12(h») =

0, it follows by definition that

as was to be shown. The statement with the constant is equally clear.

Product. Let F 1

X F 2 -+ G be a product, as defined in Chapter 7, §l.
Let U be open in E and let f: U -+ F 1 and g: U -+ F 2 be maps differentiable at x E U. Then the product map fg is differentiable at x and

(fg)'(x)

= f'(x)g(x) + f(x)g'(x).

Before giving the proof, we make some comments on the meaning of
the product formula. The linear map represented by the right-hand side is
supposed to mean the map
VH

(f'(x)v)g(x)

+ f(x)(g'(x)v).

Note that f'(x): E -+ F1 is a linear map of E into Flo and when applied
to vEE yields an element of F l' Furthermore, g(x) lies in F 2, and so we
can take the product
(f'(x)v)g(x) E G.

Similarly for f(x)(g'(x)v). In practice we omit the extra set of parentheses,
and write simply
f'(x)vg(x).
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Proof. We have

f(x

+ h)g(x + h) - f(x)g(x)
= f(x + h)g(x + h) - f(x + h)g(x) + f(x + h)g(x) - f(x)g(x)
= f(x + h)(g(x + h) - g(x») + (f(x + h) - f(x»)g(x)
= f(x + h)(g'(x)h + Ihllflih») + (f'(x)h + Ihllfll(h»)g(x)
= f(x + h)g'(x)h + Ihlf(x + h)l/Iih) + f'(x)hg(x) + IhI1/l 1 (h)g(x)
= f(x)g'(x)h + f'(x)hg(x) + (f(x + h) - f(x»)g'(x)h
+ Ihlf(x + h)1/I2(h) + IhI1/l 1(h)g(x).

The map
h r--.. f(x)g'(x)h

+ f'(x)hg(x)

is the linear map of E into G, which is supposed to be the desired derivative.
It remains to be shown that each of the other three terms appearing on the
right is of the desired type, namely o(h). This is immediate. For instance,

l(f(x

+ h)

- f(x»)g'(x)hl ~ If(x

+ h)

- f(x) I Ig'(x) I Ihl

and
lim If(x

+ h) -

f(x) I Ig'(x) I = 0

h-O

because f is continuous, being differentiable. The others are equally obvious, and our property is proved.
Example. Let J be an open interval in R and let

and

t r--.. X(t)

be two differentiable maps from J into the space of m x n matrices, and
into Rn respectively. Thus for each t, A(t) is an m x n matrix, and X(t)
is a column vector of dimension n. We can form the product A(t)X(t),
and thus the product map
t r--.. A(t)X(t),

which is differentiable. Our rule in this special case asserts that
d

dt A(t)X(t) = A'(t)X(t)

+ A(t)X'(t)
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where differentiation with respect to t is taken componentwise both on
the matrix A(t) and the vector X(t). Actually, this case is covered by the
case treated in Chapter 10, §5 since our maps go from an interval into vector
spaces with a product between them. The product here is the product of
a matrix times a vector.
If m = 1, then we deal with the even more special case where we take
the dot product between two vectors.
Chain rule. Let U be open in E and let V be open in F. Let f: U -+ V
and g: V -+ G be maps. Let x E U. Assume that f is differentiable at x
and g is differentiable at f(x). Then g a fis differentiable at x and
(g a f)'(x) = g'(f(x») a f'(x).

Before giving the proof, we make explicit the meaning of the usual
formula. Note that f'(x): E -+ F is a linear map, and g'(f(x»): F -+ G
is a linear map, and so these linear maps can be composed, and the composite is a linear map, which is continuous because both g'(f(x») and f'(x)
are continuous. The composed linear map goes from E into G, as it should.

Proof Let k(h) = f(x
g(f(x
with lim I/Il(k) =

+ h) - f(x). Then

+ h») - g(f(x»)

o.

= g'(f(x»)k(h)

+ Ik(h)lI/Il(k(h»)

But

k~O

k(h) = f(x

+ h) - f(x) = f'(x)h + Ihll/lih),

with lim 1/12(h) = O. Hence
h~O

g(f(x

+ h») - g(f(x»)
= g'(f(x»)f'(x)h + Ihlg'(f(x»)I/Iih) + Ik(h)lI/Il(k(h»).

The first term has the desired shape, and all we need to show is that each
of the next two terms on the right is o(h). This is obvious. For instance,
we have the estimate

Ik(h) I ~ 1f'(x)llhl + Ihlll/l 2(h)1

and

lim I/Il(k(h») = 0
h~O

from which we see that Ik(h) I1/11 (k(h») = o(h). We argue similarly for
the other term.
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The chain rule of course can be expressed in terms of matrices when the
vector spaces are taken to be R", Rm, and RS respectively. In that case, in
terms of the Jacobian matrices we have

the multiplication being that of matrices.
Maps with coordinates. Let U be open in E, let f: U -+ F 1 X .•• x Fm'
and let f = (fl, ... ,fm) be its expression in terms of coordinate maps.
Then f is differentiable at x if and only if each /; is differentiable at x,
and if this is the case, then

f'(x) = (fl(x), ... ,f~(x»).
Proof This follows as usual by considering the coordinate expression
f(x

+ h) -

f(x) = (fl(X

+ h) -

fl(X), ... ,fm(x

+ h) -

fm(x»).

Assume that fi(x) exists, so that

/; (x

+ h) - /;(x) = fi (x)h + ({J;(h)

where ((J;(h) = o(h). Then

f(x

+ h)

- f(x)

= (fl(x)h, ... ,f~(x)h) + (({Jl(h), ... ,((Jm(h»)

and it is clear that this last term in F 1 X •.. x F m is o(h). (As always,
we use the sup norm in Fl x .. , x Fm.) This proves that f'(x) is what
we said it was. The converse is equally easy and is left to the reader.

Theorem 3.1. Let il: E

-+ F be a continuous linear map. Then il is differentiable at every point of E and il'(X) = il for every x E E.

Proof This is obvious, because
il(x

+ h)

- il(x) = il(h)

+ O.

Note therefore that the derivative of A. is constant on E.
-+ F be a differentiable map, and let A.: F
be a continuous linear map. Then

Corollary 3.2. Let f: U

(A. 0 f)'(X)

=

A. 0 f'(x).

-+

G
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For every v E U we have

(A 0 f)'(x)v = A(J'(X)V).
Proof This follows from Theorem 3.1 and the chain rule. Of course,
one can also give a direct proof, considering

A(J(X

+ h») -

=
=

and noting that lim A(t/I(h»)

+ h) - f(x»)
A(J'(x)h + Ihlt/l(h»)
A(f'(x)h) + IhIA(t/I(h»),

A(J(X») = A(J(X

=

O.

h .... O

EXERCISES

1. Let U be open in E. Assume that any two points of U can be connected by a con-

tinuous curve. Show that any two points can be connected by a piecewise differentiable curve.
2. Let f: U -+ F be a differentiable map such that f'(x) = 0 for all x E U. Assume
that any two points of U can be connected by a piecewise differentiable curve.
Show that f is constant on U.

§4. Mean Value Theorem
The mean value theorem essentially relates the values of a map at two
different points by means of the intermediate values of the map on the
line segment between these two points. In vector spaces, we give an integral form for it.
We shall be integrating curves in the space of continuous linear maps
L(E, F). This is a complete normed vector space, and we have known how
to do this since Chapter 10.
We shall also deal with the association
L(E, F) x E

--+

given by
(A, y) H A(Y)

F
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for A E L(E, F) and y E E. Note that this is a product in the sense of Chapter 7, §1. In fact, the condition on the norm
IA(Y)I ~

IAIIYI

is true by the very nature of the definition of the norm of a linear map.
Let tX: J -+ L(E, F) be a continuous map from a closed interval
J = [a, b] into L(E, F). For each t E J, we see that tX(t) E L(E, F) is a linear
map. We can apply it to an element Y E E and tX(t)y E F. On the other
hand, we can integrate the curve tX, and
ftX(t) dt

is an element of L(E, F). If tX is differentiable, then dtX(t)/dt is also an element of L(E, F). If we deal with the case of matrices, then integration and
differentiation is performed componentwise. Let us use the notation
A: J

-+

Matm,n

so that A(t) is an m x n matrix for each t E J, A(t) = (aiit»). Then

and
dA(t) _ (daij(t»)

dt"- -;{t.
In this case of course, the aij are functions.
Example. Let

A(t) =

(c~s t
sm t

t ).
t2

Then
A'(t)

= dA(t) = (-sin t
dt

1)

cos t 2t

and

J("o A(t)dt =

(02 /3/2) .
2
11:
11: 3
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Lemma 4.1. Let oc: J

-+ L(E, F) be a continuous map from a closed interval J = [a, b] into L(E, F). Let y E E. Then

s:

=

oc(t)y dt

s:

oc(t) dt . y

where the dot on the right means the application of the linear map

s:

oc(t) dt

to the vector y.
Proof Here y is fixed, and the map

A 1-+ A(Y) = AY

is a continuous linear map of L(E, F) into F. Hence our lemma is a special
case of Exercise 2 of Chapter to, §6.
If readers visualize the lemma in terms of matrices, they will see that
they can also derive a direct proof reducing it to coordinates. For instance,
if A1(t), ... ,Am(t) are the rows of A(t), and y is a fixed column vector, then

and aij(t), Yj are numbers. One can then integrate componentwise and
term by term in the expression on the right, taking the Yj in or out of the
integrals. Similarly,

where we differentiate componentwise.

Theorem 4.2. Let U be open in E and let x E U. Let Y E E. Let f: U -+ F
be a C 1 map. Assume that the line segment x + ty with 0 ~ t ~ 1 is
contained in U. Then
f(x

+ y) -

f(x)

=

f

f'(x

+ ty)y dt =

f

f'(x

+ ty) dt . y.
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Proof Let g(t) = f(x + ty). Then g'(t) = f'(x + ty)y. By the fundamental theorem of calculus (Theorem 6.2 of Chapter 10) we find that

f

g(l) - g(O) =

g'(t) dt.

But g(1) = f(x + y) and g(O) = f(x). Our theorem is proved, taking
into account the lemma which allows us to pull the y out of the integral.
Corollary 4.3. Let U be open in E and let x, z E U be such that the line
segment between x and z is contained in U (that is the segment
x + t(z - x) with 0 ~ t ~ 1). Let/: U -+ F be of class C 1 • Then
If(z) - f(x) I ~

Iz - xl sup 1f'(v)l,

the sup being taken for all v in the segment.
Proof We estimate the integral, letting x

If

f'(x

+ ty)y dt

I~

+y

= z. We find

(1 - 0) sup If'(x

+ ty)llyl

using the standard estimate for the integral, that is Theorem 4.5 of Chapter
10. Our corollary follows.
(Note. The sup of the norms of the derivative exist because the segment
is compact and the map t f--+ I f'(x + ty) I is continuous.)
Corollary, 4.4. Let U be open in E and let x, z, Xo E U. Assume that the
segment between x and z lies in U. Then
If(z) - f(x) - f'(xo)(z -

x)1

~

Iz - xl sup If'(v)

- f'(xo) I,

the sup being taken for all v on the segment between x and z.
Proof We can either apply Corollary 4.3 to the map g such that
g(x) = f(x) - f'(xo)x, or argue directly with the integral:
f(z) - f(x) = ff'(x

+ t(z

- x»)(z - x) dt.

We write
f'(x

+ t(z

- x») = f'(x

+ t(z

- x») - f'(xo)

+ f'(xo),
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and find
f(z) - f(x)

= 1'(xo)(z

- x)

+

f

[f'{x

+ t(z

- x)) - 1'(xo)](z - x) dt.

We then estimate the integral on the right as usual.
We shall call Theorem 4.2 or either one of its two corollaries the Mean
Value Theorem in vector spaces. In practice, the integral form of the remainder is always preferable and should be used as a conditioned reflex.
One big advantage it has over the others is that the integral, as a function
of y, is just as smooth as 1', and this is important in some applications. In
others, one only needs an intermediate value estimate, and then Corollary
4.3, or especially Corollary 4.4, may suffice.
EXERCISE

1. Let

J: [0, 1] --+ R"

and g: [0, 1]

--+

R have continuous derivatives.

I f'(t) I ;:;;; Ig'(t) I for all t. Prove that IJ(l) - J(O) I ;:;;; Ig(l) - g(O)I.

Suppose

The following sections on higher derivatives will not be used in an essential way
in whatfollows and may be omitted, especially in what concerns the next chapter.
Readers may therefore skip from here immediately to the inverse mapping
theorem as a natural continuation of the study of maps of class ct. They should
then take p = 1 in all statements of the next chapter. Reference will however be
made to the theorem concerning partial derivatives in §7.

§5. The Second Derivative
Let U be open in E and let f: U -.. F be differentiable. Then
Df = 1': U -.. L(E, F)

and we know that L(E, F) is again a complete normed vector space. Thus
we are in a position to define the second derivative
D2f = f(2): U -.. L(E, L(E, F))

if it exists. This leads us to make some remarks on this iterated space of
linear maps.
Let v, w be elements of E, i.e. vectors, and let A E L{E, L(E, F)).
Applying A to v yields an element of L(E, F), that is A(V) is a continuous
linear map of E into F. We can therefore apply it to wand find an element
of F, which we denote by
A(V)(W) = A(V, w)

or also

AV'W

using this last notation when too many parentheses are accumulating.
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By definition, fixing v, we see that the preceding expression is linear in the
variable w. However, fixing w, we see that it is also linear in v, because if
v1 , V2 E E then
A(V1

+ V2)(W)

+ A(v2»)(w) =
= A(V1, w) + A(v2' w).

= (A(V1)

A(V1)(W)

+ A(v2)(w)

Also trivially,
A.(cv)(w)

= d(v)(w) = d(v, w).

This now looks very much like a product as in Chapter 7, §1, and in fact
it is essentially. so. Indeed, we have the first two conditions of a product
E x E -+ F satisfied if we define the product between v and w to be A(v, w).
On the other hand,
(*)

IA(v)(w) I ~

IA(v)llwl

~

IAllvllwl

so the third condition is almost satisfied except for the constant factor IAI.
Of course, constant factors do not matter when studying continuity and
limits. Actually, we can also view the association
(A, v, w) f-+ A(v)(w)

as a triple product, which is linear and continuous, satisfying in fact the
inequality (*). Cf. Exercise 1.
In general, a map
f: E1 x ... x En

-+

F

is said to be multilinear if each partial map

is linear. This means:

for Vi> vi E Ei and c E R. In this section, we study the case n = 2, in which
case the map is said to be bilinear.
Examples. The examples we gave previously for a product (as in
Chapter 7, §1) are also examples of continuous bilinear maps. We leave
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it to the reader to verify for bilinear maps (or multilinear maps) the condition analogous to that proved in §1 for linear maps. Cf. Exercise 1. Thus
the dot product of vectors in R" is continuous bilinear. The product of
complex numbers is continuous bilinear, and so is the cross product in
R3. Other examples: The map
L(E, F) x E -+ F

given by
(A., v) H A(V)

that we just considered. Also, if E, F, G are three spaces, then
L(E, F) x L(F, G) -+ L(E, G)

given by composition,

is continuous bilinear. The proof is easy and is left as Exercise 4. Finally,
if

is a matrix of n 2 numbers aij (i = 1, ... ,n; j = 1, ... ,n), then A gives rise
to a continuous bilinear map
A,(:R" x R"-+R

by the formula

where X, Y are column vectors, and 'X = (Xl> ... ,XII) is the row vector
called the transpose of X. We study these later in the section.

Theorem 5.1. Let w: El x E2 -+ F be a continuous bilinear map. Then w
is differentiable, and for each (Xl' X2) E El x E2 and every

we have
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so that Dw: El x E2
and D3 W = o.

-+

L(El

X

E 2, F) is linear. Hence D2w is constant,

Proof We have by definition

This proves the first assertion, and also the second, since each term on the
right is linear in both (Xl, X2) = X and h = (h l , h2). We know that the
derivative of a linear map is constant, and the derivative of a constant
map is 0, so the rest is obvious.
We consider especially a bilinear map
2: E x E

-+

F

and say that 2 is symmetric if we have
2(v, w) = 2(w, v)
for all v, WEE. In general, a multilinear map
kEx···xE-+F
is said to be symmetric if

for any permutation (1 of the indices 1, ... ,n. In this section we look at
the symmetric bilinear case in connection with the second derivative.
We see that we may view a second derivative D2f(x) as a continuous
bilinear map. Our next theorem will be that this map is symmetric. We
need a lemma.
Lemma 5.2. Let 2: E x E -+ F be a bilinear map, and assume that there
exists a map tjJ defined for all sufficiently small pairs (v, w) E E x E with
values in F such that
tjJ(v, w) = 0,

lim
(v, w) ... (O, 0)

and that

12(v, w)1
Then 2 = O.

~

ItjJ(v,

w)llvllwl·
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Proof This is like the argument which gave us the uniqueness of the
derivative. Take v, wEE arbitrary, and let s be a positive real number
sufficiently small so that t/I(sv, sw) is defined. Then
IA(SV, sw)1 :;£ It/I(sv, sw)llsvllswl,
whence

Divide by S2 and let s -+ O. We conclude that A(V, w) = 0, as desired.
Theorem 5.3. Let U be open in E and let f: U -+ F be twice differentiable,
and such that D2f is continuous. Then for each x E U, the bilinear map
D2f(x) is symmetric, that is
D2f(x)(v, w) = D2f(x)(w, v)
for all v, wEE.
Proof Let x E U and suppose that the open ball of radius r in E
centered at x is contained in U. Let v, WEE have lengths < r/2. We shall
imitate the proof of Theorem 1.1, Chapter 15. Let
g(x) = f(x

+ v)

- f(x).

Then
f(x + v + w) - f(x + w) - f(x + v) + f(x)

= g(x + w) - g(x) = fgl(X + tw)w dt
=
=

f

[Df(x + v + tw) - Df(x + tw)]w dt

f

fD2f(X

+ SV + tw)v ds· w dt.

Let
t/I(sv, tw) = D2f(x

+ SV + tw)

- D2f(x).
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Then
g(x

+ w) -

g(x) =

ff
+f f

D2f(x)(v, w) ds dt
t/1(sv, tw)v . w ds dt

= D2f(x)(v, w)

+ q>(v, w)

where q>(v, w) is the second integral on the right, and satisfies the estimate
Iq>(v, w)1 ~ sup 1t/1(sv, tw)llvllwl.
S, t

The sup is taken for 0

~

s

~

1 and 0

gl(X) = f(x

~

t ~ 1. If we had started with

+ w) -

f(x)

and considered gl(X + v) - gl(X), we would have found another expression for the expression
f(x

+ v + w) -

f(x

+ w) -

f(x

+ v) + f(x),

namely

where
lq>l(V, w)1 ~ sup 1t/11(SV, tw)llvllwl.
s, t

But then

By the lemma, and the continuity of D2f which shows that sup It/1(sv, tw) I
and sup It/1 1 (sv, tw) I satisfy the limit condition of the lemma, we now conclude that
D2f(x)(w, v) = D2j(x)(v, w),

as was to be shown.
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We now give an interpretation of the second derivative in terms of
matrices. Let A: R" x R" -. R be a bilinear map, and let el,'" ,ell be the
unit vectors of R". If

and

are vectors, with coordinates vj,
dinates) then

A(V, w) = A(vlel
=

Wi E

R (so these are numbers as coor-

+ ... + vllell , wlel + ... + wllell )

L ViWjA.(ej, e)
i,j

the sum being taken for all values of i, j = 1, ... ,n. Let aij = A(ei, ej)'
Then aij is a number, and we let A = (aij) be the matrix formed with these
numbers. Then we see that

A(V, w)

=

L aijvjwj'
i,j

Let us view v, W as column vectors, and denote by tv (the transpose of v)
the row vector tv = (Vi> •.. ,VII) arising from the column vector

Then we see from the definition of multiplication of matrices that

A.(v, w) = tvAw,
which written out in full looks like

...

a11l)(Wl)
:•
:•
a

1111

W

/I

= l~a
.. v.w ..
.JIJIJ

j,j

We say that the matrix A represents the bilinear map A. It is obvious conversely that given an n x n matrix A, we can define a bilinear map by
letting

(v, w) 1-+ tvAw.
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Let
Ai/ Rn x Rn

--+

R

be the map such that

Then we see that the arbitrary bilinear map A can be written uniquely in
the form
A=

L aijAij.
i,i

In the terminology of linear algebra, this means that the bilinear maps
{Aij} (i = 1" .. ,n and j = 1, ... ,n) form a basis for L 2(Rn, R). We also
sometimes write Aij = Ai ® Ai where Ai is the coordinate function of Rn
given by Ai(Vl, ' .. ,Vn) = Vi'
Now let U be open in Rn and let g: U --+ L 2(Rn, R) be a map which to
each x E U associates a bilinear map
g(x): R n x R n

--+

R.

We can write g(x) uniquely as a linear combination of the Aij. That is,
there are functions gii of x such that
g(x)

=

L gi/X)Aij'
i,i

Thus the matrix which represents g(x) is the matrix (9;j(x)), whose coordinates depend on x.
Theorem 5.4. Let U be open in Rn and let f: U --+ R be a function. Then
f is of class C 2 if and only if all the partial derivatives of f of order ~ 2
exist and are continuous. If this is the case, then D2f(x) is represented
by the matrix

Proof The first derivative Df(x) is represented by the vector (1 x n
matrix) gradf(x) = (Dd(x), ... , Dnf(x)), namely
Df(x)v

=

Dd(x)Vl

+ ... + Dnf(x)vn
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if V = (V1' ... ,vn) is given in terms of its coordinates Vi E R. Thus we can
write

+ ... + Dnf(x)A.n

Df(x) = Dd(x))'1

where A.i is the i-th coordinate function of Rn, that is

Thus we can view Df as a map of U into an n-dimensional vector space.
In the case of such a map, we know that it is of class C 1 if and only if the
partial derivatives of its coordinate functions exist and are continuous.
In the present case, the coordinate functions of Df are Dtf, ... ,Dnf This
proves our first assertion.
As to the statement concerning the representation of D2f(x) by the
matrix of double partial derivatives, let W E Rn and write W in terms of its
coordinates (W1,'" ,Wn), Wi E R. It is as easy as anything to go back to
the definitions. We have
Df(x

+ h) -

Df(x) = D2f(x)h

+ (fJ(h)

where cp(h) = o(h). Hence
D2f(x)h . W

+ (fJ(h)w

+ h)w -

= Df(x

Df(x)w

n

=

L: (DJ(x + h) -

i=1

=
=

n

DJ(x»)w i

n

L: L: {DjDJ(x)h j + (fJih»)Wi

i= 1 j= 1

n

n

i=

j=

L:1 L:1 (DjDJ(x)hjw i + (fJih)w i)·

Here as usual, (fJih) = o(h) for each j = 1, ... ,no Fixing wand letting
h ~ 0, we see that for each w the effect of the second derivative D2f(x)h . w
on h is given by the desired matrix. In other words, for any V, WE Rn we
have
D2f(x)v· W =

L: DjDJ(x)ViWj,
i,j

thereby proving the desired formula.
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Note: Instead of going back to the definitions, one could also write

D2f(x)(v, w) = DDJ(x)VWl

+ ... + DDnf(x)vwn,

evaluate Dgj(x)v where gj = DJ by
Dg/x)v =

n

n

i= 1

i= 1

L Dig/x)Vi = L DiDJ(x)Vi'

and substitute in the preceding expression to obtain what we want.
The matrix representing D2f(x) is called the Hessian of f at x and is
denoted by

Hi x )=

( -a2f )
aXi aX j

a 2f
aXl aX l

a 2f
aX l aXn

a 2f
aX n aXl

---

=
a2f
aXn aXn

following the same notation as for the Jacobian.
The symmetry condition that D2f(x)(v, w) = D 2f(x)(w, v) is reflected
in the matrix representation by the fact that

for the partial derivatives D;, Dj • So everything fits together.
We can also use the same notation as that of Chapter lO, §3 namely
D2f(x)(v, w) = (v· V)(w . V)f(x)

where

are differential operators. This is simply a notational reformulation of
the theorem. The reader should note: One is torn between trying to avoid
the abstraction of the bilinear maps without coordinates which follow a
simple but abstract formalism, and the annoyance of the coordinates
which make formulas look messy. We have described above the notations
which emphasize various aspects of the theory, and which may be used
alternatively according to the taste of the user or the requirements of the
problems at hand. For bilinear maps, things still look reasonably simple,
but indices become much worse for the multilinear case.
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EXERCISES

1. Let E 1> ••• ,En' F be normed vector space and let

be a multilinear map. Show that A is continuous if and only if there exists a number C > 0 such that for all Vi E Ei we have

2. Denote the space of continuous multilinear maps as above by L(Eb '" ,E,; F). If
A is in this space, define IAI to be the least upper bound of all numbers C > 0 such
that

for all Vi E E i . Show that this defines a norm.
3. Consider the case of bilinear maps. We denote by L 2(E, F) the space of continuous bilinear maps of E x E -+ F. If AEL(E, L(E,F»), denote by fl the bilinear
map such thatfA(v, w) = A(v)(w). Show that 1..1.1 = Ifll.
4. Let E, F, G be normed vector spaces. Show that the composition of mappings

L(E, F) x L(F, G) -+ L(E, G)
given by (A, en) H en 0 A is continuous and bilinear. Show that the constant C of
Exercise 1 is equal to 1.
5. Let f be a function of class C 2 on some open ball U in R' centered at A. Show that
f(X)

= f(A) + Df(A) . (X -

A)

+ g(X)(X -

A, X - A)

where g: U -+ L 2(Rn, R) is a continuous map of U into the space of bilinear maps
ofR' into R. Show that one can select g(X) to be symmetric for each X E U.

§6. Higher Derivatives and Taylor's Formula
We may now consider higher derivatives. We define
DPf(x) = D(DP- Y)(x).

Thus DPf(x) is an element of L(E, L(E, ... ,L(E, F) .. .») which we denoted
by U(E, F). We say thatfis of class CP on U or is a CP map if D1<j(x) exists
for each x E U, and if

is continuous for each k = 0, ... , p.
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We have trivially DqD'f(x) = DPf(x) if q + r = p and if DPf(x) exists.
Also the p-th derivative DP is linear in the sense that
and
If A E U(E, F) we write

If q

+r=

p, we can evaluate A(Vlo ... ,vp) in two steps, namely

We regard A(Vl, ... , vq) as the element of U-q(E, F) given by

Lemma 6.1. Let V2' ••• ,vp be fixed elements of E. Assume that f is p
times differentiable on U. Let

Then g is differentiable on U and
Dg(x)(v) = DPf(x)(v, V2"'" vp).
Proof The map g: U

-+

F is a composite of the maps

A: U-1(E, F)

and
where A is given by the evaluation at
and linear. It is an old theorem that

(V2,'"

-+

F

,vp). Thus A is continuous

namely the corollary of Theorem 3.1. Thus

Dg(x)v = (DPf(x)v)(v 2 ,

••• ,

vp),

which is precisely what we wanted to prove.

Theorem 6.2. Let f be of class CP on U. Then for each x E U the map
DPf(x) is multilinear symmetric.
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Proof By induction on p ~ 2. For p = 2 this is Theorem 5.1. In particular, if we let g = Dr 2f we know that for VI' V2 E E,

and since DPf = D2 Dr 2f we conclude that
(*)

DPf(X)(VI,'" ,vp)

= (D2Dr2f(x))(VI' V2)' (V3,'" ,vp)
= (D 2Dp- If(x))(V2, VI)' (V3,'" ,Vp)
= DPf(x)(V2, VI' V3,'·· ,Vp).

Let (1 be a permutation of (2, ... ,p). By induction,

By the lemma, we conclude that
(**)

From (*) and (**) we conclude that DPf(x) is symmetric because any
permutation of (1, ... ,p) can be expressed as a composition of the permutations considered in (*) or (**). This proves the theorem.
For the higher derivatives, we have similar statements to those obtained
with the first derivative in relation to linear maps. Observe that if
WE U(E, F) is a multilinear map, and A E L(F, G) is linear, we may compose these
Ex .. ·xE~FJ:.G
to get A 0 W, which is a multilinear map of Ex··· x E -. G. Furthermore, wand A being continuous, it is clear that A0 W is also continuous.
Finally, the map

A*: U(E, F) -. U(E, G)
given by "composition with A", namely

is immediately verified to be a continuous linear map, that is for
U(E, F) and C E R we have

WI' W2 E

and
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and for the continuity,

so

Theorem 6.3. Let f: U -+ F be p-times differentiable and let A: F -+ G
be a continuous linear map. Then for every x E U we have

Proof Consider the map x f-+ DP-1(A 0 f)(x). By induction,

By the corollary of Theorem 3.1 concerning the derivative D(A* 0 DP-1f),
namely the derivative of the composite map

we get the assertion of our theorem.
If one wishes to omit the x from the notation in Theorem 6.3, then one
must write

Occasionally, one omits the lower * and writes simply DP(A 0 f) = A 0 DPf
Taylor's formula. Let U be open in E and let f: U -+ F be of class CPo
Let x E U and let y E E be such that the segment x + ty, 0 ~ t ~ 1, is
contained in U. Denote by y(k) the k-tuple (y, y, ... , y). Then

f(x

Df(x)y

+ y) = f(x) + -1!- + ... +

where
_
Rp -

i

1

0

DP- 1f(x)y(P-1)
(p _ 1)!

(1 - t )p-1 P
(p _ 1)! D'f(x

(p)

+ ty)y dt.

+ Rp
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Proof We can give a proof by integration by parts as usual, starting with
the mean value theorem,
f(x

+ y) = f(x) +

We consider the map t f-+ Df(x
product

f

Df(x

+ ty)y dt.

+ ty)y of the interval into F, and the usual
RxF-+F

which consists in mUltiplying vectors of F by numbers. We let
u = Df(x

+ ty)y

dv = dt, v = -(1 - t)

and

This gives the next term, and then we proceed by induction, letting
u = DPf(x

+ ty)y(P)

and

(1 - t)P-1
dv = (p _ 1)! dt

at the p-th stage. Integration by parts yields the next term of Taylor's
formula, plus the next remainder term.
The remainder term Rp can also be written in the form
Rp =

i

1 (1

-

t)r1

(p - 1)!

o

DPf(x

+ ty) dt . yIP).

The mapping

r

1 (1 - t)r1
Yf-+J o (p-1)! DPf(x

+ ty)dt

is continuous. If f is infinitely differentiable, then this mapping is infinitely
differentiable since we shall see later that one can differentiate under the
integral sign as in the case studied in Chapter 10.
Estimate of the remainder. Notation as in Taylor's formula, we can also
write
f(x

+ y) = f(x) + Dfi7)y + ... + DPf~~)Y(P) + O(y)
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where

+ ty~ - DPf(x)//y/P

/O(y)/ ~ sup /DPf(x

p.

O;::;t;::;l

and

r

O(y) - 0

1m /y /P -

, ... 0

•

Proof We write
DPf(x

+ ty) - DPf(x) = I/I(ty).

Since DPf is continuous, it is bounded in some ball containing x, and
lim I/I(ty) = 0
, ... 0

uniformly in t. On the other hand, the remainder Rp given above can be
written as

[1 (1 - t)P-l

Jo

(p - 1)! DPf(x)y(P) dt

[1 (1 - t)P- 1

+ Jo (p _

1)! I/I(ty)y<P) dt.

We integrate the first integral to obtain the desired p-th term, and estimate
the second integral by
sup /I/I(ty)//y/P

O;::;t;::;l

i

l

0

(1 - t)p-l

( _ 1)' dt,
P

.

where we can again perform the integration to get the estimate for the
error term O(y).

Theorem 6.4. Let U be open in E and let f: U --+ Fl X ••• x Fm be a
map with coordinate maps (fl, ... ,fn). Then f is of class CP if and only
if each Ii is of class cP, and if that is the case, then

Proof We proved this for p = 1 in §3, and the general case follows by
induction.

Theorem 6.S. Let U be open in E and V open in F. Let f: U --+ V and
g: V --+ G be CP maps. Then g 0 f is of class CPo
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Proof. We have
D(g 0 f)(x) = Dg(f(x») o Df(x).
Thus D(g 0 f) is obtained by composing a lot of maps, namely as represented in the following diagram:

~F~L(F'G)}
x
-+ L(E, G)

U ___

DJ ------. L(E, F)

If p = 1, then all mappings occurring on the right are continuous and so
D(g 0 f) is continuous. By induction, Dg and Df are of class CP- l, and
all the maps used to obtain D(g 0 f) are of class CP-l (the last one on the
right is a composition of linear maps, and is continuous bilinear, so infinitely differentiable by Theorem 5.1). Hence D(g 0 f) is of class Cp - 1,
whence g 0 f is of class CP, as was to be shown.

We shall now give explicit formulas for the higher derivatives in terms
of coordinates when these are available.
We consider multilinear maps

A.: R" x ... x R" -+ R
(taking the product of R" with itself p times). If

where vij E R are the coordinates of Vi' then

=

L

it.···.ip

vlh'" v'jpA.(eit' ... ,ej),

the sum being taken over all r-tuples of integers il, ... ,i, between 1 and
n. If we let A.h ... jp : R" x ... x R"-+ Rbe the map such that

then we see that A.it ... jp is multilinear; and if we let
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then we can express A as a unique linear combination

where we use the abbreviated symbols U) = U1, ... ,jp). Thus the multilinear maps AU) form a basis of Lr(R", R).
If g: U -+ U(R", R) is a map, then for each x E U we can write

where g(j) are the coordinate functions of g. This applies in particular
when g = DPf for some p-times differentiable function f. In that case,
induction and the same procedure given in the bilinear case yield:
Theorem 6.6. Let U be open in R" and let f: U -+ R be a function. Then
f is of class CP if and only if all the partial derivatives of f of order ~ p
exist and are continuous. If this is the case, then

DPf(x) = IDj, ... Djpf(x)Aj, ... jp
(j)

and for any vectors V1,'" ,vp E R" we have
DPf(x)(V1,'" ,vp) =

I

Dj, ... Djpf(x)V1j, ... Vpjp'

(j)

Observe that there is no standard terminology generalizing the notion
of matrix to an indexed set

{ah"'jp}
(which could be called a multimatrix) representing the multilinear map.
The multimatrix

represents the p-th derivative DPf(x). In the notation of Chapter 15, §3
we can write also

DPf(x) = (V1 . V) ... (vp' V)f(x)
where

is a partial differential operator with constant coefficients
are the coordinates of the vector Vi'

Vil' .•. ,Vi"

which
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EXERCISE

1. Let U be open in E and V open in F. Let
f: U -+ V

and

g: V

-+

G

be of class CPo Let Xo E U. Assume that D"J(xo) = 0 for all k = 0, ... ,po Show
that Dk(g 0 fXxo) = 0 for 0 ~ k ~ p. [Hint: Induction.] Also prove that if
Dkg(f(XO» = 0 for 0 ~ k ~ p, then (Dk(g 0 f)Xxo) = 0 for 0 ~ k ~ p.

§7. Partial Derivatives
Consider a product E = El
Let U j be open in E j and let

X •••

x En of complete normed vector spaces.

be a map. We write an element x E U 1 X ••• X Un in terms of its "coordinates ", namely x = (x to ••• ,xn) with Xj E U j.
We can form partial derivatives just as in the simple case when E = Rn.
Indeed, for x to ••• ,Xj _ to Xj + to ••• ,xn fixed, we consider the partial map

of U j into F. If this map is differentiable, we call its derivative the partial
derivative of fand denote it by Dd(x) at the point x. Thus, if it exists,

Dd(x) = A: E j

-+

F

is the unique continuous linear map AE L(Ejo F) such that

f(xto ... ,Xj + h, ... , Xn) - f(xto ... ,xn) = A(h) + o(h),
for he E j and small enough that the left-hand side is defined.
Theorem 7.1. Let U j be open in E j (i = 1, ... ,n) and let

be a map. This map is of class e" if and only if each partial derivative
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is of class Cr

1.

If this is the case, and

then
/I

L Dd(x)Vj.

Df(x)v =

j=1

Proof. We shall give the proof just for n = 2, to save space. We assume
that the partial derivatives are continuous, and want to prove that the
derivative of f exists and is given by the formula of the theorem. We let
(x, y) be the point at which we compute the derivative, and let h = (h1' h2).
We have
f(x

+ hlo Y + h2) -

f(x, y)

= f(x + h1' y + h2) - f(x + h1' y) + f(x + h1' y) - f(x, y)
=

f

D2 f(x

+ h1' y + th2)h2 dt +

f

Dd(x

+ th1' y)h1 dt.

Since D2 f is continuous, the map t/I given by

satisfies
lim t/I(hlo th 2)

11-+0

= o.

Thus we can write the first integral as

f

D2 f(x

+ hlo Y + th2)h2 dt =

f

D2 f(x, y)h2 dt

= Dd(x, y)h2

+

f

+

f

t/I(hlo th2)h2 dt

t/I(hlo th2)h2 dt.

Estimating the error term given by this last integral, we find

Iio1t/I(hlo th2)h2 dt I~
~

sup It/I(hlth2) II h21
0::!it::!i1

Ihl suplt/l(hlo th 2) I

= o(h).
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Similarly, the second integral yields

DJ(x, y)hl

+ o(h).

Adding these terms, we find that DI(x, y) exists and is given by the formula, which also shows that the map DI = l' is continuous, so I is of class
C l . If each partial is of class CP, then it is clear that I is CPo We leave the
converse to the reader.
Example. Let El be an arbitrary space and let E2 = Rm for some m
so that elements of E2 can be viewed as having coordinates (Yl,··· ,Ym).
Let F = RS so that elements of F can also be viewed as having coordinates
(Zl' ... ,zs). Let U be open in El X Rm and let

I:

U

-+

RS

be a CP map. Then the partial derivative

may be represented by a Jacobian matrix. If (11, ... ,f.) are the coordinate
functions of J, this Jacobian may be denoted by J7)(x, Y), and we have
oIl
°Yl

oIl
oYs

of.

of.

°Yl

oYs

J7)(x, y) =

For instance, let I(x, y, z) = (x 2 y, sin z). We view R3 as the product
R x R2 so that D2 I is taken with respect to the space of the last two coordinates. Then D 2 I(x, y, z) is represented by the matrix
(2)
_
Jf(x,y,z)-

(X20

0)

cos z

.

Of course, if we split R3 as a product in another way, and compute D2I
with respect to the second factor in another product representation, then
the matrix will change. We could for instance split R3 as R2 x Rand
thus take the second partial with respect to the second factor R. In that
case, the matrix would be simply
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It will be useful to have a notation for linear maps of products into
products. We treat the special case of two factors. We wish to describe
linear maps

We contend that such a linear map can be represented by a matrix

where each Ai/ E j - Fi is itself a linear map. We thus take matrices whose
components are not numbers any more but are themselves linear maps.
This is done as follows.
Suppose we are given four linear maps Aij as above. An element of
E1 x E2 may be viewed as a pair of elements (VI' V2) with VI EEl and
V2 EE 2. We now write such a pair as a column vector

G::

~::)(~:) = G::~: : ~::~:)

so that we multiply just as we would with numbers. Then it is clear that A
is a linear map of E1 x E2 into F1 x F 2.
Conversely, let A: E 1 X E 2 - FIX F 2 be a linear map. We write an
element (VI' V2) E E1 x E2 in the form

We also write A in terms of its coordinate maps A = (AI' A2) where
AI: E1 x E2 - F 1 and A2: El x E2 - F 2 are linear. Then
A(Vl' V2) = (Al(Xl, V2), A2(VI, V2»)
= (AI(V 1, 0)

+ AI(O, V2), A2(VI, 0) + AiO, V2»).

The map

is a linear map of E I into F I which we call A11. Similarly, we let

A11 (VI) = Al (VI' 0),

A12(V2) = Al (0, V2),

A21(VI) = AiVI' 0),

A22(V2) = A2(0, V2).
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Then we can represent A as the matrix

as explained in the preceding discussion, and we see that A(V1,V2) is given
by the multiplication of the above matrix with the vertical vector formed
with V1 and V2'
Finally, we observe that if all Ajj are continuous, then the map A is also
continuous, and conversely.
We can apply this to the case of partial derivatives, and we formulate
the result as a corollary.
Corollary 7.2. Let U be open in E1 x E2 and let
CP map. Let

I: U 1-+ F 1

X

F 2 be a

be represented by its coordinate maps
and
Then for any x E U, the linear map Df(x) is represented by the matrix

Proof. This follows by applying Theorem 6.1 to each one of the maps

11 and 12, and using the definitions of the preceding discussion.

Observe that except for the fact that we deal with linear maps, all that
precedes was treated in a completely analogous way for functions on open
sets of n-space, where the derivative followed exactly the same formalism
with respect to the partial derivatives.

§8. Differentiating Under the Integral Sign
The proof given previously for the analogous statement goes through
in the same way. We need a uniform continuity property which is slightly
stronger than the uniform continuity on compact sets, but which is proved
in the same way. We thus repeat this property in a lemma.

403

§8. Differentiating Under the Integral Sign

Lemma 8.1. Let A be a compact subset of a normed vector space, and let
S be a subset of this normed vector space containing A. Let f be a continuous map defined on S. Given f there exists b such that if x E A and YES,
and Ix - yl < b, then If(x) - f(y)1 < f.
Proof Given f, for each x E A we let r(x) be such that if YES and
- x I < r(x), then I f (y) - f (x) I < f. U sing the finite covering property of compact sets, we can cover A by a finite number of open balls Bi
of radius bi = r(xi)/2, centered at Xi (i = 1, ... ,n). We let

Iy

b = min bi •
If x E A, then for some i we have
Iy - Xi I < r(xi), so that

Ix - xd <

r(xJ/2. If Iy -

xI <

b, then

If(y) - f(x) I ;:;; If(y) - f(Xi) I + If(Xi) - f(x) I

< 2f,
thus proving the lemma.
The only difference between our lemma and uniform continuity is that
we allow the point y to be in S, not necessarily in A.
Theorem 8.2. Let U be open in E and let J = [a, b] be an interval.
Let f: J x U
tinuous. Let

-+

F be a continuous map such that D2 f exists and is con-

g(x) =

f

f(t, x) dt.

Then 9 is differentiable on U and

Dg(x)

=

fD2f(t, x)ft.

Proof Differentiability is a property relating to a point, so let x E U.
Selecting a sufficiently small open neighborhood V of x, we can assume
that D2 f is bounded on J x V. Let A. be the linear map
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We investigate

g(x

+ h)

- g(x) - Ah =

=
=

f
f [f

[f(t, x

f {f

+ h)

- f(t, x) - D2 f(t, x)h] dt

D2 f(t, x

+ uh)h du

- D2f(t, X)hJ dt

[D2 f(t, x

+ uh) -

D2 f(t, x)]h dU} dt.

We estimate:

Ig(x

+ h) -

g(x) - Ahl

~

maxID 2 f(t, x

+ uh)

- D2 f(t,

x)llhl

the maximum being taken for 0 ~ u ~ 1 and 0 ~ t ~ 1. By the lemma
applied to D2f on the compact set J x {x}, we conclude that given E there
exists () such that whenever Ih I < () then this maximum is < E. This proves
that A is the derivative g'(x), as desired.

CHAPTER 17

Inverse Mapping Theorem

§1. The Shrinking Lemma
The main results of this section and of the next chapter are based on a
simple geometric lemma.

Shrinking lemma. Let M be a closed subset of a complete normed vector
space. Let f: M --+ M be a mapping, and assume that there exists a number, K, 0 < K < 1, such that for all x, Y E M we have
If(x) - f(y) I ~ Klx - YI·
Then f has a unique fixed point, that is there exists a unique point Xo E M
such that f(xo) = Xo. If x E M, then the sequence {rex)} (iteration of f
repeated n times) is a Cauchy sequence which converges to the fixed point.
Proof We have for a fixed x

E

M,

IP(x) - f(x) I = If(f(x)) - f(x) I ~ Klf(x) - xl.

By induction,
Ir+1(x) - r(x) I ~ Klr(x) - r-1(x)1 ~ Knlf(x) - xl·

In particular, we see that the set of elements {fn(x)} is bounded because
Ir(x) - xl ~ Ir(x) - r-1(x)1
+ Ir-1(x) - r - 2 (x)1 + ... + If(x) - xl
n
1
~ (K - + K n- 2 + ... + K)lf(x) - xl

and the geometric series converges.
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Now by induction again, for any integer m

~

1 and k

~

1 we have

We have just seen that the term P(x) - x is bounded, independently of k.
Hence there exists N such that if m, n ~ N and say n = m + k we have

because K m -+ 0 as m -+ 00. Hence the sequence {f"(x)} is a Cauchy sequence. Let Xo be its limit. Select N such that for all n ~ N we have

Ixo -

r(x) I <

f.

Then

This proves that the sequence {f"(x)} converges to f(xo). Hence

and Xo is a fixed point. Finally, suppose
= Xl· Then

Xl

is also a fixed point, that is

f(XI)

Since 0 < K < 1, it follows that
the uniqueness, and the theorem.

Xl -

Xo =

0 and

Xl = Xo.

This proves

A map as in the theorem is called a shrinking map. We shall apply the
theorem in §3, and also in the next chapter in cases when the space is a
space of functions with sup norm. Examples of this are also given in the
exercises.

EXERCISES
1. (Tate) Let E, F be complete normed vector spaces. Letf: E -+ F be a map having

the following property. There exists a number C > 0 such that for all x, Y E E we
have
If(x

+ y)

- f(x) - f(y)1

~

c.
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Show that there exists a unique linear map g: E
for the sup norm. [Hint: Show that the limit
g(x)

=

.

hm

n~""

~ F

such that g -

f is bounded

f(2 nx)

--n-

2

exists.]
2. Generalize Exercise 1 to the bilinear case. In other words, let f: E x F
map and assume that there is a constant C such that

I f(Xl + X2, y) - f(Xl, y) - f(X2, y) I ~

~

G be a

C,

for all x, Xl' X2 E E and Y, Yl, Y2 E F. Show that there exists a unique bilinear map
g: E x F ~ G such that f - g is bounded for the sup norm.
3. Prove the following statement. Let 13, be the closed ball of radius r centered at 0 in
E. Let f : 13, ~ E be a map such that:
(a) If(x) - f(y)1 ~ blx - yl with 0 < b < 1.
(b) I f(O) I ~ r(1 - b).
Show that there exists a unique point X E 13, such that f(x) = x.
4. Notation as in Exercise 3, let g be another map of 13, into E and let c > 0 be such
that Ig(x) - f(x) I ~ c for all x. Assume that g has a fixed point X2, and let Xl be
the fixed point of f. Show that IX2 - Xli ~ c/(1 - b).
5. Let K be a continuous function of two variables, defined for (x, y) in the square
a ~ x ~ b and a ~ Y ~ b. Assume that IIKII ~ C for some constant C > O. Let f
be a continuous function on [a, b] and let r be a real number satisfying the inequality

Irl <

1
C(b - a)·

Show that there is one and only one function g continuous on [a, b] such that
f(x)

=

g(x)

+r

fK(t, x)g(t) dt.
a

6. Newton's method This method serves the same purpose as the shrinking lemma
but sometimes is more efficient and converges more rapidly. It is used to find
zeros of mappings.
Let B, be a ball of radius r centered at a point Xo E E. Let f: B, ~ E be a C 2
mapping, and assume that
is bounded by some number C ~ 1 on B,. Assume
that f'(x) is invertible for all x E B, and that If'(x)-ll ~ C for all x E B,. Show
that there exists a number fJ depending only on C such that if I f(xo) I ~ fJ then the
sequence defined by

r
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lies in Br and converges to an element x such that f(x) = 0, Hint: Show inductively
that
IX O+l

-

xol ~ Clf(xo)l,

and hence that

7. Apply Newton's method to prove the following statement. Assume that f: U -+ E
is of class C 2 and that for some point Xo E U we have f(xo) = 0 and f'(xo) is invertible. Show that given y sufficiently close to 0, there exists x close to Xo such that
f(x) = y. [Hint: Consider the map g(x) = f(x) - y.]
[Note. The point of the Newton method is that it often gives a procedure which
converges much faster than the procedure of the shrinking lemma. Indeed, the
shrinking lemma converges more or less like a geometric series. The Newton
method converges with an exponent of 20.]
8. The following is a reformulation due to Tate of a theorem of Michael Shub.
(a) Let n be a positive integer, and let f: R -+ R be a differentiable function such
that f'(x) ~ r > 0 for all x. Assume that f(x + 1) = f(x) + n. Show that there
exists a strictly increasing continuous map oc R -+ R satisfying
ot(x

+ 1) =

ot(x)

+1

such that
f(ot{x»)

= ot(nx).

[Hint: Follow Tate's proof. Show that f is continuous, strictly increasing, and let
9 be its inverse function. You want to solve ot(x) = g(ot{nx»). Let M be the set of all
continuous functions which are increasing (not necessarily strictly) and satisfying
ot{x + 1) = ot(x) + 1. On M, define the norm
Ilotil =

sup lot(x)l.
o~x;p

Let T: M

-+

M be the map such that
(Tot)(x) = g(ot(nx»).

Show that T maps Minto M and is a shrinking map. Show that M is complete,
and that a fixed point for T solves the problem.] Since one can write
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one says that the map x 1-+ nx is conjugate to f. Interpreting this on the circle,
one gets the statement originally due to Shub that a differentiable function on the
circle, with positive derivative, is conjugate to the n-th power for some n.
(b) Show that the differentiability condition can be replaced by the weaker condition: There exist numbers r l , r2 with 1 < rl < r2 such that for all x ~ 0 we have

Further problems involving similar ideas, and combined with another technique will be found at the end of the next section. It is also recommended that the
first theorem On differential equations be considered simultaneously with these
problems.

§2. Inverse Mappings, Linear Case
Let A: E --+ F be a continuous linear map. We continue to assume throughout that E, F are Euclidean spaces, but what we say holds for complete
normed spaces. We shall say that A is invertible if there exists a continuous
linear map w: F --+ E such that We A = idE and A a W = id F where idE and
idF denote the identity mappings of E and F respectively. We usually
omit the index E or F on id and write simply id or I. No confusion can
really arise, because for instance, W a A is a map of E into itself, and thus
if it is equal to the identity mapping it must be that of E. Thus we have for
every x E E and Y E F:
W(A.(x»)

=

v

and

A.(W(y») = Y

by definition. We write A. -1 for the inverse of A.
Consider invertible elements of L(E, E). If A., W are invertible in L(E, E),
then it is clear that W a A is also invertible because (w a A)-1 = A-1 a W -1.
For simplicity from now on, we shall write WA. instead of w a A..
Consider the special case A.: R" --+ R". The linear map A is represented
by a matrix A = (ai)' One knows that A is invertible if and only if A is
invertible (as a matrix), and the inverse of A, if it exists, is given by a
formula, namely

where A is a matrix whose components are polynomial functions of the
components of A. In fact, the components of A are subdeterminants of
A. The reader can find this in any text on linear algebra. Thus in this
case, A is invertible if and only if its determinant is unequal to O.
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Note that the determinant
Det : Mat" x "

-+

R

is a continuous function, being a polynomial in the n2 coordinates of a
matrix, and hence the set of invertible n x n matrices is open in Mat" X".
The next theorem gives a useful formula whose proof does not depend
on coordinates.

Theorem 2.1. The set of invertible elements of L(E, E) is open in L(E, E).
If u E L(E, E) is such that Iu I < 1, then I - u is invertible, and its inverse
is given by the convergent series
00

(I -

U)-l

= I + u + u2 + ... = L u".
,,=0

Proof. Since lui < 1, and since for u, v E L(E, E) we have luvl ~ lullvl,
we conclude that Iu" I ~ Iu I". Hence the series converges, being comparable to the geometric series. Now we have
(I - u)(I
=

I

+ u + u2 + ... + u")
- u"+ 1 = (I + u + ... + u")(I -

u).

Taking the limit as n -+ 00 and noting that u"+ 1 -+ 0 as n -+ 00, we see
that the inverse of I - u is the value of the convergent series as promised.
We can reformulate what we have just proved by stating that the open
ball of radius 1 in L(E, E) centered at the identity I, consists of invertible
elements. Indeed, if A E L(E, E) is such that IA - I I < 1, then we write
A = I - (I - A) and apply our result. Let Uo be any invertible element
of L(E, E). We wish to show that there exists an open ball of invertible
elements centered at Uo. Let

and suppose that u E L(E, E) is such that Iu - Uo I < (). Then

By what we have just seen, it follows that uUo 1 is invertible, and hence
uUo luo = u is invertible, as was to be shown.
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Remark. If u is sufficiently close to Uo then u- 1 is bounded, as one sees
bywritinglu-11 = lu-1uouo11 ~ lu-1uolluo11.
Denote by Inv(E, E) the open set of invertible elements of L(E, E). The
map of Inv(E, E) -. Inv(E, E) given by

is easily seen to be continuous. Indeed, if Uo is invertible, and u is close
to uo, then

Taking norms shows that

whence the continuity. However, much more is true, as stated in the next
theorem.

Theorem 2.2. Let <p: Inv(E, E) -. Inv(E, E) be the map u 1-+ u- 1 • Then
<p is infinitely differentiable, and its derivative is given by

Proof We can write for small h E L(E, E):

(u

+ h)-l - u- 1 = (u(1 + u-1h)t 1 - u- 1
(1 + u-1h)-lU- 1 - u- 1
= [(1 + u-1h)-1 - I]u- 1.

=

By Theorem 2.1 there is some power series g(h), convergent for h so small
that Iu-1h I < 1, for which

and consequently
(u

+ h)-l

- u- 1 = [-u-1h + (u- 1h)2 g(h)]u- 1
= -u-1hu- 1 + (u- 1h)2 g(h)u- 1.

The first term on the right is <p' (u)h in view of the estimate
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for some constant C. Thus the derivative is given by the formula as stated
in the theorem. The fact that the map U 1--+ U -1 is infinitely differentiable
follows because the derivative is composed of inverses and continuous
bilinear maps (composition), so that by induction q/ is of class CP for every
positive integer p. The theorem is proved.

Remark. In the case of matrices, the map
A(x) 1--+ A(X)-1

where (x) = (Xij) are the n 2 components of the matrix' A(x), can be seen
to be Coo because the components of A(X)-1 are given as polynomials in
(x), divided by the determinant, which is not 0, and is also a polynomial.
Thus one sees that this map is infinitely differentiable using the partial
derivative criterion. However, even seeing this does not give the formula
of the theorem describing the derivative of the inverse map, and this
formula really would not be proved otherwise even in the case of matrices.
Note that the formula contains the usual _u- 2 except that the noncommutativity of the product has separated this and placed u -1 on each side of
the variable v.
EXERCISES

1. Let E be the space of n x n matrices with the usual norm IA I such that

IABI ;;:;IAIIBI·
Everything that follows would also apply to an arbitrary complete normed vector
space with an associative product E x E --> E into itself, and an element I which
acts like a multiplicative identity, such that II I = 1.
(a) Show that the series
exp(A) =

A"

L I"
<Xl

"=0 n.

converges absolutely, and that lexp(A) - II < 1 if IAI is sufficiently small.
(b) Show that the series
10g(I

+ B) =

B
1

B2
2

- - -

+ ... + (-1)"

+1

B"
-

n

converges absolutely if IBI < 1 and that in that case, Ilog(I
II -

CI <

+ ...

+ B)I < 1. If

1,

show that the series
log C = (C - I) -

(C - 1)2
2

+ ... + (-1)"

converges absolutely, and that Ilog C I < 1.

+1

(C - I)"

n

+ ...

413

§2. Inverse Mappings, Linear Case

(c) If IAI is sufficiently small show that log exp(A) = A and if Ie - 11< 1 show
that exp log e = C. [Hint: Approximate exp and log by the polynomials of the
usual Taylor series, estimating the error terms.]
(d) Show that if A, B commute, that is AB = BA, then

exp(A

+ B) =

exp A exp B.

State and prove the similar theorem for the log.
(e) Let e be a matrix sufficiently close to I. Show that given an integer m > 0,
there exists a matrix X such that xm = e, and that one can choose X so that
XC = ex.
2. Let U be the open ball of radius 1 centered at I. Show that the map log: U -> E
is differentiable.
3. Let V be the open ball of radius 1 centered at O. Show that the map exp: V
is differentiable.

->

E

4. Let K be a continuous function of two variables, defined for (x, y) in the square
a ~ x ~ b and a ~ y ~ b. Assume that IIKII ~ e for some constant e > O. Let f
be a continuous function on [a, b] and let r be a real number satisfying the inequality

Irl <

1
C(b - a)'

r

Show that there is one and only one function g continuous on [a, b] such that

f(x)

= g(x) + r

•

K(t, x)g(t) dt .

(This exercise was also given in the preceding section. Solve it here by using Theorem
2.1.)

5. Exercises 5 and 6 develop a special case of a theorem of Anosov, by a proof due to
Moser.
First we make some definitions. Let A: R2 -> R2 be a linear map. We say that
A is hyperbolic if there exist numbers b > 1, c < 1, and two linearly independent
vectors v, w in R2 such that Av = bv and Aw = cwo As an example, show that the
matrix (linear map)

A

=

G ~)

has this property.
Next we introduce the e 1 norm. If f is a e 1 map, such that both f and I' are
bounded, we define the e 1 norm to be

II! I 1 =

max(II!II, I I'll),

where I II is the usual sup norm. In this case, we also say that

f is e1-bounded.
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The theorem we are after runs as follows:
Theorem. Let A: R2 --+ R2 be a hyperbolic linear map. There exists b having
the following property. Iff: R2 --+ R2 is a C l map such that
Ilf - AliI < b,
then there exists a continuous bounded map h: R2 --+ R2 satisfying the equation
fa h = h aA.

First prove a lemma.
Lemma. Let M be the vector space of continuous bounded maps of R2 into R2. Let
T: M --+ M be the map defined by Tp = p - A - I a p a A. Then T is a continuous
linear map, and is invertible.
To prove the lemma, write

where p+ and p- are functions, and note that symbolically,

that is Tp + = (I - S)p + where II S II < 1. So find an inverse for T on p +. Analogously, show that Tp- = (I - S(jl)p- where IISol1 < 1, so that SoT= So - I
is invertible on p -. Hence T can be inverted componentwise, as it were.
To prove the theorem, write f = A + g where g is CI-small. We want to solve
for h = I + p with p E M, satisfying fa h = h a A. Show that this is equivalent to
solving
Tp = - A -

I a

g a h,

or equivalently,

This is then a fixed point condition for the map R: M
R(P) = -T-I(A- I ago (I

--+

M given by

+ p»).

Show that R is a shrinking map to conclude the proof.
6. One can formulate a variant of the preceding exercise (actually the very case dealt
with by Anosov-Moser). Assume that the matrix A with respect to the standard
basis of R2 has integer coefficients. A vector z E R2 is called an integral vector if its
coordinates are integers. A map p: R2 --+ R2 is said to be periodic if
p(x

+ z)

=

p(x)
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for all x

E R2

and all integral vectors z. Prove:

Theorem. Let A be hyperbolic, with integer coefficients. There exists b having the
following property. If g is a C 1 , periodic map, and Ilg 111 < b, and if

f=

A

+ g,

then there exists a periodic continuous map h satisfying the equation
foh = h oA.

Note. With a bounded amount of extra work, one can show that the map h
itself is CO-invertible, and so f = h 0 A 0 h - 1.

§3. The Inverse Mapping Theorem
Let U be open in E and let f: U -+ F be a C l map. We shall say that f
is Cl-invertihJe on U if the image of f is an open set V in F, and if there is a
C l map g: V -+ U such that f and g are inverse to each other, that is for all
x E U and y E V we have

g(f(x))

=

x

and

f(g(y)) = y.

In considering mappings between sets, we used the same notion of
invertibility without the requirements that the inverse map g be Cl. All
that was required when dealing with sets in general is that f, g are inverse
to each other simply as maps. Of course, one can make other requirements
besides the C 1 requirement. One can say that f is CO-invertible if the inverse map exists and is continuous. One can say that f is CP-invertible if f
is itself CP and the inverse map g is also CPo In the linear case, we dealt
with linear invertibility, which in some sense is the strongest requirement
which we can make. It will turn out that if f is a C l map which is C1-invertible, and if f happens to be CP, then its inverse map is also CPo This is
the reason why we emphasize C 1 at this point. However, it may happen
that a C l map has a continuous inverse, without this inverse map being
differentiable. For example: Let f: R -+ R be the map f(x) = x 3 • Then
certainly f is infinitely differentiable. Furthermore, f is strictly increasing,
and hence has an inverse mapping g: R -+ R which is nothing else but the
cube root: g(y) = yl/3. The inverse map g is not differentiable at 0, but is
continuous at O.
Let
f: U

-+

V

and

g: V

-+

W
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be invertible CP maps. We assume that V is the image of I and W is the
image of g. We denote the inverse of I by 1-1 and that of g by g-l. Then
it is clear that g 0 I is CP-invertible, and that (g 0 f)-I = 1- 10 g-l, because
we know that a composite of CP maps is also CPo
Let I: U - F be a CP map, and let Xo E U. We shall say that I is locally
CP-invertible at Xo if there exists an open subset U 1 of U containing Xo
such that I is CP-invertible on U l' By our definition, this means that there
is an open set VI of F and a CP map g: VI - U 1 such that log and go I
are the respective identity mappings of VI and U l ' It is clear that a composite of locally invertible maps is locally invertible. In other words, if

I: U -

V

and

g: V- W

are CP maps, Xo E U, g(xo) = Yo, if I is locally CP-invertible at xo, if g is
locally CP-invertible at Yo, then g 0 lis locally CP-invertible at Xo.
It is useful to have a terminology which allows us to specify what is the
precise image of an invertible map. For this purpose, we shall use a word
which is now standard in mathematics. Let U be open in E and let V be
open in F. A map
qJ:U-V

will be called a CP-isomorphismifit is CP, and if there exists a CP map
1/1: V- U

such that qJ, 1/1 are inverse to each other. Thus qJ is CP-invertible on U, and
V is the image qJ(U) on which the CP inverse of qJ is defined. We write the
inverse often as 1/1 = qJ - 1.
If

u-l.v

and

V1l. W

are CP-isomorphisms, then the composite go I is also a CP-isomorphism,
whose inverse is given by 1-10 g-l.
The word isomorphism is also used in connection with continuous
linear maps. In fact, a continuous linear map

kE-F
is said to be an isomorphism if it is invertible. Thus the word isomorphism
always means invertible, and the kind of invertibility is then made explicit
in the context. When it is used in relation to CP maps, invertibility means CPinvertibility. When it is used in connection with continuous linear maps,
invertibility means continuous linear invertibility. These are the only two
examples with which we deal in this chapter. There are other examples in
mathematics, however.
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Let t/I: u -. V be a continuous map which has a continuous inverse
cp: V -. U. In other words, t/I is a CO-invertible map. If U 1 is an open
subset of U, then t/I(U 1) = V1 is an open subset of V because t/I = qJ-l
and qJ is continuous. Thus open subsets of U and open subsets of V correspond to each other under the associations
and
Let U be open in E. A CP map

t/I: U -.

V

which is CP-invertible on U is also called a CP chart. If a is a point of U,
we call t/I a chart at a. If t/I is not invertible on all of U but is CP-invertible
on an open subset U 1 of U containing a, then we say that t/I is a local CPisomorphism at a. If E = Rn = F and the coordinates of Rn are denoted by
Xl" •. ,X n , then we may view t/I as also having coordinate functions,

In this case we say that t/ll"" ,t/ln are local coordinates (of the chart) at a,
and that they form a CP-coordinate system at a. We interpret t/I as a change
of coordinate system from (Xl' ••• ,xn) to (t/I(x), ... ,t/ln(x»), of class CPo
This terminology is in accord with the change from polar to rectangular
coordinates as given in examples following the inverse mapping theorem,
and which the reader is probably already acquainted with. We give here
another example of a chart which is actually defined on all of E. These are
translations. We let

be the map such that LV(X) =
given by

X

+ V.

Then the derivative of LV is obviously

where I is the identity mapping. Observe that if U is an open set in E and
VEE then !v(U) is an open set, which is called the translation of U be V.
It is sometimes denoted by U v' and consists of all elements X + v with X E U.
We have

ifw, vEE, and
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A map 'tv is called the translation by v. For instance, if U is the open ball
centered at the origin, of radius r, then 'tv(U) = U v is the open ball centered at v, of radius r.
When considering functions of one variable, real valued, we used the
derivative as a test for invertibility. From the ordering properties of the
real numbers, we deduced invertibility from the fact that the derivative was
positive (say) over an interval. Furthermore, at a given point, if the derivative is not equal to 0, then the inverse function exists, and one has a
formula for its derivative. We shall now extend this result to the general
case, the derivative being a linear map.

Theorem 3.1. Inverse mapping theorem. Let U be open in E, let Xo E U, and
let f: U -+ F be a C 1 map. Assume that the derivative f'(xo): E -+ F is
invertible. Then f is locally C 1-invertible at Xo. If cp is its local inverse,
and y = f{x), then cp'(y) = f'{X)-1.
Proof. We shall first make some reductions of the problem. To begin
with, let A. = f'{xo), so that A. is an invertible continuous linear map of
E into F. If we form the composite

A. - 1 f: U
0

-+

E,

then the derivative of A. - 1 0 f at Xo is A. -1 of'(xo) = I. If we can prove
that A. - 1 f is locally invertible, then it will follow that f is locally invertible,
because f = A. 0 A. -1 0 f. This reduces the problem to the case where f
maps U into E itself, and where f'{xo) = 1.
Next, let f{xo) = yo. Let f1{X) = f{x + xo) - yo. Then fl is defined
on an open set containing 0, and fl CO) = O. In fact, f1 is the composite
map
0

It will suffice to prove that fl is locally invertible, because fl =
and then

't _ Yo

0

f

0

'tXo

is the composite of locally invertible maps, and is therefore invertible.
We have thus reduced the proof to the case when Xo = 0, f(O) = 0 and
1'(0) = I, which we assume from now on.
Let g(x) = x - f(x). Then g'{O) = 0, and by continuity there exists
r > 0 such that if Ix I ~ 2r then
Ig'(x) I ~

l
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From the mean value theorem (applied between 0 and x) we see that
Ig(x) I ~ !Ixl, and hence g maps the closed ball Br(O) into Br/iO). We
contend that given Y E Br/2 (O) there exists a unique element x E Br(O) such
that f(x) = y. We prove this by considering the map

gy(x)

= y + x - f(x).

If Iyl ~ r/2 and Ixl ~ r then Igy(x) I ~ r, and hence gy may be viewed as a
mapping of the complete metric space Br(O) into itself. The bound of ! on
the derivative together with the mean value theorem shows that gy is a
shrinking map, namely

for Xl' X2 E Br(O). By the shrinking lemma, it follows that gy has a unique
fixed point, which is precisely the solution of the equation f(x) = y. This
proves our contention.
Let U 1 be the set of all elements x in the open ball Br(O) such that
I f(x) I < r/2. Then U 1 is open, and we let VI be its image. By what we
have just seen, the map f: U 1 -+ VI is injective, and hence we have inverse
maps

We must prove that VI is open and that qJ is of class C l .
Let Xl E Uland let Yl = f(Xl) so that IYll < r/2. If Y E E is such that
lyl < r/2 then we know that there exists a unique x E B.(O) such that
f(x) = y. Writing x = x - f(x) + f(x) we see that
Ix - XII ~ I f(x) - f(Xl)1
~ If(x) - f(Xl)1

+ Ig(x) - g(xl)1
+ !Ix - XII.

Transposing on the other side, we find that
(*)

This shows that if Y is sufficiently close to Yl' then x is close to Xl' and in
particular, IXI < r since IXII < r. This proves that X E U 1, and hence
that Y E VI' so that VI is open. The inequality (*) now shows that qJ = f- l
is continuous.
To prove differentiability, note that f'(Xl) is invertible because
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where t/J is a map such that lim t/J(x - Xl) = O. Substitute this in the expression
(**)

f-l(y) - f-l(Yt) - 1'(Xl)-l(y - Yl)
= X-

Xl - 1'(Xl)-l(f(X) - f(Xl))'

Using the inequality (*), and a bound C for 1'(Xl)-l, we obtain
1(**)1

=

11'(Xl)-llx - xtlt/J(x - xl)1

~

2C1y - Yilit/J(<p(y) - <p(Yl))I.

Since <p = f -1 is continuous, it follows from the definition of the derivative that <P'(Yl) = 1'(Xl)-l. Thus <p' is composed of the maps <p, 1', and
"inverse," namely

and these maps are continuous. It follows that <p' is continuous, whence
<p is of class C l . This proves the theorem.

Corollary 3.2. If f is of class CP then its local inverse is of class CPo
Proof By induction, assume the statement proved for p - 1. Then l'
is of class CP- 1, the local inverse <p is of class CP- 1, and we know that the
map u 1---+ u- l is Coo. Hence <p' is of class CP-t, being composed of CP-l
maps. This shows that <p is of class CP, as desired.

In some applications, one needs a refinement of the first part of the proof,

given a lower bound for the size of the image of f when the derivative of f
is close to the identity. We do this in a lemma, which will be used in the
proof of the change of variable formula.

Lemma 3.3. Let U be open in E, and let f: U ~ E be of class Cl. Assume
that f(O) = 0, 1'(0) = I. Let r > 0 and assume that BlO) c U. Let
0< s < 1, and assume that
11'(z) - 1'(x) 1

~

s

for all x, Z E BlO). If Y E E and lyl ~ (1 - s)r, then there exists a unique
BlO) such that f(x) = y.

X E
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Proof The map gy given by gy(x) = x - f(x) + y is defined for Ixl ~ r
and Iyl ~ (1 - s)r. Then gy maps 13,(0) into itself, because from the estimate
If(x) - xl

=

If(x) - f(O) - f'(O)xl

~

Ixl sup If'(z) - 1'(0)1

~

sr,

we obtain Igix) I ~ sr + (1 - s)r = r. Furthermore, gy is a shrinking
map, because from the mean value theorem we get
Igy(XI) - gy( X2) I = IXI - X2 - (f(XI) - f(X2))1

= IXI - X2 - f'(O)(XI - x 2) + b(XI' x2)1
= Ib(x!> x2)1,
where
Ib(XI' x2)1 ~ IXI - x2Isuplf'(z) - 1'(0)1
~SIXI-X21·

Hence gy has a unique fixed point x

E

13,(0), thus proving our lemma.

We shall now give a standard example with coordinates.

Example 1. Let E = R2 and let U consist of all pairs (r, e) with r > 0
and arbitrary e. Let <P: U -+ R2 = F be defined by
<per,

e) = (r cos e, r sin e).

Then
J (r,
'"

e) = (c~s e - r sin e)
sm e
r cos e

and
Det J",(r,

e)

=

r cos 2 e + r sin 2 e = r.

Hence J", is invertible at every point, so that <P is locally invertible at every
point. The local coordinates <PI' <P2 are usually denoted by x, y so that one
usually writes
x

= r cos e

and

y=

r sin

e.
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One can define the local inverse for certain regions of F. Indeed, let V be
the set of all pairs (x, y) with x > and y > 0. Then on V the inverse is
given by

°

and

.
O = arcsm

y

+ y2

Jx2

.

Example 2. Let E = R3 and let U be the open set of all elements
and 01 , O2 arbitrary. We consider the mapping

(p, 01 , O2 ) with P >

°

such that
<pep, 01, O2) = (p cos 01 sin O2, p sin 01 sin O2, p cos O2).

The determinant of the Jacobian of <P is given by

°

and is not equal to whenever O2 is not an integral multiple of n. For such
points, the map <p is locally invertible. For instance, we write
x = p cos 01 sin O2 ,

y

= p sin 01 sin O2 ,

z=

p

COS

O2 .

Let V be the open set of all (x, y, z) such that x > 0, y > 0, z > 0. Then
on V the inverse of <p is given by the map

such that
t/I(x, y, z)

The open subset U 1 of U corresponding to V (that is
points (p, 01 , O2 ) such that
p > 0,

Example 3. Let <p: R2

t/I( V») is the set of

°< 0 < n/2, °< O < n/2.
1

-+

2

R2 be given by

<p(x, y) = (x

+ x 2f(x,

y), y

+ y2g(X, y»)
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where f, g are C1 functions. Then the Jacobian of qJ at (0, 0) is simply the
identity matrix:

Hence qJ is locally C1-invertible at (0, 0). One views a map qJ as in this
example as a perturbation of the identity map by means of the extra terms
x 2f(x, y) and y2g(X, y), which are very small when x, yare near O.
Example 4. The continuity of the derivative is needed in the inverse
mapping theorem. For example, let

= x + 2X2 sin(1/x) if x
f(O) = o.

f(x)

=F 0,

Then f is differentiable, but not even injective in any open interval containing O. Work it out as an exercise.
EXERCISES

1. Let f: U -+ F be of class CIon an open set U of E. Suppose that the derivative of
f at every point of U is invertible. Show that f(U) is open.

2. Let f(x, y) = (eX + eY, eX - eY). By computing lacobians, show that f is locally
invertible around every point of R2. Does f have a global inverse on R2 itself?
3. Let f: R2 -+ R2 be given by f(x, y) = (~cos y, eX sin y). Show that Df(x, y) is
invertible for all (x, y) E R2, that f is locally invertible at every point, but does not
have an inverse defined on all of R2.
4. Let f: R2 -+ R2 be given by f(x, y) = (x 2 - y2, 2xy). Determine the points of R2
at which f is locally invertible, and determine whether f has an inverse defined
on all ofR2.

The results of the next section will be covered in a more general situation in §S.
However, the case offunctions on n-space is sufficiently important to warrant
the repetition. Logically, however, the reader can omit the next section.

§4. Implicit Functions and Charts
Throughout this section, we deal with maps which are assumed to be of
class CP, and thus we shall say invertible instead of saying CP-invertible,
and similarly for locally invertible instead of saying locally CP-invertible.
We always take p ~ 1.
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We start with the most classical form of the implicit function theorem.

Theorem 4.1. Let f: J 1 X J 2 -+ R be a function of two real variables,
defined on a product of open intervals J 1, J 2. Assume that f is of class CPo
Let (a,b)eJ 1 x J 2 and assume that f(a,b)=O but D2f(a,b) #=0.
Then the map

given by
(x, y) f-+ (x, f(x, y»)
is locally invertible at (a, b).
Proof. All we need to do is to compute the derivative of t/I at (a, b). We
write t/I in terms of its coordinates, t/I = (t/l1, t/l2). The Jacobian matrix of
t/I is given by

and this matrix is invertible at (a, b) since its determinant is equal to
af/ay #= 0 at (a, b). The inverse mapping theorem guarantees that t/I is
locally invertible at (a, b).

Corollary 4.2. Let S be the set of pairs (x, y) such that f(x, y) = O. Then
there exists an open set U 1 in R2 containing (a, b) such that t/I(S n U 1)
consists of all numbers (x, 0) for x in some open intervals around a.
Proof. Since t/I(a, b) = (a, 0), there exist open intervals V1, V2 containing a and 0 respectively and an open set U 1 in R2 containing (a, b) such that
the map

has an inverse

(both of which are CP according to our convention). The set of points
(x, y) e U 1 such that f(x, y) = 0 then corresponds under t/I to the set of
points (x, 0) with x e Vi> as desired.
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Theorem 1 gives us an example of a chart given by the two coordinate
function x and f near (a, b) which reflects better the nature of the set S.
In elementary courses, one calls S the curve determined by the equation
f = O. We now see that under a suitable choice of chart at (a, b), one can
transform a small piece of this curve into a factor in a product space. As it
were, the curve is straightened out into the straight line VI'
Example 1. In the example following the inverse mapping theorem,
we deal with the polar coordinates (r, (J) and the rectangular coordinates
(x, y). In that case, the quarter circle in the first quadrant was straightened
out into a straight line as on the following picture:
y

(J

,./2

..
--i----\---x

--f-----!---r

In this case U 1 is the open first quadrant and VI is the open interval
n/2. We have l/I(S n U 1) = {O} X VI' The function f is the
function f(x, y) = x 2 + y2 - 1.

o < (J <

The next theorem is known as the implicit function theorem.
Theorem 4.3. Let f: J 1 X J 2 --+ R be a function of two variables, defined
on a product of open intervals. Assume that f is of class CPo Let

and assume that f(a, b) = 0 but D 2 f(a, b) =1= O. Then there exists an
open interval J in R containing a and a CP function

g:J--+R
such that g(a) = band
f(x, g(x») = 0
for all x

E

J.
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Proof By Theorem 4.1 we know that the map

given by
(x, y) ~ (x, f(x, y))

is locally invertible at (a, b). We denote its local inverse by cp, and note
that cp has two coordinates, cp = (CPb cpz) such that
cp(x, z)

=

(x, cPz{x, z)),

for x

E

R,

Z

E

R.

We let g(x) = cPz{x, 0). Since I/!(a, b) = (a, 0) it follows that cpz{a, 0) = b
so that g(a) = b. Furthermore, since I/!, cp are inverse mappings, we obtain
(x,O) = I/!(cp(x, 0)) = I/!(x, g(x)) = (x,J(x, g(x))).

This proves that f(x, g(x)) = 0, as was to be shown.
We see that Theorem 4.3 is essentially a corollary of Theorem 4.1. We
have expressed y as a function of x explicitly by means of g, starting with
what is regarded as an implicit relation f(x, y) = O.

Example 2. Consider the function f(x, y) = X z + yz - 1. The equation f(x, y) = 0 is that of a circle, of course. If we take any point (a, b)
on the circle such that b # 0, then Dzf(a, b) # 0 and the theorem states
that we can solve for y in terms of x. The explicit function is given by

y=~
y= -~

if b > 0,
if b<O.

If on the other hand b = 0 and then a # 0, then Dl f(a, b) # 0 and we
can solve for x in terms of y by similar formulas.

We shall now generalize Theorem 4.3 to the case of functions of several
variables.

Theorem 4.4. Let U be open in Rn and let f: U -+ R be a CP function on
U. Let (a, b) = (al,' .. ,an-l' b) E U and assume that f(a, b) = 0 but
Dnf(a, b) # O. Then the map

I/!: U

-+

Rn-l x R

= Rn
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given by
(x, y) H (x, f(x, y))
is locally invertible at (a, b).
[Note: We write (a, y) as an abbreviation for (al,··· ,an-I' y).J
Proof The proof is basically the same as the proof of Theorem 3. The
map l/I has coordinate functions Xl".' ,Xn-l and f. Its Jacobian matrix
is therefore

J",(x)

1

0

0

0

1

0

=
1

0
of
OXI

of
oX 2

0
of
oX n

and is invertible since its determinant is again Dnf(a, b) i= O. This proves
the theorem.

Corollary 4.5. Let S be the set of points P E U such that f(P) = () Then
there exists an open set U 1 in U containing (a, b) such that l/I(S nUl)
consists of all points (x, 0) with x in some open set VlofRn-l.
Proof Clear, and the same as the corollary of Theorem 4.1.

From Theorem 4.4 one can deduce the implicit function theorem for
functions of several variables.

Theorem 4.6. Let U be open in Rn and let f: U

-+ R be a CP function on
U. Let (a, b) = (aI, ... ,an-I' b) E U and assume that f(a, b) = 0 but
Dnf(a, b) i= O. Then there exists an open ball V in Rn-I centered at (a)
and a CP function

g: V
such that g( a)

-+

= band
f(x, g(x))

for all x

E

V.

R

=0
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Proof The proof is exactly the same as that of Theorem 4.3, except that
x = (x 1, ... ,Xn _ 1) lies in Rn - 1. There is no need to repeat it.
In Theorem 4.6, we see that the map G given by
X 1-+

(x, g(x») = G(x)

or writing down the coordinates

gives a parametrization of the hypersurface defined by the equation
f(x!, . .. ,Xn-l' Y) = 0 near the given point. We may visualize this map as
follows:

G

On the right we have the surface f(X) = 0, and we have also drawn the
gradient at the point P = (a, b) as in the theorem. We are now in a position to prove a result which had been mentioned previously (Chapter 15,
§1 and §4), concerning the existence of differentiable curves passing through
a point on a surface. To get such curves, we use our parametrization,
and since we have straight lines in any given direction passing through
the point a in the open set V of Rn- 1, all we need to do is map these straight
lines into the surface by means of our parametrization G. More precisely:

Corollary 4.7. Let U be open in Rn and let f: U -+ R be a CP function.
Let P E U and assume that f(P) = 0 but grad f(P) =1= O. Let w be a vector
ofRn which is perpendicular to gradf(P). Let S be the set of points X such
that f(X) = o. Then there exists a CP curve
ex:J

-+

S

defined on an open interval J containing the origin such that ex(O) = P
and ex'(O) = w.
Proof Some partial derivative of f at P is not O. After renumbering the
variables, we may assume that Dnf(P) =1= O. By the implicit function
theorem, we obtain a parametrization G as described above. We write P
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in terms of its coordinates, P = (a, b) = (al> . .. ,an-l' b) so that G(a) = P.
Then G'(a) is a linear map

G'(a): Rn-l

In fact, for any x

--+

R".

= (Xl' ... ,xn - l ) the derivative G'(x) is represented by

the matrix

100
010
001
og
OXl

og
oXz

og
OX"

which has rank n - 1. From linear algebra we conclude that the image of
G'(a) in R" has dimension n - 1. Given any vector v in R"-l we can define
a curve IX in S by letting

lX(t) = G(a

+ tv).

Then IX(O) = G(a) = P. Furthermore, 1X'(t) = G'(a
IX'(O)

+ tv)v, so that

= G'(a)v.

Thus the velocity vector of IX is the image of v under G'(a). The subspace
of R" consisting of all vectors perpendicular to grad f(P) has dimension
n - 1. We have already seen (easily) in Chapter 15, §1 that IX'(O) is perpendicular to grad f(P). Hence the image of G'(a) is contained in the orthogonal complement of grad f(P). Since these two spaces have the same
dimension, they are equal. This proves our corollary.

§5. Product Decompositions
We shall now generalize the results of the preceding section to the general
case where dimension plays no role, only the product decompositions.
The proofs are essentially the same, linear maps replacing the matrices of
partial derivatives.

Theorem 5.1. Let U be open in a product E x F, and let f: U --+ G be a
CP map. Let (a, b) be a point of U with a E E and b E F. Assume that
Dzf(a, b): F --+ G
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is invertible (as continuous linear map). Then the map
ljJ: U -+ E x G

given by

(x, y) H (x, f(x, y»)

is locally CP-invertible at (a, b).
Proof. We must compute the derivative ljJ'(a, b). Since D2 f(a, b) is
invertible, let us call it A. If we consider the composite map
;. -1

A-1of:U-+G~F

then its second partial derivative will actually be equal to the identity.
If we can prove that the map
(*)

(x, y)H (x, ..1.- 1 f(x, y»)
0

is locally invertible at (a, b), then it follows that ljJ is locally invertible
because ljJ can be obtained by composing the map from (*) with an invertible linear map namely
(v, w) H (v, Aw).

This reduces our problem to the case when G = F and D 2 f(a, b) is equal
to the identity, which we assume from now on.
In that case, the derivative ljJ'(a, b) has a matrix representation in terms
of partial derivatives, namely

Let Jl. = D1 f(a, b). Then the preceding matrix is easily seen to have as
inverse the matrix

representing a continuous linear map of E x F -+ E x F. Thus DljJ(a, b)
is invertible and we can apply the inverse mapping theorem to get what we
want.
Note the exactly same pattern of proof as that of the simplest case of
Theorem 4.1.
The values of f are now vectors of course. Let c = f(a, b). Then c is an
element of G. Let S be the set of all (x, y) E U such that f(x, y) = c. We
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view S as a level set of f, with level c. The map'" is a chart at (a, b), and
we see that under this chart, we obtain the same kind of straightening
out of S locally near (a, b) that we obtained in §3. We formulate it as a
corollary.

Corollary 5.2. Let the notation be as in Theorem 4.3. Let f(a, b) = c and
let S be the subset of U consisting of all (x, y) such that f(x, y) = c.
There exists an open set U 1 of U containing (a, b), and a CP-isomorphism
"': U 1 .... V1 X V2 with V1 open in E, V2 open in F, such that

In the chapter on partial derivatives, we saw that the partial D2 f(a, b)
could be represented by a matrix when we deal with Euclidean spaces.
Thus in Theorem 5.1, suppose E x F = Rn and write

We have the map

f:U .... Rm
and the isomorphism

This isomorphism is represented by the matrix

J (2)(
J Xl'···

) -

,Xn -

ofm

ofm

OXn- m+ 1

OXn

evaluated at (ab ... ,an). The last set of coordinates (Xn - m + 1, ... ,xn) plays
the role of the (y) in Theorem 5.1. The creepy nature of the coordinates
arises first from an undue insistence on the particular ordering of the coordinates (Xl' . •. ,Xn) so that one has to keep track of symbols like
n- m

+ 1;

second, from the non-geometric nature of the symbols which hide the linear
map and identify Rm occurring as a factor of Rn, and Rm occurring as the
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space containing the image of f; third, from the fact that one has to evaluate this matrix at (al' ... ,a,,) and that the notation

afl
aan-m+l

afl
8a n

8fm
aan-m+l

8fm
8a n

to denote

(-_:dl(a)
Dn- m+1 fm(a)

.

"

D'~I(a))
Dnfm(a)

is genuinely confusing. We were nevertheless duty bound to exhibit these
matrices because that's the way they look in the literature. To be absolutely fair, we must confess to feeling at least a certain computational
security when faced with matrices which is not entirely apparent in the
abstract (geometric) formulation of Theorem 5.1.
Putting in coordinates for Rn and Rm, we can then formulate Theorem
5.1 as follows.

Corollary 5.3. Let a = (alo' .. ,an) be a point of Rn. Let fl"" Jm be
CP functions defined on an open set of Rn containing a. Assume that the
Jacobian matrix (Ddla)) (i = 1, ... ,m and j = n - m + 1, ... ,n) is
invertible. Then the functions

form a CP coordinate system at a.
Proof This is just another terminology for the result of Theorem 5.1 in
the case of Rn = Rn-m x Rm.
We obtain an implicit mapping theorem generalized the implicit function theorem.

Theorem 5.4. Let U be open in a product E x F and let f: U --+ G be a
cP map. Let (a, b) be a point of U with a e E and b e F. Let f(a, b) = O.
Assume that D2 f(a, b): F --+ G is invertible (as continuous linear map).
Then there exists an open ball V centered at a in E and a continuous map
g: V --+ F such that g(a) = b and f(x, g(x)) = 0 for all x e V. If V is a
sufficiently small ball, then g is uniquely determined, and is of class CPo
Proof The existence of g is essentially given by Theorem 5.1. If we
denote the inverse map of '" locally by qJ, and note that qJ has two components, qJ = (qJlo qJ2) such that
qJ(x, z) = (x, qJ2(X, z)),
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then we let g(x) = (fJix,O). This gives us the existence of a CP map satisfying our requirements.
The uniqueness is also easy to see. Suppose that there exist continuous
maps gl' gz: V -+ F such that gl(a) = gia) = band

for all x E V. We know that the map (x, y) 1-+ (x,f(x, y») is locally invertible at (a, b), and in particular, is injective. By continuity and the
assumption that gl(a) = gia) = b, we conclude that gl(VO) and gz(Vo)
are close to b if Vo is selected sufficiently small. Hence if points (x, gl(X»)
and (x, gix») map on the same point (x,O) we must have gl(X) = gix).
Now let x be any point in V and let w = x-a. Consider the set of those
numbers t with 0 ~ t ~ 1 such that gl(a + tw) = gz(a + tw). This set
is not empty. Let s be its least upper bound. By continuity, we have
gl(a + sw) = gia + sw). If s < 1, we can apply the existence and that
part of the uniqueness just proved to show that gl and g2 are in fact equal
in a neighborhood of a + sw. Hence s = 1, and our uniqueness is proved
as well as the theorem.

Remark. The shrinking lemma gives an explicit converging procedure
for finding the implicit mapping g of Theorem 5.1. Indeed, suppose first
that D 2 I(a, b) = 1. (One can reduce the situation to this case by letting
A = D 2 I(a, b) and considering A-I 0 I instead of I itself.) Let r, s be
positive numbers < 1, and let B,(a) be the closed ball of radius r in E
centered at a. Similarly for Bs(b). Let M be the set of all continuous maps
oe: Br(a) -+ B.(b)
such that oe(a) = b. For each oe E M define Toe by

Toe(x) = oe(x) - I(x, oe(x»).
It is an exercise to show that for suitable choice of r < s < 1 the map T

maps M into itself, and is a shrinking map, whose fixed point is precisely
g. Thus starting with any map oe, the sequence

converges to g uniformly. If D2 I(a, b) = A. is not assumed to be I, then
we let II = A-I 0 I, and T is replaced by the map Tl such that

T1oe(x)

=

oe(x) - II (x, oe(x»)

=

oe(x) - A- 1I(x, oe(x»).

If the map I is given in terms of coordinates, then Dz I(a, b) is represented
by a partial Jacobian matrix, and its inverse can be computed explicitly
in terms of the coordinates.
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We now return to the aspect of the situation in Theorem 5.1 concerned
with the straightening out of certain subsets. Such subsets have a special
name, and we give the general definition concerning them.
Let 8 be a subset of E. We shall say that 8 is a submanifold of E if the
following condition is satisfied. For each point x E 8 there exists a CPisomorphism

mapping an open neighborhood U of x in E onto a product of open sets
V1 in some space F 1, V2 in some space F 2, such that
1/1(8 n U) = V1

X

{c}

for some point c in V2 • Thus the chart provides a CP-change of coordinates
so that in the new space, 1/1(8 n U) appears as a factor in the product.
The chart 1/1 at x gives rise to a map of 8,

1/118: 8 n U -+ V1
simply by restriction; that is we view 1/1 as defined only on 8. The restriction of such a chart 1/1 to 8 n U is usually called a chart for 8 at x. It gives
us a representation of a small piece of 8 near x as an open subset in some
space F l ' Of course, there exist many charts for 8 at x. Theorem 5.1, and
the theorems of the preceding section, give criteria for the level set of f to
be a submanifold, namely that a certain derivative should be invertible.
We shall now derive another criterion, starting from a parametrization
of the set.
Let E1 be a closed subspace of E, and let E2 be another closed subspace.
We shall say that E is the direct sum of El and E2 and we write

if the map
given by
is an invertible continuous linear map. If this is the case, then every element of E admits a unique decomposition as a sum
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Example 1. We can write R" as a direct sum of subspaces Rq x {O}
and {O} x RS if q + s = n.
Example 2. Let F be any subspace of R". Let Flo be the subspace of
all vectors W E R" which are perpendicular to all elements of F. Then
from linear algebra (using the orthogonalization process) one knows that

is a direct sum of F and its orthogonal complement. This type of decomposition is the most useful one when dealing with R" and a subspace.

Example 3. Let Vb'" ,Vq be linearly independent elements of R". We
can always find (in infinitely many ways if q #- n) elements vq + 1" • . ,V"
such that {Vb'" ,V"} is a basis of R". Let EI be the space generated by
VI' . • . ,Vq and E2 the space generated by Vq+ 1" . • ,V". Then

In Example 2, we select vq + b'" ,V" so that they are perpendicular to E I •
We can also select them so that they are perpendicular to each other.
When we have a direct sum decomposition
projections

E =

EI EB

E2

then we have

and
on the first and second factor respectively, namely 1tI(V I + V2) = VI and
1t2(VI + V2) = V2 if VI EEl and V2 E E 2 . When E2 = Et is the orthogonal complement of EI then the projection is the orthogonal projection as
we visualize in the following picture :

R
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We have drawn the case dim E1 = 2 and dim E2 = 1. Such decompositions are useful when considering tangent planes. For instance we may
have a piece of a surface as shown on the next picture:

We may want to project it on the first two coordinates, that is on R3 x {O},
but usually we want to project it on the plane tangent to the surface at a
point. We have drawn these projections side by side in the next picture.
R

R2

The tangent plane is not a subspace but the translation of a subspace.
We have drawn both the subspace F and its translation F p consisting of all
points w + P with W E F. We have a direct sum decomposition

Theorem 5.5. Let V be an open set in F and let
g: V

-+

E
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be a CP map. Let a E V and assume that g'(a): F --+ E is an invertible
continuous linear map between F and a closed subspace E 1 of E. Assume
that E admits a direct sum decomposition E = El ffi E 2 . Then the map

given by
(x, y) H g(x)

+y

is a local CP-isomorphism at (a, 0).
Proof We need but to consider the derivative of <p, and obtain

+w

<p'(a, O)(v, w) = g'(a)v

for v E F and WE E 2 • Then <p'(a, 0) is invertible because its inverse is
given by Vl + V2 H (A -l V1 , V2) if Vl EEl, V2 E E2 and A = g'(a). We can
now apply the inverse mapping theorem to conclude the proof.
From Theorem 5.5, we know that there exist open sets V1 in F containing
a, V2 in E2 containing 0, and U in E such that

is a CP-isomorphism, with inverse 1/1: U

--+

V1

X

V2 • Then

g(x) = <p(x, 0).
Let S = g(Vl)' Then S is the image of V1 under g, and is a subset of E
parametrized by g in such a way that our chart 1/1 straightens S out back
into V1 x {O}, that is
I/I(S) = V1 x {O}.

We note that Theorems 5.1 and 5.5 describe in a sense complementary
aspects of the product situation. In one case we get a product through a
map f which essentially causes a projection, and in the other case we obtain
the product through a map g which causes an injection. At all times, the
analytic language is adjusted so as to make the geometry always visible,
without local coordinates.
There is a Jacobian criterion for the fact that D2 f(a, b) is invertible, as
described in Chapter 16, §7. We can also give a matrix criterion for the
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hypothesis of Theorem 5.5. Let us consider the case when E = Rn and
F = Rm with m ~ n. Then V is open in Rm and we have a map

The derivative g'(a) is represented by the actual Jacobian matrix
Ogl

Ogl

oal

oam

Jia) =
ogn

ogn

oal

oam

if (a) = (al,.'. ,am) and g(x) = (gl(X), ... ,gn(x)). From linear algebra, we
have:
Theorem 5.6. In order that g'(a) give an isomorphism between Rm and a
subspace of Rn it is necessary and sufficient that the Jacobian Jia) have
rank m.

We won't prove this which is a standard elementary result of linear
algebra. It means that the kernel of the linear map represented by Jia)
is 0 precisely when this matrix has rank m. Theorem 5.6 gives us computational means to test whether a specific mapping satisfies the condition of
Theorem 5.5. Observe that the space Rm is different from its image in Rn
under g'(a), and that is the reason why in Theorem 5.5 we took the spaces
F and E 1 different. In the special case of Rn, as pointed out before, given
the subspace El we can always find some E2 such that Rn = El EB E2 is a
direct sum decomposition.
Example. Let g: R2

-+

R3 be the map given by

g(x, y) = (sin x, eX cos y, sin y).

Then

and hence
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has rank 2, so that in a neighborhood of (0, 0), the map g parametrizes a
subset of R3 as in the theorem.
EXERCISES

1. Let f: R2 -+ R be a function of class C 1 • Show that f is not injective, that is there
must be points P, Q E R2, P 'F Q, such that f(P) = f(Q).

2. Let f: Rn

-+

Rm be a mapping of class C 1 with m < n. Show that f is not injective.

3. Let f: R -+ R be a C 1 function such that f'(x) 'F 0 for all x E R. Show that f is a
C 1 -isomorphism, that is there exists a C 1 inverse g: R -+ R defined on all ofR.
4. Let U be open in Rn and let f: U -+ Rm be COO with f'(x): Rn -+ Rmsurjective for
all x in U. Prove that f(U) is open.
5. Let f: Rm -+ Rn be a C 1 map. Suppose that x E Rm is a point at which Df(x) is
injective. Show that there is an open set U containing x such that fey) -:f. f(x) for
all Y E U.
6. Let [a, b] be a closed interval J and let f: J -+ R2 be a map of class C 1 • Show that
the image f(J) has measures 0 in R2. By this we mean that given E, there exists a
sequence of squares {S 1, S 2, ... } in R 2 such that the area of the square Sn is equal
to some number Kn and we have

IKn <
Generalize this to a map f: J
using cubes instead of squares.

-+

E.

R 3, in which case measure zero is defined by

7. Let U be open in R2 and let f: U -+ R3 be a map of class C 1 • Let A be a compact
subset of U. Show that f(A) has measure 0 in R3. (Can you generalize this, to
maps ofRminto Rn when n > m?)
8. Let U be open in R n and let f: U -+ Rm be a C 1 map. Assume that m ~ nand
let a E U. Assume that f(a) = 0, and that the rank of the matrix (DJi(a») is m, if
(f1"" Jm) are the coordinate functions of f. Show that there exists an open
subset U 1 of U containing a and a C 1 -isomorphism qJ: V1 -+ U 1 (where V1 is open
in Rn) such that
f(qJ(X1,··· ,xn») = (X n- m+ 1,· .. ,Xn)·

9. Let f: R x R -+ R be a C 1 function such that D2 f(a, b) -:f. 0, and let g solve the
implicit function theorem, so that f(x, g(x») = 0 and g(a) = b. Show that
g'(x) = _ D1 f(x, g(x») .
Dd(x, g(x»)

10. Generalize Exercise 9, and show that in Theorem 5.4, the derivative of g is given by
g'(x) = - (Dd(x, g(X)))-l 0 Dd(x, g(x»).
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-+

R be of class C 1 and such that Ir(x) I ;;;; c < 1 for all x. Define

by
g(x, y) = (x

+ fey), y + f(x)).

Show that the image of g is all ofR2.

12. Let f: R" -+ R" be a C 1 map, and assume that Ir(x) I ;;;; c < 1 for all x
g(x) = x

+ f(x).

Show that g: R"

-+

E

R". Let

R" is surjective.

13. Let A.: E -+ R be a continuous linear map. Let F be its kernel, that is the set of all
WEE such that lew) = O. Assume F #- E and let Vo E E, Vo rt F. Let F 1 be the
subspace of E generated by Vo. Show that E is a direct sum F $ F1 (in particular,
prove that the map
(w, t) 1-+ W

+ tvo

is an invertible linear map form F x R onto E).
14. Let f(x, y) = (x cos y, x sin y). Show that the determinant of the Jacobian of f
in the rectangle 1 < x < 2 and 0 < y < 7 is positive. Describe the image of the
rectangle under f.
15. Let S be a submanifold of E, and let PES. If
and
are two charts for S at P (where U 1, U 2 are open in R 3 ), show that there exists a
local isomorphism between VI at "'l(P) and V2 at "'2(P), mapping "'l(P) on "'2(P).
16. Let "'I: U 1 n S -+ VI be a chart for S at P and let gl: VI -+ U 1 n S be its inverse
mapping. Suppose VI is open in F l' and let Xl E F 1 be the point such that

Show that the image of g'l(XI): F 1 -+ E is independent of the chart for S at P.
(It is called the subspace of E which is parallel to the tangent space of S at P.)

CHAPTER 18

Ordinary Differential Equations

§1. Local Existence and Uniqueness
We link here directly with the shrinking lemma, and this section may be
read immediately after the first section of the preceding chapter.
We defined a vector field previously over an open set of Rh. We don't
need coordinates here, so we repeat the definition. We continue to assume
that E, F are Euclidean spaces, and what we say holds more generally
for complete normed vector spaces.
Let U be open in E. Bya vector field on U we mean a map f: U -+ E.
We view this as associating a vector f(x) E E to each point x E U. We
say the vector field is of class CP if f is of class CPo We assume p ~ 1
throughout, and the reader who does not like p ~ 2 can assume p = 1.
Let Xo E U and let f: U -+ E be a vector field (assumed to be of class CP
throughout). By an integral curve for the vector field, with initial condition
xo, we mean a mapping
0(: J

-+

U

defined on some open set J containing 0 such that 0( is differentiable,
0(0) = Xo and
O('(t)

= f(O(t»)

for all t E J. We view O('(t) as an element of E (this is the case of maps from
numbers to vectors). Thus an integral curve for f is a curve whose velocity
vector at each point is the vector associated to the point by the vector
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field. If one thinks of a vector field as associating an arrow to each point,
then an integral curve looks like this:

--- -

Remark. Let ex: J

--+

-

--

U be a continuous map satisfying the condition

ex(t) = Xo

+

f>(ex(U)) duo

Then ex is differentiable, and its derivative is ex/(t) = f(ex(t)). Hence ex is of
class e 1 and is an integral curve for f Conversely, if ex is an integral curve
for f with initial condition xo, then ex obviously satisfies our integral equation since indefinite integrals of a continuous map differ by a constant, and
the initial condition determines this constant uniquely. Thus to find an
integral curve, we shall have to solve the preceding integral equation. This
will be a direct consequence of the shrinking lemma.

Theorem 1.1. Let U be open in E and let f: U --+ E be a e 1 vector field.
Let Xo E U. Then there exists an integral curve ex: J --+ U with initial
condition Xo. If J is sufficiently small, this curve is uniquely determined.

Proof Let a be a number > 0 and let B" be the open ball of radius a
centered at Xo. We select a sufficiently small so that f is bounded by a
number e on Ba. We can do this because f is continuous. Furthermore,
we select a so small that l' is bounded by a constant K ~ 1 on the closed
ball Ba. Again we use the continuity of 1'. Now select b > 0 such that
be < a and also bK < 1. Let Ib be the closed interval [ -b, b]. Let M be
the set of all continuous maps

such that ex(O) = Xo. Then M is closed in the space of all bounded maps
with the sup norm. For each ex E M define a map Sex by
(Sex)(t) = Xo

+ {f(ex(u)) duo

443

§l. Local Existence and Uniqueness

We contend that Sa. lies in M. First, it is clear that Sa.(O) =
Sa. is continuous. Next, for all t E lb,
ISa.(t) - xol

so Sa. E M. Finally, for a.,

Xo

and that

bC

~

PE M we have

Sa.(t) - SP(t) =

fo

(f(a.(u)) - f(P(u))) du,

whence by the mean value theorem,
ISa.(t) - SP(t) I ~ bK supla.(u) - P(u) I
ue1b

~ bKIIa. -

PlI·

This proves that S is a shrinking map, and by the shrinking lemma, S has
a unique fixed point a., that is Sa. = a.. This means that a. satisfies the integral equation which makes it an integral curve of J, as was to be shown.
We shall be interested in a slightly more general situation, and for future
reference, we state explicitly the relationship between the constants which
appeared in the proof of Theorem 1.1. These are designed to yield uniformity results later.
Let U be an open set in some space, and let
f: V x U

-+

E

be a map defined on a product of U with some set V. We say that f satisfies a Lipschitz condition on U uniformly with respect to V if there exists a
number K > 0 such that
If(v, x) - f(v, y)1

~

Klx - yl

for all v E V and x, y E U. We call K a Lipschitz constant. If f is of class
C 1, then the mean value theorem shows that f is Lipschitz on some open
neighborhood of a given point (vo, xo) in V x U, and continuity shows
that f itself is bounded on such a neighborhood.
It is clear that in the proof of Theorem 1.1, only a Lipschitz condition
intervened. The mean value theorem was used only to deduce such a
condition. Thus a Lipschitz condition is the natural one to take in the
present situation.
Furthermore, suppose that we find integral curves through each point
x of U. Then these curves depend on two variables, namely the variable t
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(interpreted as a time variable), and the variable x itself, the initial condition. Thus we should really write our integral curves as depending on these
two variables. We define a local flow for f at Xo to be a mapping

where J is some open interval containing 0, and U 0 is an open subset of U
containing xo, such that for each x in U 0 the map
t 1-+ O(x(t)

= O(t, x)

is an integral curve for f with initial condition x, i.e. such that 0(0, x) = x.
As a matter of notation, we have written o(x to indicate that we view x
as a certain parameter. In general, when dealing with maps with two arguments, say q>(t, x), we denote the separate mappings in each argument
when the other is kept fixed by q>,,(t) or q>r(x). The choice of letters and the
context will always be carefully specified to prevent ambiguity.
The derivative of the integral curve will always be viewed as vector
valued since the curve maps numbers iqto vectors. Furthermore, when
dealing with flows, we sometimes use the qotation
O('(t, x)

to mean D 1 0(t, x) and do not use the symbol' for any other derivative
except partial derivative with respect to t, leaving other variables fixed.
Thus
O('(t, x) =

O(~(t)

= D 1 0(t, x)

by definition. All other partials (if they exist) will be written in their correct notation, that is D 2 , ••• and total derivatives will be denoted by D as
usual.

°

Example. Let U = E be the whole space, and let g be a constant vector
field, say g(x) = v =P for all x E U. Then the flow 0( is given by
O(t, x) = x

+ tv.

Indeed, D 1 0(t, x) = v and since an integral curve is uniquely determined,
with initial condition 0(0, x) = x, it follows that the flow is precisely the
one we have written down. The integral curves look like straight lines. In
Exercise 4, we shall indicate how to prove that this is essentially the most
general situation locally, up to a change of charts.
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We shall raise the question later whether the second partial D2a.(t, x)
exists. It will be proved as the major result of the rest of this chapter that
whenever f is CP then a. itself, as a flow depending on both t and x, is also
of class CPo
Finally, to fix one more notation, we let I b be the closed interval [ - b, b]
and we let J b be the open interval -b < t < b. If a> 0 we let Ba(x) be
the open ball of radius a centered at x, and we let Ba(x) be the closed ball
of radius a centered at x.
The next theorem is practically the same as Theorem 1.1, but we have
carefully stated the hypotheses in terms of a Lipschitz condition, and of
the related constants. We also consider a time-dependent vector field.
By this we mean a map
f: J x U --+ E

where J is some open interval containing o. We think of f(t, x) as a vector
associated with x also depending on time t. An integral curve for such a
time-dependent vector field is a differentiable map
a.: J o --+ U

defined on an open interval J 0 containing 0 and contained in J, such that
a.'(t) = f(t, a.(t)).

As before, a.(O) is called the initial condition of the curve. We shall need
time-dependent vector fields for applications in §4.
We also observe that if f is continuous then a. is of class C 1 since a.' is
the composite of continuous maps. By induction, one concludes that
if f is of class CP then a. is of class cp+ 1. We shall consider a flow for this
time-dependent case also, so that we view a flow as a map
a.:J o x U o --+ U

where U 0 is an open subset of U containing Xo and J 0 is as above, so that
for each x the curve
t H a.(t, x)

is an integral curve with initial condition x (i.e. a.(O, x) = x).

Theorem 1.2. Let J be an open interval containing O. Let U be open in E.
Let Xo E U. Let 0 < a < 1 be such that the closed ball Bdxo) is contained in U. Let

f: J x U

--+

E
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be a continuous map, bounded by a constant C > 0 and satisfying a Lipschitz condition on U with Lipschitz constant K > 0 uniformly with
respect to J. If b < a/C and b < 1/K then there exists a unique flow

If f is of class CP, then so is each integral curve

OC x '

Proof Let x E BaCxo). Let M be the set of continuous maps

such that oc(O) = x. Then M is closed in the space of bounded maps under
the sup norm. For each oc E M we define Soc by

Soc(t)

=

x

+ {f(U, oc(u») duo

Then Soc is certainly continuous and we have Soc(O)

ISoc(t) - xl

~

=

X.

Furthermore,

bC < a

so that Soc(t) E B2aCXO) and Soc lies in M. Finally for oc,

fJ E M

we have

IISoc - SPII ;;:;; b sup If(oc(u») - f(P(u») I
ue1b

~

bKlloc - fJlI·

This proves that S is a shrinking map, and hence S has a unique fixed point
which is the desired integral curve. This integral curve satisfies oc(O) = x,
and so depends on X. We denote it by OC x , and we can define ocCt, x) = ocit),
as a function of the two variables t and X. Then oc is a flow. This proves our
theorem.

Remark 1. There is no particular reason why we should require the
integral curve to be defined on an interval containing 0 such that oc(O) = Xo.
One could define integral curves over an arbitrary interval (open) and
prescribe oc(t o) = Xo for some point to in such an interval. The existence
and uniqueness of such curves locally follows either directly by the same
method, writing
oc(t)

=

oc(t o)

+

It f(u, oc(u») du,
to

or as a corollary of the other theorem, noting that an interval containing

to can always be translated from an interval containing O.
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Combining the local uniqueness with a simple least upper bound argument, we shall obtain the global uniqueness of integral curves.

Theorem 1.3. Let f: J x U -+ E be a time-dependent vector field over
the open set U of E. Let
and
be two integral curves with the same initial condition
are equal on J 1 n J 2 .

Xo'

Then

1X1

and

1X2

Proof Let T be the set of numbers b such that 1X1(t) = 1X2(t) for
Then T contains some b > 0 by the local uniqueness theorem.
If T is not bounded from above, the equality of 1X1 (t) and lXit) for all t > 0
follows at once. If T is bounded from above, let b be its least upper bound.
We must show that b is the right end point of J 1 n J 2' Suppose this is
not the case. Define curves Pl' P2 near 0 by

o ~ t < b.

and

P2(t) = lXib

+ t).

Then Pl' P2 are integral curves of f with the initial conditions IX 1(b) and
lXib) respectively. The values Pl(t) and Pit) are equal for small negative
t because b is a least upper bound of T. By continuity it follows that
1X1(b) = 1X2(b), and finally we see from the local uniqueness theorem that
Pl(t) = Pit) for all t in some neighborhood of 0, whence 1X1 and 1X2 are
equal in a neighborhood of b, contradicting the fact that b is a least upper
bound of T. We can argue in the same way toward the left end points,
and thus prove the theorem.
It follows from Theorem 1.3 that the union of the domains of all integral
curves of f with a given initial condition Xo is an open interval which we
denote by J(xo). Its end points are denoted by t+(xo) and t-(xo) respectively. We allow by convention + 00 and - 00 as end points.
Let ~(f) be the subset of R x U consisting of all points (t, x) such that

A global flow for f is a mapping
IX: ~(f) -+

U

such that for each x E U the partial map IXx: J(x)
lXit) = lX(t, x)

-+

U, given by
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defined on the open interval J(x), is an integral curve for f with initial
condition x. We define £l)(f) to be the domain of the flow. We shall see in
§4 that £l)(f) is open and that if f is CP then the flow IX is also CP on its domain.

Remark 2. A time-dependent vector field may be viewed as a timeindependent vector field on some other space. Indeed, let f be as in
Theorem 1.2. Define
j:JxU-+RxE
by

J(t, x) = (1,/(t, x»)
and view J as a time-independent vector field on J x U. Let
so that

a be its flow,

a(O, s, x) = (s, x).

Dl aCt, s, x) = J(a(t, s, x»),

We note that a has its values in J x U and thus can be expressed in terms
of two components. In fact, it follows at once that we can write a in the
form

aCt, s, x) = (t

+ s, fizCt, s, x»).

Then fi2 satisfies the differential equation

Dl fiit, s, x) = f(t

+ s, fiit, s, x»)

as we see from the definition of J Let

pet, x) = fi 2 (t, 0, x).
Then

Pis a flow for J, i.e. satisfies the differential equation
D1P(t, x) = f(t, pet, x»),

P(O, x) = x.

Given x E U, any value of t such that IX is defined at (t, x) is also such that
fi is defined at (t, 0, x) becallse IXx and Px are integral curves of the same
vector field, with the same initial condition, hence are equal. Thus the
study of time-dependent vector fields is reduced to the study of timeindependent ones.
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Remark 3. One also encounters vector fields depending on parameters,
as follows. Let V be open in some space F and let
g: J

x V x U~E

be a map which we view as a time-dependent vector field on U, also depending on parameters in V. We define
G: J x V x U

~

F x E

by
G(t, z, y) = (0, g(t, z, y))

for t E J, Z E V, and y E U. This is now a time-dependent vector field on
V x U. A local flow for G depends on three variables, say P(t, z, y), with
initial condition P(O, z, y) = (z, y). The map P has two components, and it
is immediately clear that we can write
P(t, z, y) = (z, O(t, z, y))

for some map 0( depending on three variables. Consequently 0( satisfies
the differential equation
Dl O(t, z, y)

=

g(t, z, O(t, z, y)),

0(0,

Z,

y)

=

y,

which gives the flow of our original vector field 9 depending on the parameters

ZE

V. This procedure reduces the study of differential equations

depending on parameters to those which are independent of parameters.
EXERCISES

1. Let f be a C 1 vector field on an open set U in E. IT f(xo} = 0 for some Xo E U, if
oc: J -+ U is an integral curve for J, and there exists some to E J such that oc(t o) = xo,
show that oc(t) = Xo for all t E J. (A point Xo such that f(xo) = 0 is called a critical

point of the vector field.)
2. Let f be a C 1 vector field on an open set U of E. Let oc: J -+ U be an integral curve
for f Assume that all numbers t > 0 are contained in J, and that there is a point
P in U such that
lim oc(t) = P.
HOO

Prove that f(P) = O. (Exercises 1 and 2 have many applications, notably when
f = grad g for some function g. In this case we see that P is a critical point of the
vector field.)
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3. Let U be open in Rn and let g: U -+ R be a function of class C 2 • Let Xo E U and
assume that Xo is a critical point of 9 (that is g'(xo) = 0). Assume also that D2g(xo)
is negative definite. By definition, take this to mean that there exists a number
c > 0 such that for all vectors v we have

Prove that if XI is a point in the ball Br(xo) of radius r, centered at xo, and if r is
sufficiently small, then the integral curve IX of grad 9 having XI as initial condition
is defined for all t ~ 0 and
lim lX(t)

= Xo.

Hoo

[Hint: Let ljJ(t) = (lX(t) - xo)· (lX(t) - xo) be the square of the distance from
lX(t) to Xo. Show that IjJ is strictly decreasing, and in fact satisfies
1jJ'(t)

~

-cljJ(t).

Divide by ljJ(t) and integrate to see that
log ljJ(t) - log 1jJ(0)

~

-ct.

Alternatively, use the mean value theorem on ljJ(t 2) - ljJ(t l ) to show that this difference has to approach 0 when II < 12 and II' 12 are large.]
4. Let U be open in E and let f: U -+ E be a C l vector field on U. Let Xo E U and
assume that !(xo) = v # o. Let IX be a local flow for! at Xo. Let F be a subspace
of E which is complementary to the I-dimensional space generated by v, that is the
map

given by (t, y) I--> tv + y is an invertible continuous linear map.
(a) If E = Rn show that such a subspace exists.
(b) Show that the map 13: (t, y) I--> lX(t, Xo + y) is a local C I isomorphism at (0,0).
You may assume that D21X exists and is continuous, and that D21X(0, x) = id. This
will be proved in §4. Compute D13 in terms of D IIX and D2 IX.
(c) The map a: (t, y) I--> Xo + y + tv is obviously a C I isomorphism, because it is
composed of a translation and an invertible linear map. Define locally at Xo the
map qJ by qJ = 13 a - I, so that by definition,
0

qJ(Xo

+ y + tv) = lX(t, Xo + y).

Using the chain rule, show that for all X near Xo we have

If we view qJ as a change of chart near xo, then this result shows that the vector
field f when transported by this change of chart becomes a constant vector field
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with value v. Thus near a point where a vector field does not vanish, we can always
change the chart so that the vector field is straightened out. This is illustrated in
the following picture.

•

•Xo

-~

..

•

Vo

..
•
•

u~

In this picture, we have drawn the flow, which is horizontal on the left, the vector
field being constant. In general, suppose cp: Vo -+ Vo is a C l isomorphism. We
say that a vector field g on Vo and a vector field f on V 0 correspond to each other
under cp, or that f is transported to Vo by cp if we have the relation
f(cp(x))

=

Dcp(x)g(x).

which can be regarded as coming from the following diagram:

In the special case of our Exercise, g is the constant map such that g(x) = v for all
Vo.

XE

§2. Approximate Solutions
As before, we let f: J x U -+ E be a time-dependent vector field on U.
We now investigate the behavior of the flow with respect to its second
argument, i.e. with respect to the points of U. Let J 0 be an open subinterval
of J containing 0 and let

be of class C 1• We shall say that qJ is an (, -approximate integral curve of f
on J o if

IqJ'(t) - f(t, qJ(t»)1
for all t in J 0 •

~

(,
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Theorem 2.1. Let CP1' CP2 be £1- and £z-approximate integral curves of f
on J 0 respectively, and let £ = £1 + £2. Assume that f is Lipschitz with
constant K on U uniformly in J 0 or that D2 f exists and is bounded by K
on J x U. Lett o be a point of J o. Then for any t in J 0 we have

Proof By assumption we have
ICP'l(t) - f(t, CP1(t») 1 ~

£1'

Icp~(t) - f(t, CP2(t)) 1 ~

£2·

From this we get
Icp~(t)

- cp~(t)

+ f(t, cPz(t») -

f(t, CP1(t»)1 ~

£.

Say t ~ to so that we don't have to put absolute value signs around
t - to. Let

tf;(t) = 1CP1 (t) - CP2(t) I,
w(t) = If(t, CP1(t») - f(t, CP2(t))I.
We have

whence

Itf;(t) - tf;(to) 1 ~ £(t - to)

~ £(t -

to)

+

it

to

+K

w(u) du

it

to

tf;(u) du

~ K 1: [tf;(U) + ~ }u
and finally the relation
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On any closed subinterval of J o , our map'" is bounded. If we add f.IK to
both sides of the last relation, then we see that our theorem follows from
the next lemma.

Lemma 2.2. Let 9 be a positive real valued function on an interval,
bounded by a number B. Let to be in the interval, say to ~ t, and assume
that there are numbers C, K ;?; 0 such that
g(t)

~C+K

it

g(u) duo

to

Then for all integers n ;?; 1 we have

()<

9 t =

C[1 + K(t 1- , to) + . . . + K"-l(t
- tot-I]
BK"(t (_ 1)'
+
,
.

n.

n.

tot

.

Proof The statement is an assumption for n = 1. We proceed by
induction. We integrate from to to t, multiply by K and use the recurrence
relation. The statement with n + 1 then drops out of the statement with n.

Theorem 2.1 will be applied immediately to obtain a continuity result
for a flow depending on its second variable. If x is close to xo, then the
integral curve with initial condition x may be seen as an approximate integral curve with respect to Xo and the estimates of Theorem 2.1 will yield:

Corollary 2.3. Let f: J x U -+ E be continuous, and satisfy a Lipschitz
condition on U uniformly with respect to J. Let Xo be a point of U. Then
there exists an open subinterval J 0 of J containing 0, and an open subset
U 0 of U containing Xo such that f has a unique flow

O(:J o x U o -+ U.
We can select J 0 and U0 such that
schitz condition on J 0 x U o.

0(

is continuous, and satisfies a Lip-

Proof Given x, y E U, we let (()1(t) = O(t, x) and (()2(t) = O(t, y) be
defined on the J o x U o obtained in Theorem 1.1. Then we can apply
Theorem 1.2 with f.l = f.2 = O. For s, t E J o we obtain

100(t, x) - O(s, y)1 ~ 100(t, x) - O(t, y)1
~

Ix -

YI~

+ 100(t, y) -

O(s, y)1

+ It - siB

if we take J 0 of small length and B is a bound for f Indeed, we estimate
the first term using Theorem 2.1 with to = O. We estimate the second
term using the integral expression for the integral curve and the bound
B for f This proves the corollary.
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Next we consider the problem of determining the largest possible interval over which an integral curve can be defined. There are two possible
reasons why an integral curve cannot be defined over all of R, or say for
all t ~ o.
The first one is that as the curve proceeds along, it is tending toward a
point at the boundary of the open set U, but not in U. The curve is thus
prevented from reaching this point a priori. One can create this situation
artificially. For instance, suppose we have a vector field on E itself and a
perfectly reasonable integral curve defined on all of R. Let P be a point of
E, and suppose that the integral curve has initial condition Xo and passes
through P so that (X(t 1) = P for some t 1 • Let U be the open set obtained
from E by deleting P. If we view our vector field now on U it is clear that
the integral curve starting at Xo cannot be extended beyond t 1 as an integral curve on U, and that as t -+ t 1 , we have (X(t) -+ P.
A situation like the above may arise naturally. One can visualize it as in
the following picture:
p

The second reason why an integral curve cannot be extended to all of
R is that, as the curve proceeds along, the vector field becomes unbounded,
and the curve speeds up so rapidly that it has no time to reach certain
numbers of R.
The next result states that these are the only possibilities which may
prevent a curve from being extendable past a certain point.

Theorem 2.4. Let J be an open interval (a, b) and let U be open in E. Let
f: J x U -+ E be a continuous map which is Lipschitz on U uniformly for
every compact subinterval of J. Let (X be an integral curve of J, defined on
a maximal open subinterval (ao, bo) of J. Assume:
(i) There exists

£

> 0 such that the closure

is contained in U.
(ii) There exists a number C > 0 such that If(t, (X(t))1 ~ C for all t in
(b o - £, bo)·

Then bo = b.

455

§3. Linear Differential Equations

Proof Suppose b o < b. From the integral expression for rx, namely

rx(t) = rx(t o)

+

It f(u, rx(u)} du
to

we see that for

t 1, t2

in (b o -

f,

bo) we have

This is the Cauchy criterion, and hence the limit
lim rx(t)
t .... bo

exists and is equal to an element Xo of U by hypothesis (i). By the local
existence theorem, there exists an integral curve 13 defined on an open
interval containing bo such that f3(b o) = Xo and f3'(t) = f(t, f3(t)}. Then
13' = rx' on an open interval to the left of b o and hence rx, 13 differ by a constant on this interval. Since their limit as t -+ bo are equal, this constant is
O. Thus we have extended the domain of definition of rx to a larger interval,
as was to be shown.

Remark. Theorem 2.4 has an analogue giving a criterion for the integral
curve being defined all the way to the left end point of J, and we shall use
Theorem 2.4 in both contexts as a criterion for the integral curve to be
defined on all of J.

§3. Linear Differential Equations
We shall consider a special case of differential equations, both for its own
sake and for applications to the general case afterwards.
We let L be a vector space as usual which in applications will be a space
of continuous linear maps. We let E be some space, and assume given a
product
L x E

-+

E,

written (A, w) HAW,

that is a bilinear map satisfying the condition IAW I ~ IAII W I.
Let J be an open interval, and let
A: J

-+

L

be a continuous map. We consider the differential equation
A'(t) = A(t)A(t)
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corresponding to the time-dependent vector field on E given by
(t, w) ~ A(t)w. In the applications, we have two cases:
1. The product given by composition of mappings, namely
L(E, E) x L(E, E) --+ L(E, E)

for some space E, so that AW = A w for A, WE L(E, E).
2. The product given by applying linear maps to vectors, namely
0

L(E, E) x E --+ E.

In the first case, suppose E = Rn. Then we can think of A(t) as an n x n
matrix, and of the solution as an n x n matrix also, say B(t), so that our
differential equation can be written
B'(t) = A(t)B(t),

the product being multiplication of matrices.
In the second case, we think of A(t) as a curve in Rn, which we write X(t),
and the differential equation looks like
X'(t)

=

A(t)X(t),

or in terms of coordinates,

It is clear that the solutions of our differential equation A'(t) = A(t)A(t)
form a vector space. One of the main facts which is always true in this
linear case is that the integral curves are defined on the full interval J. This
will be proved below, and we consider the slightly more general case when
the equation depends on parameters.

Theorem 3.1. Let J be an open interval of R containing 0, and let V be
open in some space. Let
A:J x V--+L

be a continuous map, and let L x E --+ E be a product. Let Wo be a fixed
element of E. Then there exists a unique map

A: J x V

--+

E,
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which, for each x E V, is a solution of the differential equation
A.'(t, x) = A(t, X)A(t, x),

A(O, x)

= Wo.

This map A is continuous.
Proof. Let us first fix x E V. Consider the differential equation
A.'(t, x) = A(t, X)A(t, x)
with initial condition A(O, x) = Wo. This is a differential equation on E,
with time-dependent vector field f given by

f(t, v) = A(t, x)v
for VEE. We want to prove that the integral curve is defined on all of J,
and for this we shall use Theorem 2.4.
Suppose that t 1-+ A(t, x) is not defined on all of J. We look to the right,
and let bo be the right end point of a maximal subinterval of J on which it
is defined. If J has a right end point b then bo < b. (Of course, if J goes to
infinity on the right, there is no b.) Now the map t 1-+ A(t, x) is bounded
on every compact subinterval of J. In particular, we see that our vector
field satisfies the Lipschitz condition of Theorem 2.4. Condition (i) is also
satisfied, trivially, because our vector field is defined on the entire space E.
This leaves condition (ii) to verify.
We omit the index x for simplicity of notation, and on the interval
~ t < bo we have

°

A(t) = Wo

+ {A(U)A(U) du

so that

IA(t)1

~ IWol + K

DA(U)I du,

°

where K is a bound for the map t 1-+ A(t) on the compact interval [0, bo].
By Theorem 2.1, it follows that A is bounded on the interval ~ t < bo ,
whence

f(t, A(t») = A(t)A(t)
is bounded on this interval. Thus condition (ii) is satisfied, and our
assumption that bo is not the right end point of J is contradicted. This
proves that A is defined on all of J.
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We now consider A. as a map with two variables, t and x, and shall prove
its continuity, say at a point
(to, xo) E J x V.

°

Let c > be so small that the interval I = [to - c, to + c] is contained
in J. Let VI be an open ball centered at Xo and contained in V such that
A is uniformly continuous and bounded on I x VI. (The existence of this
ball is an immediate consequence of the compactness of 1. Cf. the lemma
of Chapter 16, §8 where this is proved in detail.) For (t, x) E I x V I we
have
IA.(t, x) - A.(to, xo)1

~

IA.(t, x) - A.(t, xo)1

+ IA.(t, xo) -

A.(to, xo)l.

The second term on the right is small when t is close to to because A. is continuous, being differentiable. We investigate the first term on the right,
and shall estimate it by viewing A.(t, x) and A.(t, xo) as approximate integral
curves of the differential equation satisfied by A.(t, x). We find:
IX(t, xo) - A(t, x)A.(t, xo) I ~ IX(t, xo) - A(t, xo)A.(t, xo) I

+ IA(t, xo)A.(t, xo) ~

A(t, x)A.(t, xo) I

IA(t, xo) - A(t, x)IIA.(t, xo)l.

By the uniform continuity of A and the fact that A.(t, xo) is bounded for t in
the compact interval I, we conclude: Given £, there exists {) such that if
Ix - xol < {) then
IX(t, Xo I - A(t, x)A.(t, xo) I <

£.

Therefore A.(t, xo) is an £-approximate integral curve of the differential
equation satisfied by A.(t, x). We apply Theorem l.2, to the two curves
and

((Jx(t) = A.(t, x)

for each x with Ix - Xo I < tJ. We use the fact that

A(O, x)

= A(O, xo) = Woo

We then find
IA(t, x) - A(t, xo) I < £K I

for some constant K I > 0, thereby proving the continuity of A at (to, xo).
This concludes the proof of Theorem 3.l.
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Remark. Suppose given the linear differential equation on L(E, E),
that is consider case 1,
Dl A(t, x) = A(t, X)A(t, x)

with A(t, x) E L(E, E). Let vEE. Then we obtain a differential equation
on E, namely
Dl A(t, x)v = A(t, X)A(t, x)v

whose integral curve is t H A(t, x)v. This is obvious, and we shall deal
with such an equation in the proof of Theorem 4.1 below.
EXERCISES

x.

I. Let A: J -+ Mat. be a continuous map from an open interval J containing 0 into
the space of n x n matrices. Let S be the vector space of solutions of the differential equation
X'(t) = A(t)X(t).

Show that the map X 1-+ X(O) is a linear map from S into R·, whose kernel is {O}.
Show that given any n-tuple C = (ct> ... ,c.) there exists a solution of the differential equation such that X(O) = C. Conclude that the map X 1-+ X(O) gives an
isomorphism between the space of solutions and R·.
2. (a) Let go, ... ,g.-l be continuous functions from an open interval J containing
ointo R. Show that the study of the differential equation

D·y + g._lD·-ly + ... + goY = 0
can be reduced to the study of a linear differential equation in n-space. [Hint: Let
Xl = y, X2 = y', .. . ,x. = y(.-l).]
(b) Show that the space of solutions of the equation in part (a) has dimension n.

3. Give an explicit power series solution for the differential equation
du
dt = Au(t),

where A is a constant n x n matrix, and the solution u(t) is in the space of n x n
matrices.
4. Let A: J -+ L(E, E) and I/!: J
the differential equation

--+

E be continuous. Show that the integral curves of

fJ'(t) = A(t)fJ(t)

are defined on all of J.

+ I/!(t)
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5. For each point (to, xo)eJ x E let v(t, to, xo) be the integral curve of the differential equation
a'(t) = A(t)a(t)

satisfying the condition a(t o)'= Xo. Prove the following statements:
(a) For each t e J, the map x f-+ v(t, s, x) is an invertible continuous linear map of
E onto itself, denoted by C(t, s).
(b) For fixed s, the map t f-+ C(t, s) is an integral curve of the differential equation
w'(t) = A(t) 0 w(t)

on L(E, E), with initial condition w(O) = id.
(c) For s, t, u e J we have
C(s, u) = C(s, t)C(t, u)

C(s, t) = C(t, S)-I.

and

(d) The map (s, t) f-+ C(s, t) is continuous.
6. Show that the integral curve of the non-homogeneous differential equation
P'(t) = A(t)P(t)

such that P(t o) = Xo is given by
f3(t)

=

C(t, to)xo

+

+ I/I(t)

r

C(t, s)I/I(s) ds.

to

§4. Dependence on Initial Conditions
Given a CP vector field f: U --+ E, we consider its flow IX: J x U 0 --+ U
at a point Xo E U o. We are now asking whether IX is also of class CP, and
this will be the content of the next theorem. Suppose that IX is ct. By definition of an integral curve, we have
DtlX(t, x) = f(lX(t, x»).
We want to differentiate with respect to x. Suppose we can do this and
interchange Db D 2 • We obtain

Both Df(lX(t, x») and D2 1X(t, x) are elements of L(E, E) (that is linear maps
of E into itself) and the product here is composition of mappings. Thus we
see that D2 1X(t, x) satisfies a linear differential equation on L(E, E). The
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preceding argument was purely formal, but is a convenient way to remember the intended differential equation satisfied by D2 oc. Of course, so
far, we don't know anything about the flow oc with respect to x except
what was proved in the corollary of Theorem 2.1, namely that oc is locally
Lipschitz at every point. We shall prove that oc is of class CP by showing
directly that D2 oc exists and satisfies the linear differential equation described above. As before, we consider a time-dependent vector field, so
that instead of taking Df we have to take D2 f Concerning the dependence on t, the differential equation of the flow D1 oc(t, x) = f(oc(t, x») shows
that D 10c is continuous since it is composed of continuous maps.

Theorem 4.1. Let J be an open interval in R containing 0 and let U be
open in E. Let
f:J x U-E

be a CP map with p ;;;; 1 (possibly p = (0), and let Xo E U. There exists
a unique local flow for f at Xo. We can select an open subinterval J 0 of J
containing 0 and an open subset U 0 of U containing Xo such that the
unique local flow
oc:Jo x Uo - U

is of class CP, and such that D2 oc satisfies the differential equation

on J o x U o with initial condition D 2 oc(O, x) = id.
Proof Let
A:JxU-L(E,E)

be given by

A(t, x) = D2 f(t, oc(t, x»).
Select J 1 and U 0 such that oc is bounded and Lipschitz on J 1 X U 0 (using
the corollary of Theorem 2.1), and such that A is continuous and bounded
on J 1 X U o. Let J 0 be an open subinterval of J 1 containing 0 such that its
closure J 0 is contained in J 1.
Let A(t, x) be the integral curve of the differential equation on L(E, E)
given by

A.'(t, x) = A(t, x)A(t, x),

..1.(0, x) = id,
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as in Theorem 3.1. We contend that D 2 0( exists and is equal to A on
J o x U o . This will prove that D 2 0( is continuous on J o x U o . Using

Theorem 7.1 of Chapter 16, this will imply that
prove the contention.
Fix x E U o. Let
(J(t, h)

0(

is of class C 1 • We now

= O((t, x + h) - O((t, x).

Then
D 1(J(t, h) = D 1 0((t, x

+ h) - DlO((t, x)

= f(t, O((t, x

+ h») -

f(t, O((t, x»).

By the mean value theorem, we obtain

IDl (J(t, h) - A(t, x)(}(t, h) I
= I f(t, O((t, x + h») - f(t, O((t, x») - D2 f(t, O((t, x) )(J(t, h) I
~

Ihl suplD 2 f(t, y) - D2 f(t, O((t,

x»)1

where the sup is taken for y in the segment between O((t, x) and O((t, x + h).
By the compactness of Jo it follows from the Lemma of Chapter 16, §8,
that our last expression is of the type Ih Il/t(h) where l/t(h) tends to with h,
uniformly for t in J o' Thus we can write

°

IDl(J(t,h) - A(t,x)(}(t,h)1

~

Ihll/t(h),

for all tEJo . This shows that (J(t, h) is an Ihll/t(h)-approximate integral
curve for the differential equation satisfied by A(t, x)h namely
Dl A(t, x)h - A(t, X)A(t, x)h

=

°

°

with the initial condition A(O, x)h = h. We note that (J(t, h) has the same
initial condition, (J(O, h) = h. Taking to = in Theorem 2.1, we obtain the
estimate

I(J(t, h) - A(t, x)hl

~

Cllhll/t(h)

for some constant C 1 and all t in J o. This proves the contention that D20(
is equal to A on J 0 x U 0, and is therefore continuous. As we said previously, it also proves that 0( is of class C l , on J 0 x U o.
Furthermore, D 2 0( satisfies the linear differential equation given in the
statement of the theorem, on J 0 x U o. Thus our theorem is proved when
p=1.
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The next step is to proceed by induction. Observe that even if we start
with a vector field f which does not depend on time t, the differential equation satisfied by D 2 0( is time-dependent, and depends on parameters x
just as in Theorem 3.1. We know, however, that such vector fields are
equivalent to vector fields which do not depend on parameters. In the
present case, for instance, we can let A(t, x) = D2 f(t, O((t, x»), and let
G: J x V x L(E, E) - F x L(E, E)
be the map 'such that

G(t, x, w)

=

(0, A(t, x)w)

for WE L(E, E). The flow for this vector field is then given by the map A
such that

A(t, x, w)

=

(x, A.(t, x)w).

Suppose that p is an integer ;;; 2, and assume the local Theorem 4.1
proved up to p - 1 so that we can assume 0( locally of class CP-l (that is
we can select J 0 and U 0 such that 0( is of class CP - 1 on J 0 x U 0)' Then
A is locally of class C p - l whence D 2 0( is locally of class C p - l by induction
hypothesis. From the expression

DlO((t, x)

=

f(t, O((t, x»)

we conclude that D 1 0( is locally of class CP- 1, whence our theorem follows
from Theorem 7.1 of Chapter 16, for an arbitrary integer p.
If f is COO and if we knew that the flow 0( is of class CP for every integer p
on its domain of definition, then we could conclude that 0( is Coo on its domain of definition. (The problem at this point is that in going from p to
p + 1 in the preceding induction, the open sets J 0 and U 0 may be shrinking
and nothing may be left by the time we reach 00.) The next theorem proves
this global statement.

Theorem 4.2. Iff is a vector field of class CP on U (with p possibly 00),
then its flow is of class CP on its domain of definition, which is open in
R x U.

Proof. By Remark 2 of §1 we can assume f is time independent. It will
suffice to prove the theorem for each integer p, because to be of class Coo
means to be of class CP for every p. Therefore let p be an integer ;;; 1. Let
Xo E U and let J(xo) be the maximal interval of definition of an intergral
curve having Xo as initial condition. Let £1)(f) be the domain of definition
of the flow for the vector field f, and let 0( be the flow. Let T be the set of
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numbers b > 0 such that for each t with 0 ;;;;; t < b there exists an open
interval J 1 containing t and an open set U 1 containing Xo such that
J 1 X U 1 is contained in ~(f) and such that ex is of class CP on J 1 X U l'
Then T is not empty by Theorem 4.1. If T is not bounded from above,
then we are done looking toward the right end point of J(xo). If T is
bounded from above, we let b be its least upper bound. We shall show
that b = t+(xo). Suppose b < t+(xo). Then ex(b, xo) is defined. Let
Xl = ex(b, xo). By the local Theorem 4.1, we have a unique local flow at
Xl> which we denote by p:
P(O, x) =

X,

defined for some open interval J a = (-a, a) and open ball Bixl) ofradius
a centered at Xl' Let b be so small that whenever b - b < t < b, we have:

We can find b because
lim ex(t, xo) = Xl
t .... b

by continuity. Select a point tl such that b - b < tl < b. By the hypothesis on b, we can select J 1 and U 1 so that

map J 1 x U 1 into Ba/ixl)' We can do this because ex is continuous at
(t 1 , xo), being in fact CP at this point.

q>(t, x) = P(t - tl> ex(tl' x»).
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Then

and
D1 q>(t,x) = D1 f3(t - t 1 ,a(t 1 ,x))

= f(f3(t - t 1, a(t 1, x)))
= f(q>(t, x)).

Hence both q>x and ax are integral curves for f with the same value at t l .
They coincide on any interval on which they are defined by Theorem 1.3.
If we take () very small compared to a, say ~ < a/4, we see that q> is an extension of a to an open set containing (t 1 , xo) and also containing (b, xo).
Furthermore, q> is of class CP, thus contradicting the fact that b < t+(xo).
Similarly, one proves the analogous statement on the other side, and
one therefore sees that P)(f) is open in R x U and that ex is of class CP
on P)(f), as was to be shown.

PART FIVE

MULTIPLE INTEGRATION

The extension of the theory of the integrals to higher dimensional domains
gives rise to two problems which are due to the more complicated nature
of the domain and to the more complicated nature of the functions. When
dealing with functions of one variable, we work over intervals which are
easily handled. Furthermore, the assumption of piecewise continuity
(or regularity-uniform limit of step functions) is very easy to handle and
quite sufficient to treat important applications. The end points of an interval, which form its boundary, present no problem, but in dealing with
higher dimensional domains, we require a minimum of theory to obtain a
satisfactory description of the boundary which allows us to generalize
the fundamental theorem of calculus relating integration and differentiation.
In Chapter 19 we give the basic tool in n-space, and in Chapter 20 we
describe the formalism of differential forms, which allows us to define the
integral over a parametrized set.

CHAPTER 19

Multiple Integrals

§1. Elementary Multiple Integration
Let [a, bJ be a closed interval. We recall that a partition P on [a, bJ is a
finite sequence of numbers
a=

Co ~ Cl ~ ••. ~ Cr

= b

between a and b, giving rise to closed subintervals [c;, Ci+ 1]. This notion
generalizes immediately to higher dimensional space. By a closed nrectangle (or simply a rectangle) in Rn we shall mean a product
J1

X ...

x I

n

of closed intervals J 1> ••• ,Jn' An open rectangle is a product as above,
where the intervals J i are open. We shall usually deal with closed rectangles in what follows, and so do not use the adjective "closed" unless
we start dealing explicitly with other types of rectangles.
If Pi is a partition of the closed interval J;, then we call (P 1, . . . ,Pn) = P
a partition of the rectangle. In 2-space, a rectangle together with a partition looks like this:
d

c
a

b
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We view P as dividing the rectangle into subrectangles. Namely, if Si
is a subinterval of the partition P;, for each i = 1, ... ,n, then we call

a subrectangle of the partition P.
Let R = J 1 x··· x J n be a rectangle, expressed as a product of intervals
1;. We define the volume of R to be

where I(J i) is the length of 1;. If J i = [a;, b;], then

so that

We define the volume of an open rectangle similarly. The volume is equal
to 0 if some interval J i consists of only one point.
Let f be a bounded real valued function on a rectangle R. Let P be a
partition of R. We can define the lower and upper Riemann sums by
LR(P, f) =
UR(P, f)

=

L inf(f)v(S),
s

L sup(f)v(S),
s

where infS<f) is the greatest lower bound of all values f(x), for XES,
suPs(f) is the least upper bound of all values f(x) for XES, and the sum
is taken over all subrectangles S of the partition P. If R is fixed throughout
a discussion, we omit the subscript R and write simply L(P, f) and
U(P, f).
Let P' = (P~, .. . ,P~) be another partition of R. We shall say that P'
is a refinement of P if each Pi is a refinement of Pi (i = 1, ... ,n). We recall
that Pi being a refinement of Pi means that every number occurring in
the sequence Pi also occurs in the sequence Pi' If P, P' are two partitions
of R, then it is clear that there exists a partition P" which is a refinement
of both P and P'. This is achieved for intervals simply by inserting all
points of a partition into the other, and then doing it for each interval
occurring as a factor of the rectangle, in n-space. We have the usual lemma.

Lemma 1.1. If P' is a refinement of P then
L(P,f)

~

L(P',f)

~

U(P',f)

~

U(P, f).
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Proof The middle inequality is obvious. Consider the inequality relating L(P', f) and L(P, f). We can obtain P' from P by inserting a finite
number of points in the partitions of the intervals occurring in P. By induction, we are thus reduced to the case when P' is obtained from P by inserting one point in some partition Pi for some i = 1, ... ,no For simplicity
of notation, assume i = 1. The rectangles of P are of type
Sl

X ..• X

Sn

where Si is a subinterval of Pi' One of the intervals of PI, say T, is then
split into two intervals T', T" by the insertion of a point in P. All the subrectangles of P' are the same as those of P, except when T occurs as a first
factor. Then the rectangle
S= T

X

S2

X ... X

Sn

is replaced by two rectangles, namely
S' = T'

X

S2

X ••• X

Sn

S" = T"

and

X

S2

X .•. X

Sn.

The term
inf(f)v(S)
S

in the lower sum L(P, f) is then replaced by the two terms
inf(f)v(S')
s·

We have I(T) = I(T')

+ inf(f)v(S").
S"

+ I(T"), and hence

inf(f)v(S) = inf(f)I(T')I(S2)' . ·1(Sn)
S

S

~

inf(f)v(S')
s·

+ inf(f)I(T")I(S2)"
S

·1(Sn)

+ inf(f)v(S").
s·

This proves that L(P, f) ~ L(P', f). The inequality concerning the upper
sum is proved the same way.
We define the lower integral LR(f) to be the least upper bound of all
numbers LR(P, f), and the upper integral U R(f) to be the greatest lower
bound of all numbers U R(P, f). We say that f is Riemann integrable (or
simply integrable) if
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in which case we define its integral IR(f) to be equal to the lower or upper
integral; it does not matter which.
Example. Let f be the constant function 1. Let

Let P = (P l , ... ,Pn ) be a partition of R. Each Pi can be written in the form

where

The subrectangles of the partition are of the type

The lower sum is equal to the upper sum, and is equal to the repeated sum
kn

"
~

in=O

k,

"(Cl
. +1 ~,}1

...

h=O

C1 ,J1
.) ...

(cn,Jn. + 1

-

Cn,Jn
.).

We evaluate the last sum first, and note that
k

L

in=O

(cn,in+1 -

cn,iJ

= bn -

an'

By induction, we find that
IR(l) = (b l

-

a1)' .. (b N - aN)

= v(R).
From the definitions of the least upper bound and greatest lower bound,
we obtain at once an (E, P)-characterization of the integrability of f, namely:
f is integrable on R
such that

if and only if, given E,

there exists a partition P of R

IU(P,f) - L(P,f)1 <

E.

Furthermore, we also note that if the preceding inequality holds for P,
then it holds for every partition pi which is a refinement of P.
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Theorem 1.2. The integrable functions on R form a vector space. The
integral satisfies the following properties;

INT 1. The map f

1--+

I R f is linear.

INT 2. If f '?:. 0, then IRf '?:. 0.
Proof The first assertion follows from the fact that for each subrec-

tangle S of a partition of R we have
inf(f)
s

+ inf(g) ;;; inf(f + g)
s

s

;;; sup(f
s

+ g)

;;; sup(f)
s

+ sup(g),
s

and hence for the partition P,
L(P, f)

+ L(P, g)

+ g)

;;; L(P, f

;;; U(P, f

+ g)

;;; U(P, f)

+

U(P, g).

Also for any number c,
inf(cf) = c inf(f).
s

s

The linearity follows at once. As for INT 2, if f '?:.
inf(f) '?:.
s

so that L(P, f) '?:.

°for all partitions

°

°then

P. Property INT 2 follows at once.

From INT 1 and INT 2 we have a strengthening ofiNT 2, namely;
If f, g are integrable and f ;;; g, then IR(f) ;;; IR(g)·

Indeed, we have g - f '?:. 0, so IR(g - f) '?:. 0, and by linearity,

whence our assertion.
We now want to integrate over more general sets than rectangles. A
subset K of Rn will be said to be negligible if given f., there exists a finite
number of rectangles R 1 , •.• ,Rm which cover K (that is whose union contains K) and such that
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It is clear that in this definition, we may take the rectangles to be either
open or closed. Furthermore, a negligible subset is clearly bounded. Its
closure is also negligible, and is compact.
A function f on a rectangle R will be said to be admissible if it is bounded
and continuous except possibly on a negligible subset of R.
It is trivial that a finite union of negligible sets is negligible. Hence a
finite sum of admissible functions on R is admissible, and in fact, the set
of admissible functions forms a vector space. It is also clear that the product of two admissible functions is admissible, and if f, g are admissible,
then so are max(f, g), min(f, g), and 1fl.
We define the size of a partition P of R to be < <5 if the sides of all subrectangles of P have a length < <5.

Theorem 1.3. Every admissible function on R is integrable. Given an
admissible function, and f., there exists <5 such that if P is a partition of R
of size < <5, then
U(P, f) - L(P, f) <
If f, g are admissible and if f(x)
negligible set, then IRf = IRg.

f..

= g(x) except for the points x in some

We shall need a lemma.
Lemma 1.4. Let S be a rectangle contained in a rectangle R. Given
there exists <5 such that if P is a partition of R, size(P) < <5, and

f.,

are the subrectangles of P which intersect S, then

Proof Let S be the rectangle

Let P be a partition of size < <5, and let S 1, ... ,Sm be the subrectangles
of P which intersect S. Then each Sj U = 1, ... ,m) is contained in the
rectangle

and the sum of the volumes v(S) therefore satisfies the inequality
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If ~ is small enough, the expression on the right is < v(S)
shown.

+ £, as was to be

To prove Theorem 1.3, let 1 be an admissible function on some rectangle

R, and let D be a negligible set of points containing the set where 1 is not
continuous. Let R~, ... ,R~ be open rectangles which cover D, and such
that if R 1 , •• • ,R k are the corresponding closed rectangles, then

Let U be the union R~ u ... u R~, so that U is open. Let Z be the
complement of U. Then Z n R is closed and bounded, so compact, and
1 is uniformly continuous on Z n R. Let ~ be such that whenever

x,yeZnR
and Ix - yl < ~ then I/(x) - 1(Y)1 < £. (We use the sup norm on R".)
By the lemma, there exists a partition P of R such that the lengths of the
sides of the subrectangles of Pare <~, and such that if S 1, ... ,Sm are the
subrectangles of P which intersect R 1 , • •• ,Rk then

To compare the upper and lower sum of 1 with respect to this partition,
we distinguish the subrectangles S according as S is one of S b ••. ,Sm or is
not. We obtain:
U(P, f) - L(P, f)

=

L [SUP(f) -

=

jt1 [s~jp(f) - i~f(f)]v(S)

S

+

S

inf(f)]v(S)
S

L [SUP(f) -

S'*SJ

S

inf(f)]v(S)
S

~

211/112£ + £ L v(S)

~

211/112£ + w(R).

S,*Si

J

This proves that 1 is integrable.
Furthermore, suppose we change the values of Ion D to those of another
function g. The lower sums L(P, f) and L(P, g) then differ only in those
terms
m

m

L inf(f)v(Sj)

j= 1 Sj

and

L inf(g)v(Sj)

j= 1 SJ
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which are estimated by Ilf112£ and Ilg112£ respectively. Thus for £ small,
the lower sums are close together. Since these lower sums are also close to
the respective integrals, it follows that I R(!) = IR(g). This proves the
theorem.
.
A subset A of Rn will be said to be admissible if it is bounded, and if its
boundary is a negligible set. We denote the boundary of a set A by 8A.
The'verification of the following properties is left to the reader as an exercise:
8(A u B) c (8A u 8B),

8(A n B) c (8A u 8B),

8(A - B) c (8A u 8B)

where we denote by A - B the set of all x

E

A such that x ¢ B. Hence:

Lemma 1.5. A finite union of admissible sets is admissible, a finite intersection of admissible sets is admissible, and
A-B.

if A,

B are admissible, so is

Let A be a subset of RP and B a subset of Rq. Then A x B is a subset of
and

Rp+q,

8(A x B) = (8A x B) u (A x 8B).

This is immediately verified. By induction, we find that

the union taken for all i = 1, ... ,n if At> ... ,An are subsets of Euclidean
spaces. We can apply this to the case of a rectangle

and find that its boundary is the union of sets

and

The boundary of a rectangle obviously is negligible. For instance, we can
cover a set

§1. Elementary Multiple Integration
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by one rectangle

where J is an interval of length € containing c, so that the volume of this
rectangle is arbitrarily small. It is also nothing but an exercise to show
that if A, B are admissible, then A x B is admissible.
A function I on Rn is said to be admissible if it is admissible on every
rectangle. Let I be admissible, and equal to 0 outside the rectangle S. Let
R be a rectangle containing S. We contend that IR(f) = Is(f). To prove
this, write

We view (a;, c;, di , bi) as forming a partition Pi' and let P = (PI" .. ,Pn)
be the corresponding partition of R. Then S appears as one of the subrectangles of the partition P of R. Let g be equal to I except on the boundary of S, where we define g to be equal to O. If pi is any partition of R which
is a refinement of P, and S' is a subrectangle of pi, then either S' is a subrectangle of S, or S' does not intersect S, or S' has only boundary points in
common with S. Hence for each pi we find that

where P~ is the partition of S induced by pi in the natural way. From this
it follows at once that IR(g) = Is(g). By Theorem 1.3, we know that
IR(f) = IR(g) and IsCf) = Is(g). This proves our contention.
If A is an admissible set and I an admissible function, we let IA be the
function such that IA(X) = I(x) if x E A and IA(X) = 0 if x ¢ A. Then IA is
admissible. We take any rectangle R containing A and define

Our preceding remark shows that I A(f) is independent of the choice of
rectangle R selected containing A. We call IAltheintegral of lover A.
Conversely, given an admissible set A and a function I on A, we say
that I is admissible on A if the function extended to Rn by letting I(x) = 0
if x ¢ A is an admissible function.
We have now associated with each pair (A, f) consisting of an admissible
set A and an admissible function I a real number I A I satisfying the following properties:
INT 1. For each A, the map I~ IAI is linear.
INT 2. II I"?' 0 then IAI"?' O.
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INT 3. We have IAf

= IAfA'

INT 4. For every rectangle S we have Is(1) = v(S).

Other properties can be deduced purely axiomatically from these four.
We have already seen one of them:

Proposition 1.6. If f

~

g, then IAf

~

lAg·

Next, we have:

Proposition 1.7. If A, B have no elements in common, then

Proof We can assume f = fAuB, and then write

It follows that

Actually, there is a more general formula, because for any two admissible
sets, we can write
Au B

= (A

- B) u (A n B) u (B - A),

and the three sets appearing on the right are disjoint. Furthermore,
(A - B) u (A n B)

=

A,

and similarly, (B - A) u (A n B) = B. Hence:

Proposition I.S. For any two admissible sets A, B we have

Let X be any set. We define its characteristic function Ix to be the function such that Ix(x) = I if x E X and Ix(y) = 0 if y ¢ X. Then Ix is continuous at every point which is not a boundary point of X, and is definitely
not continuous on the boundary of X. It follows at once that
X is admissible

if and only if Ix is an admissible function.
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For any admissible set A we define its volume to be
Vol(A) = v(A) = IA(l).
This is simply the integral of the characteristic function of A.

Proposition 1.9. We have IIAfl

~

Ilfllv(A) (if Ilfll

is the sup norm as

usual).
Proof. Since ±f ~ I f I we can use linearity and the inequality-preserving property of the integral to conclude that

which yields our assertion. In particular:

Proposition 1.10. If A is negligible, then I A f =

o.

Theorem 1.11. There is one and only one way of associating with each
admissible set A and admissible function f a (real) number I A f satisfying
the four properties INT 1 through INT 4.
Proof Existence has been shown. We prove uniqueness. We denote
by I~ f any other integral satisfying the four properties. Suppose A is
contained in some rectangle R, and let P be a partition of R. If S, Sf are
subrectangles of the partition, then they are disjoint, or have only boundary
points in common, so that the set of common points is negligible. We may
assume that f(x) = 0 if x rt A. We then have
I~f = Ilf = IJ~ f·
s

For each S, by the inequality property of the integral, and linearity, we
find
inf(f)v(S)
s

~

I

~(f) ~

sup(f)v(S).
s

Hence

Since f is integrable, it follows that Il f = I R f, as was to be shown.
Let A, f be admissible. Let w E R". We define Aw to be the set of all
elements x + w with x E A. Similarly, we define fw to be the function
such that fw(x) = f(x - w) (the minus sign is not a misprint). We call
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Aw and fw the translations by w of A and f respectively. It is clear that the
map
is linear (in other words, (f + g)w = fw + gw and (cf)w = cfw). As for
sets, we have (A u B)w = Aw u Bw and (A n B)w = Aw n Bw'
If R is a rectangle, then Rw is a rectangle, having the same volume
(obvious). The translation of a negligible set is thus obviously negligible.
Hence one verifies at once that both Aw and fw are admissible.
Theorem 1.12. The integral is invariant under translations. In other
words, for admissible A and f, and w E R" we have:

IAf = IAwfw.
Proof. We define (for fixed w):
I~f

= IAwfw'

The four properties INT 1 through INT 4 are then immediately verified.
Note that in INT 3, we use the fact that fw(x + w) = f(x), so that iff is 0
outside A, then fw is 0 outside A w, and Aw c Bw' We can then apply
Theorem 1.11 to see that 1* = 1. As for INT 4, if S is the rectangle

and w = (WI, ... ,w,,), then Sw is the rectangle

whose volume is obviously equal to v(S). The first two properties are even
more obvious, and the theorem is proved.
In light of the uniqueness, we shall use standard notation, and write

EXERCISES

The first set of exercises shows how to generalize the class of integrable
functions.
1. Let A be a subset of R" and let a E A. Let f be a bounded function defined on A.
For each r > 0 define the oscillation of f on the ball of radius r centered at a to be
oscillation
o(f, a, r) = suplf(x) - f(y)1
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the sup being taken for all x, Y E Br(a). Define the oscillation at a to be
o(f, a) = lim o(f, a, r).
r-O

Show that this limit exists. Show that f is continuous at a if and only if
o(f, a) = O.
2. Let A be a closed set, and f a bounded function on A. Given
subset of elements x E A such that o(f, x) ~ I': is closed.

3. A set A is said to have measure 0 if given

1':,

1':,

show that the

there exists a sequence of rectangles

{Rio R 2 , ••• } covering A such that
co

I

v(R) <

1':.

j=1

Show that a denumerable union of sets of measure 0 has measure O. Show that a
compact set of measure 0 is negligible.
4. Let f be a bounded function on a rectangle R. Let D be the subset of R consisting
of points where f is not continuous. If D has measure 0, show that f is integrable
on R. [Hint: Given 1':, consider the set A of points x such that o(f, x) ~ 1':. Then
A has measure 0 and is compact.]
5. Prove the converse of Exercise 4, namely: If f is integrable on R, then its set of
discontinuities has measure O. [Hint: Let A l/n be the subset of R consisting of all x
such that o(f, x) ~ lin. Then the set of discontinuities of f is the union of all
A l/n for n = 1,2, ... so it suffices to prove that each A l/n has measure 0, or equivalently that A l/n is negligible.]
Exercises 4 and 5 above give the necessary and sufficient condition for a function to be
Riemann integrable. We now go on to something else.
6. Let A be a subset of Rn. Let t be a real number. Show that o(tA) = to(A) (where
tA is the set of all points tx with x E A).
7. Let R be a rectangle, and x, y two points of R. Show that the line segment joining
x and y is contained in R.
8. Let A be a subset of Rn and let AO be the interior of A. Let x E AO and let y be
in the complement of A. Show that the line segment joining x and y intersects
the boundary of A. [Hint: The line segment is given by x + t(y - x) with
O~t~l.

Consider those values of t such that [0, t] is contained in AO, and let s be the least
upper bound of such values.]
9. Let A be an admissible set and let S be a rectangle. Prove that precisely one of
the following possibilities holds: S is contained in the interior of A, S intersects
the boundary of A, S is contained in the complement of the clQsure of A.
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10. Let A be an admissible set in R", contained in some rectangle R. Show that

L v(S),

Vol(A) = lub

P SeA

the least upper bound being taken over all partitions of R, and the sum taken over
all subrectangles S of P such that SeA. Also prove: Given E, there exists (j such
that if size P < (j then

IVol(A) -

L v(S) I< E,

SeA

the sum being taken over all subrectangles S of P contained in A. Finally, prove
that
v(S),
Vol(A) = glb
p

L

snAnotemply

the sum now being taken over all subrectangles S of the partition P having a nonempty intersection with A.
11. Let R be a rectangle and I an integrable function on R. Suppose that for each
rectangle S contained in R we are given a number 1:1 satisfying the following
condition:
(i) If P is a partition of R then

(ii) If there are numbers m and M such that on a rectangle S we have

for all XES,

m ~/(x) ~ M

then
mv(S)

Show that III =

~

IU

~

Mv(S).

fRI.

12. Let U be an open set in R" and let P E U. Let 9 be a continuous function
on U. Let V. be the volume of the ball of radius r. Let B(P, r) be the ball of
radius r centered at P. Prove that
g(P)

= lim ~
' .... 0 v,.

f

9

B(P,')

§2. Criteria for Admissibility
In this section we give a few simple criteria for sets and functions to be
admissible,
We recall that a map f satisfies a Lipschitz condition on a set A if there
exists a number C such that
If(x) - f(y)1

~

Clx - yl
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for all x, YEA. Any e 1 map f satisfies locally at each point a Lipschitz
condition, because its derivative is bounded in a neighborhood of each
point, and we can then use the mean value estimate
If(x) - f(y) I ~

Ix -

y I sup 1f'(z)l,

the sup being taken for z on the segment between x and y. We can take
the neighborhood of the point to be a ball, say, so that the segment between any two points is contained in the neighborhood.
Proposition 2.1. Let A be a negligible set in Rn and let f: A -. Rn satisfy
a Lipschitz condition. Then f(A) is negligible.

Proof. Let e be a Lipschitz constant for f. A rectangle is called a cube
if all its sides have the same length. By Lemma 1.4 we can cover A by a
finite number of cubes S1"" ,Sm such that

Let rj be the length of each side of Sj. Then for each j = 1, ... ,m we see
that f(A n Sj) is contained in a cube Sj whose sides have length ~ erj.
Hence
v(Sj) ~ Crj = e"v(S).

Hence f(A) is covered by a finite number of cubes Sj such that
V(S'1)

+ ... + v(S~) <

e"£..

This proves that f(A) is negligible, as desired.
Proposition 2.2. Let A be a bounded subset of Rm. Assume that m < n.
Let f: A -. R" satisfy a Lipschitz condition. Then f(A) is negligible.

Proof. View Rm as contained in R" (first m coordinates). Then A is
negligible. Indeed, if A is contained in an m-cube R, we tak~ n - m sides
equal to a small number i5, and then R x [0, i5] x ... x [0, i5] has small
n-dimensional volume. Thus we can apply Proposition 2.1 to conclude
the proof.

Remark. In Propositions 2.1 and 2.2 we can replace the Lipschitz condition by the condition that the map f is e 1 on an open set U containing
the closure A of A.
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Proof. Since A is compact, there exists a finite covering of A by open
balls U i (i = 1, ... ,r) contained in U such that f' is bounded on each Ui'
Then f is Lipschitz on each U i and hence in Proposition 2.1, each set
A n U i is negligible, so that A itself is negligible, being a finite union of
negligible sets. In Proposition 2.2, the same applies to each f(A n Ui)'

Proposition 2.2 is used in practice to show that the boundary of a certain
subset of R" is negligible. Indeed, such a boundary is usually contained
in a finite number of pieces, each of which can be parametrized by a C l
map f defined on a lower dimensional set.

Proposition 2.3. Let A be an admissible set in R" and assume that its
closure A is contained in an open set U. Let f: U -+ R" be a C l map,
which is Cl-invertible on the interior of A. Then f(A) is admissible and
of (A) c f(oA).
Proof. Let AO be the interior of A, that is the set of points of A which
are not boundary points of A. Then AO is open, so is f(AO), and f yields a
Cl-invertible map between AO andf(AO). We have

A = AO

U

oA,

and oA = oA, whence

This shows that of (A) c f(oA), and that of (A) is admissible by Proposition 2.1, thus proving Proposition 2.3.

Proposition 2.4. Let U be open in R" and A admissible such that the
closure A is contained in U. Let f: U -+ R" be a map of class Ct, and
Cl-invertible. Let g be admissible on f(A). Then g 0 f is admissible on A.
Proof. Using Proposition 2.3, we know that f(A) is admissible, and so is
f(A). We can extend g arbitrarily to f(A), say by letting g(y) = 0 at those

points y where g is not originally defined. Then this extension of g is still
admissible. If D is a closed negligible set contained in f(A) and containing
the boundary of f(A) as well as all points where g is not continuous, then
D is compact, contained in the image feU), and f-l(D) is therefore negligible by Proposition 2.1. Since go f is continuous outside f-l(D), our
proposition is proved.
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EXERCISES

1. Let g be a continuous function defined on an interval [a, b]. Show that the graph of
g is negligible.
2. Let gl, g2 be continuous functions on [a, b] and assume gl ~ g2' Let A be the set
of points (x, y) such that a ~ x ~ band gl(X) ~ Y ~ g2(X). Show that A is admissible.

3. Let U be open in R" and let f: U

-+ R" be a map of class Cl. Let R be a closed cube
contained in U, and let A be the subset of U consisting of all x such that

Det f'(x)

= O.

Show that f(A n R) is negligible. [Hint: Partition the cube into N" subcubes
each of side siN where s is the side of R, and estimate the diameter of eachf(A n S)
for each subcube S of the partition.]

§3. Repeated Integrals
We shall prove that the multiple integral of §1 can be evaluated by repeated integration. This gives an effective way of computing integrals.
Let A, B be (closed) rectangles in RP and Rq respectively. Let f be an
integrable function on A x B. We denote by fx: B -+ R the function such
that fx{Y) = f{x, y). We may then want to integrate fx over B. It may
happen that for some Xo E A the set {xo} x B is a set of discontinuities
for f, because such a vertical set is negligible in RP x Rq. However, if fx
is integrable, we define

The map x 1-+ I B fx then defines a function on A, or rather on the subset
of A consisting of those x such that I Bfx exists. We shall assume that I Bfx
exists for all x except in some negligible set in A. We define IBfx in any
way (bounded) for x in this negligible set. For the purposes of the next
theorem, we shall see that it does not matter how we define I B fx for such
exceptional x. We shall denote the function x 1-+ I Bfx by I Bf.

Theorem 3.1. Let A, B be (closed) rectangles in RP and Rq respectively.
Let f be an integrable function on A x B. Assume that for all x except
in a negligible subset of A the function fx is integrable. Then the function
IBf is integrable, and we have
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or in another notation,

Proof. Let PA be a partition of A and P B a partition of B. Then we
obtain a partition P of A x B by taking all products S = SAX SB of subrectangles SA of P A and subrectangles SB of P B. We have:
L(P,f) =

L inf(f)v(S) = L L
S

inf (f)V(SA x SB)

SA SB SAxSB

S

~

LL

inf inf(fJv(SB)v(SA)

SA SB xeSASB

~ Linf (L inf(fx)V(SB»)V(SA)
~ L inf{lBf)v(SA)
SA xeSA SB SB

SA SA

= L(PA, IBf)·

Similarly, we obtain
L(P, f)

~

L(PA, IBf)

~

U(P A, IBf)

~

U(P, f).

Since we can choose P = PAX PB such that U(P, f) and L(P,J) are arbitrarily close together, we conclude that IBf is integrable, and that its
integral over A is given by

f

IBf =
A

f

AxB

f,

as was to be shown.

Example. We recover an elementary theorem concerning multiple
integration as a consequence of Theorem 3.1. Let g1> g2 be continuous
functions on [a, b] such that gl ~ g2' As we saw in Exercise 2 of the preceding section, the set of all points (x, y) such that a ~ x ~ y and

is admissible. We denote this set by A. Let f be a continuous function on
A. Let R be a rectangle containing A and extend f to all of R by defining
f(x, y) = 0 if (x, y) E R but (x, y) rt: A. Then f is admissible, since its set of
discontinuities is the boundary of A and is negligible. We may take
R

= [a, b] x Em, M]
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where m, M are numbers such that m
[a, b]. Then

~ gt(x) ~ g2(X) ~

M for all x in

By Theorem 3.1, we also have

L s: LM
I =

because for each x, the function

I(x, y) dy dx,

Ix is continuous on the interval

and is equal to 0 outside this interval. We then obtain

fA

I =

f b[f92(X) I(x, y) dy] dx.
a
9,(X)

The picture for the preceding example is as follows :

b

a

EXERCISES

1. Let f be defined on the square S consisting of all points (x, y) such that 0
and 0 ~ y ~ 1. Let f be the function on S such that

_ {I
f(x, y) - y 3

if x is irrational,
'f '
. I
1 X IS ratlOna .

(a) Show that

f[ff(X, y) dY] dx
exists and is equal to 1.
(b) Show that the integral Is(f) does not exist.

~

x ~ 1
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§4. Change of Variables
We first deal with the simplest of cases. We consider vectors VI"" ,Vn
in Rn and we define the block B spanned by these vectors to be the set of
points

with 0

1. We say that the block is degenerate (in Rn) if the vectors
are linearly dependent. Otherwise, we say that the block is nondegenerate, or is a proper block in Rn.
~ ti ~

VI' ... ,Vn

A b ol ck in 2-space
A block in 3·space

We see that a block in R2 is nothing but a parallelogram, and a block in
R3 is nothing but a parallelepiped (when not degenerate).
We denote by Vol(v t , ... ,vn) the volume of the block B spanned by
VI"" 'Vn' We define the oriented volume

taking the

+ sign if Det(V I, ... ,Vn) >

0 and the - sign if

The determinant is viewed as the determinant of the matrix whose column
vectors are VI' ... 'Vn' in that order.
We recall the following characterization of determinants : Suppose that
we have a product

which to each n-tuple of vectors associates a number, such that the product
is multilinear, alternating, and such that

§4. Change of Variables
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if el,' •• ,en are the unit vectors. Then this product is necessarily the determinant, i.e. it is uniquely determined. "Alternating" means that if
Vi = Vj for some i -=F j then VI 1\ •.• 1\ Vn = O. The uniqueness is easily
proved, and we recall this short proof. We can write

for suitable numbers aij' and then

=
=
=

(allel

La
L

+ ... + alnen)

1\ ••. 1\ (anlel

+ ... + annen)

al,a(1)ea(1) 1\ ••• 1\ an,a(n)ea(n)

al,a(1)'"

a n ,a(n)ea (1) 1\ ••. 1\ ea(n)'

a

The sum is taken over all maps (1: {l, ... ,n} -+ {l, ... ,n}, but because
of the alternating property, whenever (1 is not a permutation the term
corresponding to (1 is equal to O. Hence the sum may be taken only over all
permutations. Since

where £«(1) = 1 or -1 is a sign depending only on (1, it follows that the
alternating product is completely determined by its value el 1\ ••. 1\ en'
and in particular is the determinant if this value is equal to 1.

Proof If VI" •. ,Vn are linearly dependent, then the determinant is equal
to 0, and the volume is also equal to 0, for instance by Proposition 2.2.
So our formula holds in this case. It is clear that

To show that YolO satisfies the characteristic properties of the determinant,
all we have to do now is to show that it is linear in each variable, say the
first. In other words, we must prove:
(*)

for

CE

R,
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As to the first assertion, suppose first that c is some positive integer k.
Let B be the block spanned by v, V2"" ,Vn. We may assume without loss
of generality that v, V2,'" ,Vn are linearly independent (otherwise, the
relation is obviously true, both sides being equal to 0). We verify at once
from the definition that if B(V, V2' ... ,vn) denotes the block spanned by
v, V2' ... ,Vn then B(kv, V2, ... ,vn) is the union of the two sets
and
which have a negligible set in common. We actually carry out the details,
proving this.
By definition, B(kv, V2' ... ,vn> is the set of elements x which can be written
in the form t, kv + t 2 V2 + ... + tn Vn with 0 ~ t; ~ 1. Consider the subsets
A, A' defined as follows. A consists of all the elements of B(kv, V2' ... ,Vn)
such that

o ~ tl

~ (k -

l)/k,

and A' consists of those elements such that (k - l)/k
A = B((k - l)v, V2, ... ,vn)' As for A', let

~

tl

~

1. Then

or
Then 0

~ 81 ~

1 and elements of A' can be written in the form

Thus A' = B(v, V2"" ,Vn) + (k - l)v is the translation of B(v, V2"" ,vn) by
(k - l)v, as was to be shown.
The points in common between the above two sets A and A' are those
for which t 1 = (k - 1)/k, and thus these points can be parametrized by a
lower dimensional set, under a map which is a composite of a linear map
and a translation. Hence A n A' is negligible.
Therefore, we find that
Vol(kv, V2"" ,vn) = Vol{(k - l)v, V2,'·· ,vn) + Vol(v, V2"" ,vn)
= (k -

1) Vol(v, V2,'" ,vn) + Vol(v, V2"" ,vn)

= k Vol(v, V2,··· ,vn),
as was to be shown.
Now let
VI

V=-

k
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for a positive integer k. Then applying what we have just proved shows
that

Writing a positive rational number in the form mlk = m . 11k, we conclude that the first relation holds when c is a positive rational number.
If r is a positive real number, we find positive rational numbers c, c' such
that c ~ r ~ c'. Since

we conclude that

Letting c, c' approach r as a limit, we conclude that for any real number
r ~ 0 we have

Finally, we note that B( -

V, V2 ' . • .

,vn ) is the translation of

by -v so that these two blocks have the same volume. This proves the
first assertion.
For the second assertion, we shall first prove a special case.

Lemma 4.2. If VI' .. • ,Vn are linearly independent, then

Proof We look at the geometry of the situation, which is made clear
by the following picture:
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The proof amounts to observing that the two shaded triangles have the
same volume because one is the translation of the other. We give the
details. Let B be the block spanned by Vl' V2' .•. ,Vn and B' the block spanned
by Vl + V2' V2,··' ,Vn . Then:

which we can also write as tl Vl + (tl + t 2 )V2 + ... + tnv n .
B consists of all elements y = SlVl + S2V2 + ... + SnVn with 0 ~ Si ~ 1.
Let B - B' be the set of all y E B, y ¢ B'. An element y lies in B - B' if and
only if 0 ~ Si ~ 1 and S2 < Sl' Indeed, let tl = Sl' If S2 < Sl then there is
no t2 such that S2 = tl + t 2 • Conversely, if S2 ~ Sl' then we let t2 = S2 - Sl
and we see that y lies in B n B'.
Finally, consider the set B' - B consisting of all x E B' such that x ¢ B.
It is the set of all x written as above, with tl + t2 > 1. Let S2 = tl + t2 - 1.
An element x E B' - B can then be written

with 0 ~ tl ~ 1 and 0 < S2 ~ t 1 • (The condition S2 ~ tl comes from
the fact that S2 + (1 - t 2 ) = tl') Conversely, any element x written with
tl and S2 satisfying 0 < S2 ~ tl lies in B' - B, as one sees immediately.
Hence, except for boundary points, we conclude that
B' - B

= (B

- B') +

V2'

Consequently, B' - Band B - B' have the same volume. Then
Vol B = Vol(B - B')

+ Vol(B n

B')

= Vol(B' =

B)

+ Vol(B n

B')

Vol B'.

This proves the lemma.
From the lemma, we conclude that for any number c,

Indeed, if C = 0 this is obvious, and if C =F 0 then
C

VolO(vl

+ CV2, V2""

,vn ) =

=

VOIO(Vl
VoIO(v 1 ,

+ CV2, CV2, .•• ,vn)
CV2,··· ,vn) = C

VoIO(vl' V2""

,vn).

We can then cancel C to get our conclusion.
To prove the linearity of Volo with respect to its first variable, we may
assume that V2"" ,Vn are linearly independent, otherwise both sides of
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(**) are equal to O. Let Vl be so chosen that {Vb'" ,vn} is a basis of Rn.
Then by induction, and what has been proved above,

VOlO(C1Vl

+ ... + CnVn'V 2'···,V n) =

VolO(C1Vl

+ ... + Cn-1Vn-bV2"",Vn)

=

VolO(C1V l , V 2 , · · · ,vn )

=

Cl VOlO(Vl"" ,v.).

From this the linearity follows at once, and the theorem is proved.

Corollary 4.3. Let S be the unit cube spanned by the unit vectors in Rn.
Let Il: Rn --+ Rn be a linear map. Then
Volll(S)

IDet(Il)I.

=

Proof If Vb' .. ,Vn are the images of el" .. ,en under Il, then Il(S) is the
block spanned by V l , . . . ,Vn • If we represent Il by the matrix A = (ai), then

and hence Det(vl' ... ,vn)

=

Det(A)

=

Det(Il). This proves the corollary

Corollary 4.4. IJ R is any rectangle in Rn and II.: Rn --+ Rn is a linear map,
then
Volll(R)

=

IDet(Il)IVol(R).

Proof. After a translation, we can assume that the rectangle is a block.
If R = III (S) where S is the unit cube, then
Il(R) = Il

0

III (S)

whence by Corollary 4.3,
Volll(R)

=

IDet(lldl)1

=

IDet(Il)Det(ll l ) I = IDet(Il)IVol(R).

The next theorem extends Corollary 4.4 to the more general case where
the linear map Il is replaced by an arbitrary Cl-invertible map. The proof
then consists of replacing the linear map by its derivative and estimating
the error thus introduced. For this purpose, we define the Jacobian de-

terminant
Llix) = Det J ix) = Det f'(x)
where J ix) is the Jacobian matrix, and f'(x) is the derivative of the map

J: U --+ Rn.
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Theorem 4.5. Let R be a rectangle in R ft, contained in some open set U.
Let f: U -+ Rft be a C l map, which is Cl-invertible on U. Then

Proof. When f is linear, this is nothing but Corollary 4.4 of the preceding
theorem. We shall prove the general case by approximating f by its derivative. Let us first assume that R is a cube for simplicity. Given (;, let P be a
partition of R, obtained by dividing each side of R into N equal segments
for large N. Then R is partitioned into Nft subcubes which we denote by
Sj U = 1, ... ,Nft). We let aj be the center of Sj.
We have

Vol f(R) =

L Vol f(S)
j

because the images f(Sj) have only negligible sets in common. We investigate f(Sj) for eachj.
Let C be a bound for! f'(X)-l!, x E R. Such a bound exists because
x I-+! f'(X)-l! is continuous on R which is compact. Given f., we take N
so large that for x, Z E Sj we have

! f'(z)

- f'(x)! < f./C.

Let Aj = f'(a) where aj is the center of the cube Sj. Then
!Ail

0

f'(z) - Ail

0

f'(x)! < f.

for all x, Z E Sj. By the lemma used in the proof of the inverse mapping
theorem (Chapter 17, §3) applied to the sup norm, we conclude that
Aj-l 0 f(Sj) contains a cube of radius
(1 - f.)(radius of S),
and trivial estimates show that Ai 1 0 f(Sj) is contained in a cube of radius
(1

+ f.)(radius of Sj),

these cubes being centered at aj. We apply Aj to each one of these cubes
and thus squeeze f(Sj) between the images of these cubes under Aj. We
can determine the volumes of these cubes using Corollary 4.4. For some
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constant C 1, we then obtain a lower and an upper estimate for Vol f(S j),
namely
IDetf'(a)IVol(Sj) - £C 1 Vol(S)

Summing over j, and estimating I~
finally
L(P,

I~fl)

~

Volf(Sj)

~

IDet f'(aj) IVol(S) + £C 1 Vol(Sj)'

f' by a lower and upper bound, we get

- £C 2

~

Volf(B)

~ U(P, I~fl)

+ £C 2

for some constant C 2 (actually equal to C 1 Vol R). Our theorem now
follows at once.

Remark. We assumed for simplicity that R was a cube. Actually, by
changing the norm on each side, multiplying by a suitable constant, and
taking the sup of these adjusted norms, we see that this involves no loss of
generality. Alternatively, we can find a finite number of cubes B 1 , ••• ,Bm
in some partition of the rectangle such that

and apply the result to each cube.
The next result is an immediate consequence of Theorem 4.5, and is
intermediate to the most general form of the change of variable formula
to be proved in this book. It amounts to replacing the integral of the constant function 1 in Theorem 4.5 by the integral of a more general function
g. It actually contains both the preceding theorems as special cases, and
and may be called the local change of variable formula for integration.

Corollary 4.6. Let R be a rectangle in R", contained in some open set U.
Let f: U -+ R" be a C 1 map, which is C 1 -invertible on U. Let g be an
admissible function on f(R). Then g 0 f is admissible on R, and

Proof. Observe that the function g 0 f is admissible by Proposition 2.4,
and so is the function (g 0 f) I~f ,.
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Let P be a partition of R and let {S} be the collection of subrectangles
of P. Then

f

infg

I(S) I(S)

f ~f

~

sup g,

g

I(S)

I(S) I(S)

whence by Theorem 4.5, applied to constant functions, we get

rinf(g

Js S

0

J)I~II ~

f

g

I(S)

~

rsup(g

Js

S

0

J)I~FI.

Let C be a bound for I~ I I on R. Subtracting the expression on the left
from that on the right, we find

o ~ l[s~p(g

0

J) -

~ C l[s~p(g

0

i~f(g

J) -

0

f)] I~II

i~f(g

0

J)J

Taking the sum over all S, we obtain

Ls [isUp(g
J)I~FI s
0

S

iinf(g
s s

0

J)I~FI] ~ C[U(P, go J) -

L(P,

g f)],
0

and this is < ( for suitable P. On the other hand, we also have the inequality

which we combine with the preceding inequality to conclude the proof
of the corollary.
We finally come to the most general formulation of the change of
variable theorem to be proved in this book. It involves passing from rectangles to more general admissible sets under suitable hypotheses, which
must be sufficiently weak to cover all desired applications. The proof
is then based on the idea of approximating an admissible set by rectangles
contained in it, and observing that this approximation can be achieved in
such a way that the part not covered by these rectangles can be covered
by a finite number of other rectangles such that the sum of their volumes is
arbitrarily small. We then apply the corollary of Theorem 4.5.
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Theorem 4.7. Let V be open in R" and let f: V -. R" be a C 1 map. Let
A be admissible, such that its closure ..4 is contained in U. Assume that
f is C 1 -invertible on the interior of A. Let g be admissible on f(A). Then
g 0 f is admissible on A and

Proof In view of Proposition 2.3, it suffices to prove the theorem under
the additional hypothesis that A is equal to its closure ..4, which we make
from now on.
Let R be a cube containing A. Given £, there exist {J and a partition P
of R such that all the subrectangles of P are cubes, the sides of these subcubes are of length {J, and if S 1, •.. ,Sm are those subcubes intersecting 8A
then

Let K = (S 1 U ... U Sm) n A. Then K is compact, v(K) < £, and we
view K as a small set around the boundary of A (shaded below) .

/

...

"

"

'"'

~

t:,

P

~

b.1-,,-,

J

;r.

If T is a subcube of P and T 1= Sj for j = 1, ... ,m, then either T is contained in the complement of A or T is contained in the interior of A
(Exercise 9 of §1). Let T1 , ••. ,I'q be the subcubes contained in the interior
of A and let
B = T1

U

. . .u

I'q.

Then B is an approximation of A by a union of cubes, and A - B is contained in K. We have A = B u K and B n K is negligible. Both f(K) and
f(B) are admissible by Proposition 2.3. We have:

f

J(A)

g=

f

J(K)

g+

f

J(B)

g=

f

J(K)

g+

L
q

k= 1

f

J(Td

g

498

19. Multiple Integrals

and by the corollary of Theorem 4.5,
=

f

J(K)

=f

J(K)

±f (g

g+

k=1

0

T,

nidJI

g+ f(gonldJI.

JB

n

All that remains to be done is to show that If(K) g is small, that (g
is admissible, and that the integral over B of (g
Id J I is close to the integral of this function over A. We do this in three steps.
(1) By the mean value estimate, there exists a number C (the sup of
I f'(z) I on A) such that I(Sj n A) is contained in a cube Sj of radius ~ Cb
for eachj = 1, ... ,m. Hence I(K) can be covered by S'I,'" ,S~ and
0

v(Sj)

Consequently v(f(K»)

~ C(jn,

0

Cb n ~ cnv(S).

~

and

f

!

n

g

J(K)

! ~ Cnfllgll

which is the estimate we wanted.
(2) Under slightly weaker hypotheses, the admissibility of go cp would follow from Proposition 2.4. In the present case, we must provide an argument.
Let fK: K ~ f(A) and fB: B ~ f(A) be the restrictions of f to K and B
respectively. Let D be a closed negligible subset of I(A) where g is not
continuous. Note that D n I(B) is negligible, and hence

is negligible, say by Proposition 2.1 of §2 applied to
hand,

I-I. On the other

is covered by the rectangles SI," ",Sm' Hence I- 1(D) n A can be covered
by a finite number of rectangles whose total volume is < 2(. This is true
for every f, and therefore I- 1(D) n A is negligible, whence go I is admissible, being continuous on the complement of I- 1(D) n A.
(3) Finally, if C 1 is a bound for Ig I II d J I on A, we get
0

!{(g

0

nidJI - L(g nldJI!
0

~ {-Big
~

0

III dJI

C 1 v(A - B)

which is the desired estimate. This concludes the proof of Theorem 4.7.
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Example 1 (Polar coordinates).

Let

f:R2-+R2
be the map given by
f(r, e) = (r cos e, r sin e)

so that we put

x = r cos e
and

y = r sin e.
Then

e)

-r sin
r cos e
and
I1Ar, e) = r.

Thus I1Ar, e) > 0 if r > O. There are many open subsets U of R2 on which
U to be the set of all (r, e)
such that 0 < rand 0 < e < 21t. The image of f is then the open set V
obtained by deleting the positive x-axis from R2. Furthermore, the closure
U of U is the set of all (r, e) such that r ~ 0 and 0 ~ e ~ 21t. Furthermore,
f(U) is all of R2.
If A is any admissible set contained in U and g is an admissible function
on f(A), then

f is CI-invertible. For instance, we can take

f

J(A)

g(x, y) dx dy =

f g(r cos e, r sin e)r dr de.
A

y

9

x
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The rectangle R defined by

o ~ lJ

~ 21t

and

maps under f onto the disc centered at the origin, of radius r 1. Thus if we
denote the disc by D, then

(

J/(x, y) dx dy =

(21t f"
Jo Jo g(r cos lJ, r sin lJ)r dr dlJ.

The standard example is g(x, y) =

e- x2 _ y2

=

e-,2,

and we then find

performing the integration by evaluating the repeated integral. Taking the
limit as r1 -+ 00, we find symbolically

f.

e-x2_y2

dx dy =

1t•

• 2

On the other hand, if S is a square centered at the origin in R2, it is easy to
see that given (., the integral over the square

fa fa
-Q

e- X2 _y2 dx dy =

-a

[fa

e- x2 dx]2

-a

differs only by (. from the integral over a disc of radius r1 provided r1 > a
and a is taken sufficiently large. Consequently, taking the limit as a -+ 00,
we now have evaluated

(As an exercise, put in all the details of the preceding argument.)
Example 2. Let A be an admissible set, and let r be a number
note by r A the set of all points rx with x e A. Then
Vol(rA) = r" Vol(A).

~ O.

De-
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Indeed, the determinant of the linear map cp such that cp(x) = rx is simply
r" because we can replace cp by the matrix having components r on the
diagonal and 0 otherwise. If we denote by - A the set of all points - x with
x E A, how does Vol( -A) differ from Vol(A)?

Example 3. We know that the area of the disc of radius 1 is n. The
ellipse defined by the inequality

is a dilation of the disc by the linear map represented by the matrix

if a, b are two positive numbers. Hence the area of the ellipse is nab. As
an exercise, assuming that the volume of the n-ball ofradius 1 in n-space is v,.,
what is the volume of the ellipsoid

EXERCISES

1. Let A be an admissible set symmetric about the origin (that means: if x E A then
- x E A). Let f be an admissible function on A such that
f( -x)

= -f(x).

Show that

2. Let T: Rft ..... R" be an invertible linear map, and let B be a ball centered at the
origin in R". Show that

i

e-<Ty,Ty) dy

= f.e-<"''') dxldet T-11.
B

T(S)

<, >

(The symbol
denotes the ordinary dot product in R",) Taking the limit as the
ball's radius goes to infinity, one gets

f.

...

e- <Ty, Ty) dy

=

f.

8n

e- <",,,) dx Idet T-11.
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3. Let B.(r) be the closed ball of radius r in R", centered at the origin, with respect
to the Euclidean norm. Find its volume v,,(r). [Hint: First note that
v,,(r)

= r"v,,(I).

We may assume n ~ 2. The ball B.(I) consists of all (Xl"" ,X.) such that
xi+···+x:~1.

Put (Xl> X2) = (x, y) and let g be the characteristic function of B.(I). Then

where R.-2 is a rectangle of radius 1 centered at the origin in (n - 2)-space. If
+ y2 > 1 then g(x, y, X3, ... ,x.) = O. Let D be the disc of radius 1 in R2.
If x 2 + y2 ~ 1, then g(x, y, X3"" ,x.) viewed as function of (X3"" ,x.) is the
characteristic function of the ball
X2

Hence the inner integral is equal to

f.

R.. - l

g(x,y,x3,···,X.) dx3··· dx•

=

(1 - x 2 - y2)c.-2J/2v,,_2(1)

so that

Using polar coordinates, the last integral is easily evaluated, and we find:
and
4. Determine the volume of the region in R· defined by the inequality

Ixd + ... + Ix.1 ::i! r.
5. Determine the volume of the region in R2•

= R2

X ••• X

R2 defined by

Izd + ... + Iz.1 ::i! r,
where z, = (x" y,) and

Izd = Jxf + yf is the Euclidean norm in R2.
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6. Spherical coordinates (a) Definej: R3
Xl

X2

X3

-+

R3 by

= rcos8 1 ,

= r sin 8 1 cos 82 ,
= r sin 8 1 sin 8 2 •

Show that

Show that j is invertible on the open set

0< r,
and that the image under j of this rectangle is the open set obtained from R3 by
deleting the set of points (x, y, 0) with y ~ 0, and x arbitrary.

k - - - - i - - - - r - - - X3

Let 8(rl) be the closed rectangle of points (r, 8 1,

( 2)

satisfying

Show that the image of 8(rl) is the closed ball of radius rl centered at the origin
in R3.
(b) Let·g be a continuous function of one variable, defined for r ~ O. Let

Let B(r 1) denote the closed ball of radius r 1. Show that

where W3

= 3V3, and V3 is the volume of the 3-dimensional ball ofradius 1 in R3.
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Note. The n-dimensional generalization of the spherical coordinates is given
by the following formulas:

X'-l =
X.

r sin 0 1 sin O2 ... sin 0.- 2 cos 0.- 1,

= r sin 0 1 sin O2

•••

sin 0.- 2 sin 0.- 1 •

We take 0 < r,O < 0; < n for i = 1, ... ,n - 2 and 0 < 0.- 1 < 2n. The Jacobian
determinant is then given by

7. Let T: R' -> R' be a linear map whose determinant is equal to 1 or -1. Let A
be an admissible set. Show that
Vol(T A) = Vol(A).
(Examples of such maps are the so-called unitary maps, i.e. those T for which
<Tx, Tx) = <x, x) for all x E R·.)
8. (a) Let A be the subset of R2 consisting of all points

with 0;:;; t; and tl + t2 ;:;; 1. (This is just a triangle.) Find the area of A by integration.
(b) Let VI, V2 be linearly independent vectors in R2. Find the area of the set of
points t 1v 1 + t2v2 with 0;:;; t; and tl + t2 ;:;; 1, in terms of Det(vl, V2).
9. Let VI' . .. ,V. be linearly independent vectors in R·. Find the volume of the solid
consisting of all points

with 0 ;:;;

t;

and t\

+ ... + t. ;:;;

1.

10. Let Ba be the closed ball of radius a > 0, centered at the origin. In n-space, let
X = (Xl, ... ,X.) and let r = lXI, where I I is the Euclidean norm. Take

0< a < 1,
and let Aa be the annulus consisting of all points X with a ;:;; IX I ;:;; 1. Both in
the case n = 2 and n = 3 (i.e. in the plane and in 3-space), compute the integral

I =
a

fA.IXI

_1-dxl···dx

•.
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Show that this integral has a limit as a -+ O. Thus, contrary to what happens
in I-space, the function f(X) = II IX I can be integrated in a neighborhood of O.
[Hint: Use polar or spherical coordinates. Actually, using n-dimensional spherical
coordinates, the result also holds in n-space.] Show further that in 3-space, the
function I/IXI 2 can be similarly integrated near O.
11. Let B be the region in the first quadrant of R2 bounded by the curves xy = 1,
xy = 3, x 2 - i = 1, and x 2 - i = 4. Find the value of the integral

by making the substitution u = x 2 - y2 and v = xy. Explain how you are applying the change of variables formula.
12. Prove that

A

where A denotes the half plane x ;?; a > O. [Hint: use the transformation
and

y = vx.]

13. Find the integral

Iff

xyz dx dy dz

taken over the ellipsoid

§5. Vector Fields on Spheres
Let S be the ordinary sphere of radius 1, centered at the origin. By a tangent
vector field on the sphere, we mean an association

--

which to each point X of the sphere associates a vector F(X) which is tangent to the sphere (and hence perpendicular to OX). The picture may be
drawn as follows.
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x + F(X)

For simplicity of expression, we omit the word tangent, and from now on
speak only of vector fields on the sphere. We may think of the sphere as
the earth, and we think of each vector as representing the wind at the given
point. The wind points in the direction of the vector, and the speed of the
wind is the length of the arrow at the point.
We suppose as usual that the vector field is smooth. For instance, the
vector field being continuous would mean that if P, Q are two points close
by on the sphere, then F(P) and F(Q) are arrows whose lengths are close,
and whose directions are also close. As F is represented by coordinates,
this means that each coordinate function is continuous, and in fact we
assume that the coordinate functions are of class Cl.

Theorem 5.1. Given any vector field on the sphere, there exists a point
P on the sphere such that F(P) = O.
In terms of the interpretation with the wind, this means that there is
some point on earth where the wind is not blowing at all.
To prove Theorem 5.1, suppose to the contrary that there is a vector
field such that F(X) '# 0 for all X on the sphere. Define
F(X)

E(X)

= IF(X) I '

that is let E(X) be F(X) divided by its (Euclidean) norm. Then E(X) is a
unit vector for each X. Thus from the vector field F we have obtained a
vector field E such that all the vectors have norm 1. Such a vector field
is called a unit vector field. Hence to prove Theorem 5.1, it suffices to
prove:

Theorem 5.2. There is no unit vector field on the sphere.
The proof which follows is due to Milnor (Math. Monthly, October
1978).
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Suppose there exists a vector field E on the sphere such that

IE(X) I = 1
for all X. For each small real number t, define
Gt(X)

=

X

+ tE(X).

Geometrically, this means that Gt(X) is the point obtained by starting at X,
going in the direction of E(X) with magnitude t. The distance of X + tE(X)
from the origin 0 is then obviously

J1+7.
Indeed, E(X) is parallel (tangent) to the sphere, and so perpendicular to X
itself. Thus

since both X and E(X) are unit vectors.

Lemma 5.3. For all t sufficiently small, the image Gt(S) of the sphere
under Gt is equal to the whole sphere of radius
+ t2.

Jl

Proof This amounts to proving a variation of the inverse mapping
theorem, and the proof will be left as an exercise to the reader.
We now extend the vector field E to a bigger region of 3-space, namely
the region A between two concentric spheres, defined by the inequalities

a ~ IXI ~ b.
This extended vector field is defined by the formula

E(rU) = rE(U)
for any unit vector U and any number r such that a
the formula

~

r

~

b. It follows that
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It follows that the formula
Gt(X) = X

+ tE(X)

also given in terms of unit vectors U by
GlrU) = rU

+ tE(rU)

= rGlU)

defines a mapping which sends the sphere of radius r onto the sphere of
by the lemma, provided that t is sufficiently small. Hence
radius r
it maps A onto the region between the spheres of radius

J1+?

aJ1+?

and

By the change of volumes under dilations, it is then clear that

(J1+?) Volume(A).
Observe that taking the cube of J1+? still involves a square root, and is
Volume Gt(A) =

not a polynomial in t.
On the other hand, the Jacobian matrix of Gt is
JGt(X)

= I + tJiX),

as you can verify easily by writing down the coordinates of E(X), say
E(X) = (gl(X, y, z), gix, y, z), gix, y, z»).

Hence the Jacobian determinant has the form

where fo, ... ,f3 are functions. Given the region A, this determinant is then
positive for all sufficiently small values of t, by continuity, and the fact
that the determinant is 1 when t = O.
For any regions A in 3-space, the change of variables formula shows
that the volume of GlA) is given by the integral
Vol Gt(A) =

fff

LlG,(x, y, z) dy dx dz.

A

If we perform the integration, we see that
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where
Ci

=

ftf

fi(x, y, z) dy dx dz.

Hence Vol Gt(A) is a polynomial in t of degree 3. Taking for A the region
between the spheres yields a contradiction which concludes the proof.
EXERCISE

Prove the statements depending on inverse mapping theorems which have been left
as exercises in the above proof.

CHAPTER 20

Differential Forms

§1. Definitions
We recall first two simple results from linear (or rather multilinear)
algebra. We use the notation E(r) = E x Ex··· x E, r times.
Theorem A. Let E be a finite dimensional vector space over the reals.
For each positive integer r there exists a vector space /'\ E and a multilinear alternating map

denoted by (U1,'" ,ur ) H U1 1\ ••• 1\ Un having the following property:
If {V1' ... ,vn} is a basis of E, then the elements
{ V,11 1\'"

form a basis of

1\

v·lr } ,

i1 < i2 < ... < in

Iv E.

We recall that alternating means that
some i #- j.

U1 1\ ••. 1\

Ur

=

0 if

Ui

=

Uj

for

Theorem B. For each pair of positive integers (r, s), there exists a unique
product (bilinear map)
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such that if U1'

•••

,u"

W h ••• ,

w. E E then

(U1 A ••• A U,) X (W1 A ••• A W.) H U1 A ••. A U, A W1 A ••• A W ••

This product is associative.
The proofs for these two statements will be briefly summarized in an
appendix. We call /'( E the r-thaltemating product (or exterior product)
E = R. Elements of /'( E which can be written
of E. If r = 0, we define
in the form U1 A ••• A U, are called decomposable. Such elements generate

tf

/'( E.

Now let E* denote the space of linear maps from Rn into R. We call
E* the dual space of Rn. It is the space which we denoted by L(Rn, R). If
Ah ... ,An are coordinate functions on Rn, that is

then each Ai is an element of the dual space, and in fact {A1' ... ,An} is a
basis of this dual space.
Let U be an open set in Rn. By a differential form of degree r on U (or
an r-form) we mean a map
w: U -+ /'( E*

from U into the r-th alternating product of E*. We say that the form is of
class CP if the map is of class CPo For convenience in the rest of the book,
we assume that we deal only with forms of class COO, although we shall sometimes make comments about the possibility of generalizing to forms of
lower order of differentiability.
Since {A1' ... ,An} is a basis of E*, we can express each differential form
in terms of its coordinate functions with respect to the basis

{A.11 A

••• A

A·lr}

(i1 < ... < i,),

namely for each x E U we have

where fil) =iiI ... 1, is a function on U. Each such function has the same
order of differentiability as w. We call the preceding expression the standard form of w. We say that a form is decomposable if it can be written as
just one term
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Every differential form is a sum of decomposable ones.
We agree to the convention that functions are differential forms of
degree O.
It is clear that the differential forms of given degree form a vector space,
denoted by or(u). As with the forms of degree ~ 1, we assume from now
on that all maps and all functions mentioned in the rest of this book are
Ca), unless otherwise specified.
Let f be a function on U. For each x E U the derivative

1'(X): Rn - R
is a linear map, and thus an element of the dual space. Thus

1': U - E*
is a differential form of degree 1, which is usually denoted by df [Note. If
f was of class CP, then df would be only of class CP- 1. Having assumed
f to be Ca), we see that df is also of class Ca).]
Let Ai be the i-th coordinate function. Then we know that

dAi(X) = A;(X) = Ai
for each x E U because A'(X) = A for any continuous linear map A. Whenever {Xl"" ,xn} are used systematically for the coordinates of a point in
Rn, it is customary in the literature to use the notation

dAi(X) = dXi'
This is slightly incorrect, but is useful in formal computations. We shall
also use it in this book on occasions. Similarly, we also write (incorrectly)
w

="L. '(') dx·
(i)

JII

11

/\ ... /\ dx·lr

instead of the correct
W(X) =

L .f(i)(X)Ai, /\ ... /\ Ai.'
(i)

In terms of coordinates, the map df (or 1') is given by

df(x) = 1'(x) = Dd(x)Al

+ ... + Dnf(x)An

where Dd(x) = Of/OXi is the i-th partial derivative. This is simply a restatement of the fact that if H = (h 1 , ••• ,hn) is a vector, then
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which was discussed long ago. Thus in older notation, we have

of
df(x) = -;- dXl
UX 1

of

+ ... + -;- dx n •
UX n

Let wand t/I be forms of degrees rand s respectively, on the open set U.
For each x E U we can then take the alternating product w(x) 1\ t/I(x)
and we define the alternating product w 1\ t/I by

(w

t/I)(x)

1\

w(x)

=

1\

t/I(x).

If f is a differential form of degree 0, that is a function, then we define

f

1\ W

fw

=

where (fw)(x) = f(x)w(x). By definition, we then have
W 1\

f t/I = fw

t/I.

1\

We shall now define the exterior derivative dw for any differential form
w. We have already done it for functions. We shall do it in general first in
terms of coordinates, and then show that there is a characterization independent of these coordinates. If

w = "~
(i)

'(0)
Jh

dAo'1

1\'"

1\

d)'"I,.

we define

dw

=

L df(i)

1\

dAi,

1\ ••. 1\

dAir'

(i)

Example. Suppose n = 2 and w is a I-form, given in terms of the two
coordinates (x, y) by

w(x, y) = f(x, y) dx

+ g(x, y) dy.

Then

dw(x, y) = df(x, y)
=

(ix

dx

of

= oy dy
=

1\

1\

dx

+ dg(x, y)

+ ~ dY)
dx

1\

(Of _ Og) dy
oy ox

dx

+

1\

dy

og

+ ox dx
1\

dx

1\

dy

(~~ dx + ~~ dY)

1\

dy
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because the terms involving dx /\ dx and dy /\ dy are equal to O. As a
numerical example, take
y dx

+ (x 2 y) dy.

dw(x, y) = dy /\ dx

+ (2xy) dx

w(x, y)

=

Then
/\ dy

= (l - 2xy) dy /\ dx.

Theorem 1.1. The map d is linear, and satisfies
d(w /\ "') = dw /\ '"

+ (-l)'w /\

d",

if r = deg w. The map d is uniquely determined by these properties,
and by the fact that for a function J, we have df = 1'.
Proof. The linearity of d is obvious. Hence it suffices to prove the
formula for decomposable forms. We note that for any function f we have
d(fw) = df /\

W

+ fdw.

Indeed, if w is a function g, then from the derivative of a product we get
+ g df. If

d(fg) = f dg

w

=

g dAi, /\ ... /\ dAir

where g is a function, then
d(fw)

= d(fg dAit /\ ... /\ dAi) = d(fg) /\ dAi,
= (f dg + g df) /\ dAit /\ ... /\ dAi r
=fdw + df /\ W,

/\ ... /\ dAi r

as desired. Now suppose that
w = f dAil /\ ... /\ dAi r

and

./,
Y' = gdA'JI /\ ... /\ dA'J.

=fw

=

gI{J

with i1 < ... < i, and j1 < ... < j, as usual. If some iv = jll' then from
the definitions we see that the expressions on both sides of the equality
in the theorem are equal to O. Hence we may assume that the sets of
indices i 1 , ••• ,i, and h, ... ,j, have no element in common. Then

d(w /\ I{J) = 0
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by definition, and

1(,)

d(w /\ IjI) = d(fgro /\

ro /\ I(,

= d(fg) /\

= (g df + f dg) /\ ro /\ I(,
= dw /\ IjI + f dg /\ ro /\ I(,
= dw /\ IjI

= dw /\ IjI

+ (- 1)1ro /\ dg
+ (-1)'w /\ dljl,

/\ IjI

thus proving the desired formula, in the present case. (We used the fact
that dg /\ ro = (-1)'ro /\ dg whose proof is left to the reader.) The formula in the general case follows because any differential form can be expressed as a sum of forms of the type just considered, and one can then
use the bilinearity of the product. Finally, d is uniquely determined by the
formula, and its effect on functions, because any differential form is a sum
of forms of type f dAil /\ ... /\ dAir and the formula gives an expression
of d in terms of its effect on forms of lower degree. By induction, if the
value of d on functions is known, its value can then be determined on forms
of degree ~ 1. This proves the theorem.

EXERCISES

1. Show that ddf = 0 for any function f, and also for a I-form.
2. Show that ddw = 0 for any differential form w.
3. In 3-space, express dw in standard form for each one of the following w:
(a) w = x dx + dz
(b) w = xy dy + x dz
(c) w = (sin x) dy + dz
(d) w = eY dx + y dy + eXY dz

r

4. Find the standard expression for dw in the following cases:
(a) w = x 2y dy - xy2 dx
(b) w = eXY dx A dz
(c) w = f(x, y) dx where f is a function.
5. (a) Express dw in standard form if
w = x dy

A

dz

+ y dz

A

dx

+ z dx

A

dy.

+ g dz

A

dx

+ h dx

A

dy.

(b) Let f, g, h be functions, and let
w = f dy

A

dz

Find the standard form for dw.
6. In n-space, find an (n - I)-form w such that
dw = dX 1

A ••. A

dx •.
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7. Let W be a form on U, and let f be a function such that f(x) "# 0 for all x
such that d(fw) = O. Show that w A dw = O.

E

U, and

8. A form w on U is said to be eXllet if there exists a form t/I such that w = dt/l. If
WI' W2 are exact, show that WI A W2 is exact.
9. Show that the form

1

w(x, y, z) = "3 (x dy
r

is exact. As usual, ,2 = x 2
of the origin in R 3 •

A

dz

+ y dz

A

dx

+ z dx

A

dy)

+ y2 + Z2 and the form is defined on the complement

§2. Stokes' Theorem for a Rectangle
Let

OJ

be an n-form on an open set U in n-space. Let R be a rectangle in
OJ in the form

U. We can write

OJ(x) = f(x) dXl /\ ... /\ dx n ,

wherefis a function on U. We then define

where the integral of the function is the ordinary integral, defined in the
previous chapter.
Stokes' Theorem will relate the integral of an (n - 1)-form t/I over the
boundary of a rectangle, with the integral of dt/l over the rectangle itself.
However, we need the notion of oriented boundary, as the following example will make clear.

Example. We consider the case n = 2. Then R is a genuine rectangle,
R = [a, b] x [c, d].

d

c

a

b
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The boundary consists of the four line segments

{a} x [c, d],

{b} x [c, d],

[a, b] x {c},

[a, b] x {d}

which we denote by
I~,

respectively. These line segments are to be viewed as having the beginning
point and end point determined by the position of the arrows in the preceding diagram. Let

w =fdx

+ gdy

be a I-form on an open set containing the above rectangle. Then

dw = df 1\ dx

+ dg

1\

og
+ ox
dx

dy =

(Og of)
ox - oy dx

dy

and by definition,

of
dw = oy dy

dx

1\

1\

1\

dy.

Then by definition and repeated integration,

I

dw

=

JdJb (Ogox of)
oy dxdy
---

Rca

=

f

[g(b, y) - g(a, y)] dy -

f

[J(x, d) - f(x, c)] dx.

The right-hand side has four terms which can be interpreted as the integral
of w over the "oriented boundary" of R. If we agree to denote this
oriented boundary symbolically by 0° R, then we have Stokes' formula

r dw =

JR

f

iJOR

w.

We shall now generalize this to n-space. There is no additional difficulty. All we have to do is keep the notation and indices straight.
Let
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Then the boundary of R consists of the union for all i of the pieces

If W(Xl' ... ,xn) = f(Xl, ... ,x n) dXl /\ ... /\ £j /\ ... /\ dX n is an (n - 1)form, and the roof over anything means that this thing is to be omitted,
then we define

And similarly for the integral over
oriented boundary to be

RI.

We define the integral over the

Stokes' theorem for rectangles. Let R be a rectangle in an open set U
in n-space. Let W be an (n - 1):form on U. Then

JdW r w.
=

R

JI!OR

Proof It suffices to prove the assertion in case
form, say

W

is a decomposable

We then evaluate the integral over the boundary of R: If i #= j then it is
clear that

(W=O=(W
JR!

JR?

so that
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On the other hand, from the definitions we find that

(The (- V-I comes from interchanging dXj with dXI, ... ,dXj-I' All other
terms disappear by the alternation rule.)
Intergrating dw over R, we may use repeated integration and integrate
oj/OXj with respect to Xj first. Then the fundamental theorem of calculus
for one variable yields

We then integrate with respect to the other variables, and multiply by
(_ly-l. This yields precisely the value found for the integral of w over
the oriented boundary 0° R, and proves the theorem.
In the next two sections, we establish the formalism necessary to extending our results to parametrized sets. These two sections consist mostly of
definitions, and trivial statements concerning the formal operations of the
objects introduced.

§3. Inverse Image of a Form
We start with some algebra once more. Let E, F be finite dimensional
vector spaces over R and let k E ~ F be a linear map. If f.1.: F ~ R is an
element of F*, then we may form the composite linear map

which we visualize as

We denote this composite f.1. 0 A. by A. *(f.1.). It is an element of E*. We have
a similar definition on the higher alternating products, and in the appendix,
we shall prove:

Theorem C. Let A.: E ~ F be a linear map. For each r there exists a
unique linear map
..1.*:

IV F* ~ /"{ E*
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having the following properties:
tjJ) = A.*(w) 1\ A.*(tjJ) for W E / \ F*, tjJ E 1\ F*.
(ii) If J.l E F* then A.*(J.l) = J.l A., and .1* is the identity on
F* = R.
(i) A.*(w

1\

1\0

0

Remark. If J.lh"I' ,J.lj, are in F*, then from the two properties of
Theorem C, we conclude that

Now we can apply this to differential forms. Let U be open in E = Rn
and let V be open in F = Rm. Let f: U --+ V be a map (COO according to
conventions in force). For each x E U we obtain the linear map
f'(x): E

--+

F

to which we can apply the preceding discussion. Consequently, we can
reformulate Theorem C for differential forms as follows:

Theorem 3.1. Let f: U
unique linear map

--+

V be a map. Then for each r there exists a

f*: Qr(v)

--+

Qr(u)

having the following properties:
(i) For any differential forms w, tjJ on V we have

f*(w

1\

tjJ) = f*(w)

1\

f*(tjJ).

(ii) If g is a function on V then f*(g) = go J, and

if w is a 110rm then

(f*w)(x) = w(j(x)) df(x).
0

We apply Theorem C to get Theorem 3.1 simply by letting A. = f'(x)
at a given point x, and we define
(f*w)(x) = f'(x)*w(j(x)).

Then Theorem 3.1 is nothing but Theorem C applied at each point x.

Example 1. Let YI' ... ,Ym be the coordinates on V, and let J.lj be the
j-th coordinate function,j = 1, ... ,m so that Yj = J.liYI"" ,Ym)' Let
f: U

--+

V
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be the map, with coordinate functions
Yj = jj(x) = Jlj f(x).
0

If
w(y) = g(y) dYil /\ ... /\ dYj.

is a differential form on V, then

I

f*w = (g 0 f) djjl /\ ... /\ djj•.

Indeed, we have for x E U:
(f*w)(x)

= g(f(x»)(Jlil f'(x») /\ ... /\ (Jlj. f'(x»)
0

0

and
fj(x) = (Jlj f)'(x) = Jlj f'(x) = djj(x).
0

0

Example 2. Let f: [a, b] -+ R2 be a map from;;in interval into the plane,
and let x, Y be the coordinates of the plane. Let t be the coordinate in
[a, b]. A differential form in the plane can be written in the form
w(x, y) = g(x, y) dx

+ h(x, y) dy

where g, h are functions. Then by definition,
f*w(t) = g(x(t), y(t»

dx

dy

dt dt + h(x(t), y(t» dt dt

if we write f(t) = (x(t), y(t»). Let G = (g, h) be the vector field whose
components are g and h. Then we can write
f*w(t) = G(f(t»)· f'(t) dt

which is essentially the expression which we integrated when defining the
integral of a vector field along a curve.

Example 3. Let U, V be both open sets in n-space, and let f: U
be a map. If
w(y) = g(y) dYl /\ '" /\ dYn,

-+

V
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where Yj = fIx) is the j-th coordinate of y, then
dYj

= Dlfj(x) dX l + ... + Dnfj(x) dxn,
oYj
=-dXl
oX l

oYj
+ .,. + -dx
n
oXn

and consequently, expanding out the alternating product according to the
usual multilinear and alternating rules, we find that

As in the preceding chapter, III is the determinant of the Jacobian matrix
of f.

Theorem 3.2. Let f: U - V and g: V - W be maps of open sets. If w
is a differential form on W, then
(g 0 f)*(w) = f*(g*(w»).

Proof. This is an immediate consequence of the definitions.

Theorem 3.3. Let f: U - V be a map, and w a differential form on V.
Then
f*(dw) = df*w.
In particular, if g is a function on V, then f*(dg) = d(g f).
0

Proof. We first prove this last relation. From the definitions, we have
dg(y) = g'(y), whence by the chain rule,
U*(dg»)(x)

= g'(f(x»)

0

f'(x)

= (g

0

f)'(x)

and this last term is nothing else but d(g 0 f)(x), whence the last relation
follows. The verification for a I-form is equally easy, and we leave it as
an exercise. [Hint: It suffices to do it for forms of type g(y) dYl, with
Yl = ii (x). Use Theorem 1 and the fact that ddfl = 0.] The general
formula can now be proved by induction. Using the linearity of f*, we
may assume that w is expressed as w = 1/1 /\ 1'/ where 1/1, 1'/ have lower
degree. We apply Theorem 1.1 and (i) of Theorem 3.1, to
f*dw = f*(dl/l /\ 1'/)

+ (-1)1*(1/1 /\ d1'/)

and we see at once that this is equal to df*w, because by induction,
f*dl/l = df*I/I and f*d1'/ = df*1'/· This proves the theorem.
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EXERCISES

1. Let the polar coordinate map be given by
(x, y)

= f(r, 8) = (r cos 8, r sin 8).

Give the standard form for f*(dx), f*(dy), and f*(dx /\ dy).
2. Let the spherical coordinate map be given by
(Xl'

X2, X3)

= f(r, 810 ( 2) = (r cos 810 r sin 8 1 cos 82 , r sin 8 1 sin ( 2 ),

Give the standard form for f*(dXl)' f*(dX2), f*(dX3),
f*(dXl /\ dX3), f*(dX2 /\ dX3), and f*(dXl /\ dX2 /\ dX3)'

f*(dXl /\ dX2),

§4. Stokes' Formula for Simplices
In practice, we integrate over parametrized sets. The whole idea of the
preceding section and the present one is to reduce such integration to
integrals over domains in Euclidean space. The definitions we shall make
will generalize the notion of integral along a curve discussed previously,
and mentioned again in Example 2 of §3.
Let R be a rectangle contained in an open set U in R", and let 0': U --+ V
be a map (C<Xl according to conventions in force), of U into an open set V
in Rm. For simplicity of notation, we agree to write this map simply as
0':

R

--+

V.

In other words, when we speak from now on of a map 0': R --+ V, it is
understood that this map is the restriction of a map defined on an open
set U containing R, and that it is C<Xl on U. A map 0' as above will then be
called a simplex. Let OJ be a differential form on V, of dimension n (same
as dimension of R). We define

Let 0'1"" ,0'5 be distinct simplices, and
formal linear combination

C1' ••• 'C s

be real numbers. A

will be called a chain. (For the precise definition of a formal linear combination, see the appendix.) We then define

r = tCj Jajr

Jy

OJ

j=1

OJ.
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This will be useful when we want to integrate over several pieces, with
certain coefficients, as in the oriented boundary of a rectangle.
Let a: R -+ V be a simplex, and let

Let

We parametrize the i-th pieces of the boundary of R by the maps

af: Ri -+ V,

at: Ri -+ V

defined by

Observe that omitting the variable Xi on the left leaves n - 1 variables,
but that we number them in a way designed to preserve the relationship
with the original n variables. We define the boundary of a to be the chain
:l
va
=

n
"
L..

.
0 - ai1).
(-1)'(ai

i= 1

Example. We consider the case n = 2. Then R is a genuine rectangle,
R = [a,b] x [c,d].

d

c

a

b
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We then find:
uy(y)

=

(a, y),

ui(y) = (b, y),

ug(x)

= (x, c),

u1(x) = (x, d).

Then

+ ug + u~

u = -uy

- u1

is the oriented boundary, and corresponds to going around the square
counterclockwise.
In general, consider the identity mapping
I:R-R

on the rectangle. Let

t/J be an n-form. We may view aOR as aI, so that

[ t/J

JOoR

=

[

J01

t/J

=

±(-lY[ JI?[t/J - J[11 t/J].

i= 1

If u: R - V is a simplex, and w is an (n - i)-form on V, then

[ w = [

JO

u*(w)

JOoR

/1

as one sees at once by considering the composite map

u? = u I?
0

R-1R~V
~
/1?

Stokes' theorem for simplices. Let V be open in Rm and let w be an
(n - i)-form on V. Let u: R - V be an n-simplex in V. Then

f

/1

dW = [ w.

JO

/1

Proof Since du*w = u* dw, it will suffice to prove that for any
(n - i)-form t/J on R we have
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This is nothing else but Stokes' theorem for rectangles, so Stokes' theorem
for simplices is simply a combination of Stokes' theorem for rectangles
together with the formalism of inverse images of forms.
In practice one parametrizes certain subsets of Euclidean space by
simplices, and one can then integrate differential forms over such subsets.
This leads into the study of manifolds, which is treated in my Real Analysis.
In the exercises, we indicate some simple situations where a much more
elementary approach can be taken.
EXERCISES

1. Instead of using rectangles, one can use triangles in Stokes' theorem. Develop
this parallel theory as follows. Let VO, ••• ,Vk be elements of Rft such that Vi - Vo
(i = I, ... ,k) are linearly independent. We define the triangle spanned by Vo, ••• ,Vk
to consist of all points

with real ti such that 0 ~ ti and to + ... + tk = 1.
We denote this triangle by T, or T(vo, ... ,Vk).
(a) Let Wi = Vi - Vo for i = 1, ... ,k. Let S be the set of points

with Si ~ 0 and Sl + ... + Sk ~ 1. Show that T(vo, ... ,Vk) is the translation of
Sby Vo.
Define the oriented boundary of the triangle T to be the chain

aoT

k

.
A.
= "
L.. (-lYT(vo,
... ,Vj'

••• ,Vk).

j=o

(b) Assume that k = n, and that T is contained in an open set U of Rft. Let w be
an (n - I)-form on U. In analogy to Stokes' theorem for rectangles, show that

i f
T

dw =

iJOT

w.

The subsequent exercises do not depend on anything fancy, and occur in R2. Essentially you don't need to know anything from this chapter.
2. Let A be the region of R2 bounded by the inequalities

and
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where gl' g2 are continuous functions on [a, b]. Let C be the path consisting of
the boundary of this region, oriented counterclockwise, as on the following picture:

a

b

Show that if P is a continuous function of two variables on A, then

Prove a similar statement for regions defined by similar inequalities but with respect to y. This yields Green's Theorem in special cases. The general case of
Green's Theorem is that if A is the interior of a closed piecewise C I path C oriented
counterclockwise and (J) is a I-form then

In the subsequent exercises, you may assume Green's Theorem.
3. Assume that the function f satisfies Laplace's equation,

on a region A which is the interior of a curve C, oriented counterclockwise. Show
that

i

of dx - of dy
coy
ox

= O.

4. If F = (Q, P) is a vector field, we recall that its divergence is defined to be
div F = oQ/ox + oP/oy. If C is a curve, we say that C is parametrized by arc
length if II C'(s) I = I (we then use s as the parameter). Let

be parametrized by arc length. Define the unit normal vector at s to be the vector
N(s) = (g2(S), -g'l(s»).

20. Differential Forms
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Verify that this is a unit vector. Show that if F is a vector field on a region A,
which is the interior of the closed curve C, oriented counterclockwise, and parametrized by arc length, then

II

(divF)dydx= LF.NdS.

A

If C is not parametrized by arc length, we define the unit normal vector by
N(t)

net) =

IN(t) I '

where IN(t) I is the euclidean norm. For any function fwe define the normal derivative (the directional derivative in the normal direction) to be
Dnf = (grad f) . n.

so for any value of the parameter t, we have
(Dnf)(t) = grad f(C(t))· n(t).

5. Prove Green's formulas for a region A bounded by a simple closed curve C, always
assuming Green's theorem.
(a) HA [(grad f) . (grad g) + gM] dx dy = ScgDnf ds
(b) HA(g.1f - f.1g) dx dy

Sc(gDnf - fDng) ds.

=

6. Let C: [a, b] -+ U be a C1-curve in an open set U of the plane. If f is a function
on U (assumed to be differentiable as needed), we define

f/ f
=

=

For r > 0, let x

=

f

r cos 8 and y

1
qJ(r) = -2

f

nr c,

b

a

f(C(t))IIC'(t)11 dt

f(C(t))

=

(dX)
dt

2

+ (d)2
d~

dt.

r sin 8. Let qJ be the function of r defined by

1
f = -2
nr

f2n f(r cos 8, r sin 8)r d8
0

where C, is the circle of radius r, parametrized as above. Assume that
Laplace's equation

f

satisfies
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Show that cp(r) does not depend on r and in fact

f(O, 0) = _1
2nr

if
Cr

[Hint: First take cp'(r) and differentiate under the integral, with respect to r. Let
Dr be the disc of radius r which is the interior of Cr. Using Exercise 4, you will find
that

cp'(r)

1
= 2nr

If

div grad f(x, y) dy dx

If

2f
(aax2f2 + aay2 ) dy dx

Dr

D~

Taking the limit as r

1
= 2nr

-+

0, prove the desired assertion.]

= O.

APPENDIX

Appendix

We shall give brief reviews of the proofs of the algebraic theorems which
have been quoted in this chapter.
We first discuss "formal linear combinations." Let S be a set. We wish
to define what we mean by expressions

where {c;} are numbers, and {s;} are distinct elements of S. What do we
wish such a "sum" to be like? Well, we wish it to be entirely determined
by the "coefficients" c;, and each "coefficient" Ci should be associated with
the element Si of the set S. But an association is nothing but a function.
This suggests to us how to define" sums" as above.
For each S E S and each number c we define the symbol
CS

to be the function which associates C to sand 0 to z for any element
Z =1= s. If b, c are numbers, then clearly
b(cs) = (bc)s

and

(b

+ c)s

=

bs

ZE

S,

+ cs.

We let T be the set of all functions defined on S which can be written in the
form

where Ci are numbers, and Si are distinct elements of S. Note that we have
no problem now about addition, since we know how to add functions.
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We contend that if Sl>

••• 'Sn

are distinct elements of S, then

are linearly independent. To prove this, suppose
such that

CI"" 'Cn

are numbers

(the zero function).
Then by definition, the left-hand side takes on the value Cj at Sj and hence
Cj = O. This proves the desired linear independence.
In practice, it is convenient to abbreviate the notation, and to write
simply Sj instead of ISj. The elements of T, which are called formal linear
combinations of elements of S, can be expressed in the form

and any given element has a unique such expression, because of the linear
independence of SI' •.• 'Sn' This justifies our terminology.
We now come to the statements concerning multilinear alternating products. Let E, F be vector spaces over R. As before, let
E(r) = Ex· ..

x E,

taken r times. Let
f: E(r) -+ F

be an r-multilinear alternating map. Let VI"" ,vn be linearly independent elements of E. Let A = (au) be an r x n matrix and let

Then
f(UI' •••

,ur) =

f(al1 VI

+ ... + atnVn,··· ,arivi + ... + arnvn)

=

La f(al,a(1)Va(I)""

=

La al,a(l) ••• a r, a(r) f(Va(I)' ••• , Va(r»

,ar,a(r)Va(r»

where the sum is taken over all maps u: {1, ... ,r}

-+

{1, ... ,n}.

In this sum, all terms will be 0 whenever u is not an injective mapping,
that is whenever there is some pair i, j with i =F j such that u(i) = u{j),
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because of the alternating property of f From now on, we consider only
injective maps (1. Then {(1(1), ... ,(1(r)) is simply a permutation of some
r-tuple (it, ... ,ir ) with it < ... < i r •
We wish to rewrite this sum in terms of a determinant.
For each subset S of {1, ... ,n} consisting of precisely r elements, we
can take the r x r submatrix of A consisting of those elements aij such
that j E S. We denote by

the determinant of this submatrix. We also call it the subdeterminant of A
corresponding to the set S. We denote by P(S) the set of maps
(1: {1, ... ,r}

-+

{1, ... ,n}

whose image is precisely the set S. Then

Dets(A) =

L

£s«(1)at.a(t)··· ar.a(r),

aeP(S)

and in terms of this notation, we can write our expression for f(ut, ... ,ur)
in the form
(1)

f(uh ... ,ur) =

L Dets(A)f(vs)
s

where Vs denotes (vi!' ... ,Vir) if it < ... < ir are the elements of the set S.
The first sum over S is taken over all subsets of of 1, ... ,n having precisely
r elements.

Theorem A. Let E be a vector space over R, of dimension n. Let r be an
integer 1 ~ r ~ n. There exists a finite dimensional space 1\ E and an
r-multilinear alternating map E(r) -+ 1\ E denoted by
(Ut, ...

,ur ) 1-+ Ut

/\ ... /\ Ur

satisfying the following properties:
AP 1. If F is a vector space over Rand g: E(r) -+ F is an r-multilinear
alternating map, then there exists a unique linear map

such that for all uh

...

,Ur E E we have

g(Uh ... ,ur) = g.(Ut /\ ...

1\

ur).
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AP 2. If {VI, ... ,vn } is a basis of E, then the set of elements

1 ~ il < ... < ir
is a basis of

~

n,

1'\ E.

Proof. For each subset S of {l,... ,n} consisting of precisely r elements,
we select a letter ts. As explained at the beginning of the section, these
letters ts form a basis of a vector space whose dimension is equal to the

binomial coefficient (;). It is the space of formal linear combinations
of these letters. Instead of t s , we could also write t(i) = tit ... ir with
it < ... < ir • Let {Vt, ... ,vn } be a basis of E and let Ut, ... ,Ur be elements
of E. Let A = (ai) be the matrix of numbers such that

Define
Ut 1\ ••• 1\ Ur =

L: Dets(A)ts ·
s

We contend that this product has the required properties.
The fact that it is multilinear and alternating simply follows from the
corresponding property of the determinant.
We note that if S = {it, ... ,ir } with it < ... < i" then
ts =

ViI 1\ ..• 1\ Vir·

A standard theorem on linear maps asserts that there always exists a
unique linear map having prescribed values on basis elements. In particular, if g: E(r) -+ F is a multilinear alternating map, then there exists a
unique linear map

such that for each set S, we have

if it, ... ,ir are as above. By formula (1), it follows that

for all elements Ut, ... ,Ur of E. This proves AP 1.

537

Appendix

As for AP 2, let {w 1 , ••• ,wn } be a basis of E. From the expansion of
(1), it follows that the elements {ws}, i.e. the elements {Wi! A .•. A Wi.}
with all possible choices of r-tuples (i1' ... ,ir) satisfying i1 < ... < ir are
generators of 1\ E. The number of such elements is precisely

(~).

Hence

they must be linearly independent, and form a basis of /'\ E, as was to be
shown.

Theorem B. For each pair of positive integers (r, s) there exists a unique
bilinear map

such that
(U1

if U1' ... , U., W1' ... ,W. E E then

A .•. A

ur) x (W1

A .•. A

Ws)

1-+

U1

A •.• A

Ur A

W 1 A ••• A

WS.

This product is associative.
Proof For each r-tuple (U1' ... ,u r ) consider the map of E(') into 1\+' E
given by
(W1' ... ,w.) 1-+ U1

A •.. A

Ur

A W1 ..• A

W•.

This map is obviously s-multilinear and alternating. Consequently, by
AP 1 of Theorem A, there exists a unique linear map

such that for any elements W 1,

... ,W. E

E we have

Now the association (u) 1-+ g(u) is clearly an r-multilinear alternating map
of E(r) into L(/\ E, 1\+' E), and again by AP 1 of Theorem A, there exists
a unique linear map

such that for all elements U1' ... ,U r E E we have

g"1,

""U r

=g(u
* 1

To obtain the desired product
the association

A···AU)
r .

1\ E x 1\ E -+ 1\+' E,

we simply take
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It is bilinear, and is uniquely determined since elements of the form
U1 /\ ••• /\ u, generate
E, and elements of the form W1 /\ ••• /\ Ws
generate
E. This product is associative, as one sees at once on decomposable elements, and then on all elements by linearity. This proves
Theorem B.

1\

IY

Let E, F be vector spaces, finite dimensional over R, and let A: E -+ F
be a linear map. If Jl.: F -+ R is an element of the dual space F*, i.e. a linear
map of F into R, then we may form the composite linear map

Jl. 0 A: E -+ R
which we visualize as

We denote this composite Jl. 0 A by A*(Jl.). It is an element of E*.

Theorem C. Let A: E -+ F be a linear map. For each r there exists a
unique linear map
A*: /\ F*

-+ / \

having the following properties:
(i) A*(W /\ 1/1) = A*(w) /\ A*(I/I) for WE

E*

t\ F*, 1/1 ElY F*.

(ii) If Jl. E F* then A*(Jl.) = Jl. 0 A, and A* is the identity on

N F* = R.

Proof. The composition of mappings
F* x ... x F*

= F*(') -+ E* x

... x E*

= E*(') -+ / \ E*

given by

(p., ... ,Jl.,) 1-+ (p.1 0 A, ... ,Jl., 0 A) 1-+ (Jl.1 0 A) /\ ... /\ (p.,o A)
is obviously multilinear and alternating. Hence there exists a unique linear
map
F* -+
E* such that

t\

t\

Property (i) now follows by linearity and the fact that decomposable elements Jl.1 /\ ... /\ Jl., generate /\ F*. Property (ii) comes from the definition. This proves Theorem C.
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Negative 19
Negligible 473, 483
Newton's law 332
Newton's method 407
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Newton quotient 62
Non-degenerate block 488
Norm 111, 114,250
Normed vector space 112
Null space 250

o
o(h)

Potential function 333
Power series 203
Product 135
Product decomposition 430
Product of matrices 361
Projection 253
Proper 4
Proper block 488
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Onto 5
Open ball 114
Open covering 167
Open interval 23
Open neighborhood 126
Open set 125
Opposite path 340
Ordering 20
Oriented boundary 516
Oriented volume 488
Orthogonal 117, 208, 249
Orthonormal 254
Oscillation 480
Oscillatory integral 286
p

Parallelogram law 259
Parametrized 229
Partial derivative 234, 313, 398
Partial differential operator 315, 347
Partial sum 179
Partition of interval 214
Partition of rectangle 469
Parts 193
Path 330
Peano curve 196
Periodic 85, 177
Permutation 5
Perpendicular 117, 249
Piecewise C 1 331
Piecewise continuous 218,330
Point of accumulation 34, 132, 157
Pointwise convergence 149,270
Poisson kernel 268
Poisson summation formula 302
Polar coordinates 421,499
Polar form 89
Polynomials 52, 169
Positive definite 113, 249
Positive integer 8
Positive number 20
Potential energy 332

Q
Quadratic form
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R

Radius of convergence 203
Rapidly decreasing at infinity 297
Ratio test 183
Rational number 26
Real number 16
Rectangle 469
Refinement 215,470
Regulated map 219
Remainder in Taylor formula 99, 394
Repeated integral 485
Riemann integrable 471,481
Riemann lemma 271
Riemann sum 223, 470
Root 53, 165

s
Sawtooth function 294
Scalar product 113
Schanuel's theorem 189
Schwartz space 297
Schwarz inequality 114,251
Second derivative 380
Self conjugate 173
Semi norm 116,219,251
Separate points 170
Sequence 11, 32
Series 179
Shrinking lemma 405
Shrinking map 406
Shub's theorem 408
Simplex 523
Sine, cosine 81
Size of partition 474
Sphere 115
Spherical coordinates 503
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u

Square root 22
Squeezing process 45
Standard form 511
Step map 214,217
Stieltjes integral 224
Stirling's formula 102
Stokes'theorem 517,525
Stone Weierstrass 171
Strictly convex 68
Strictly decreasing 34, 67
Strictly increasing 33, 67
Strictly monotone 71
Subcovering 167
Submanifold 435
Subrectangle 470
Subsequence 12
Subset 4
Subspace 110
Sufficiently close 40
Sufficiently large 33
Sum of series 179
Summation by parts 193
Sup 29
Sup norm 112, 116, 118
Support 306
Surjective 5
Symmetric 383

Uniform convergence 149, 199
Uniform limit 152
Uniformly continuous 144, 161
Union 4
Unit element 18
Unit vector 252, 325
Upper integral 471
Upper sum 470

v
Value 4
Variation 224
Vector field 332, 441
Vector field on sphere
Vector space 109
Velocity 228
Volume 479

W

Wallis product 103
Weierstrass approximation theorem 244
Weierstrass-Bolzano theorem 36
Weierstrass-Stone theorem 36
Weierstrass test 200
Well-ordering 8

T

Tangent plane 327
Tangent vector 505
Tate's lemma 406
Taylor's formula 98, 349
Theta function 302
Total family 254, 262
Translation 417,480
Triangle inequality 111
Trigonometric polynomials

506

Z

170, 175, 260

Zero 17
Zeros of ideal 175
Zeta function 303
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